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NUMBER SYSTEMS

From time immemoria human beings have been trying to have a count of their
bel ongings- goods, ornaments, jewels, animals, trees, sheeps/goats, etc. by using various
techniques

- putting scratches on the ground/stones
- by storing stones - onefor each commaodity kept/taken out.

Thiswastheway of having acount of their bel ongingswithout having any knowledge of
counting.

Oneof thegreatest inventionsin thehistory of civilization isthe creation of numbers. You
can imaginethe confusion when there were no answersto questions of thetype“How
many?’, “How much?’ and thelikein the absence of the knowledge of numbers. The
invention of number systemincluding zero and therulesfor combining them hel ped people
to reply questionsof thetype:

(i) How many applesarethereinthe basket?
(i) How many speakershave beeninvited for addressing the meeting?
(i) What isthe number of toysonthetable?

(iv) How many bagsof wheat havebeentheyield fromthefield?

Theanswersto all these situationsand many moreinvolvethe knowledge of numbersand
operationson them. Thispointsout to the need of study of number system anditsextensions
inthecurriculum. Inthislesson, wewill present abrief review of natural numbers, whole
numbersandintegers. We shall then introduce you about rationa and irrationa numbersin
detail. We shall end thelesson after discussing about real numbers.

After studying thislesson, youwill beableto

e illustrate the extension of system of numbers from natural numbers to real
(rationals and irrational) numbers
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e identify different types of numbers;
e expressaninteger asa rational number;

expressarational number asaterminating or non-terminating repeating decimal,
and vice-versa;

e find rational numbers between any two rationals;
e represent arational number on the number lineg;

e cites examples of irrational numbers;

o represent 4/2,,/3,4/5 on the number ling;

e findirrational numbers betwen any two given numbers;
e round off rational and irrational numbersto a given number of decimal places;

e performthefour fundamental operations of addition, subtraction, multiplication
and division on real numbers.

1.1 EXPECTED BACKGROUND KNOWLEDGE

Basi c knowledge about counting numbersand their usein day-to-day life.

1.2 RECALL OF NATURAL NUMBERS, WHOLE NUMBERS

AND INTEGERS

1.2.1 Natural Numbers

Recall that the counting numbers 1, 2, 3, ... constitute the system of natural numbers.
Thesearethe numberswhich weusein our day-to-day life.

Recall that thereisno greatest natural number, for if 1 isadded to any natural number, we
get the next higher natural number, called its successor.

Wehaved so studied about four-fundamental operationson natural numbers. For, example,
4+ 2 =6, again anatural number;

6+ 21 =27, again anatural number;

22 -6 =16, again anatural number, but

2—6 isnot defined in natural numbers.

Similarly, 4 x 3= 12, again anatural number

12 x 3= 36, again anatural number
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12 . 6 oL
5= 6isanatura number but 7 isnot defined in natural numbers. Thus, we can say that
i) @ additionand multiplicationof naturd numbersagainyield anatura number but Notes

b) subtraction and division of two natural numbers may or may not yield anatural
number

i) Thenatural numbers can berepresented on anumber line asshown bel ow.

1 2 3 4 5 6 7 8 9.....

i)  Two natural numberscan be added and multiplied inany order and theresult obtained
isalwayssame. Thisdoesnot hold for subtraction and division of natural numbers.

1.2.2WholeNumbers
(i) Whenanatural number issubtracted fromitself we can not say what istheleft out

number. To removethisdifficulty, the natural numberswere extended by the number
zero (0), to get what iscalled the system of whole numbers

Thus, thewholenumbersare

Again, likebefore, thereisno greatest whole number.
(i) Thenumber 0 hasthefollowing properties:
at0=a=0+a
a—0=abut (0—4a) isnot defined in whole numbers
ax0=0=0xa
Divisonby zero (0) isnot defined.

(iii) Four fundamental operationscan be performed onwhole numbersalso asinthecase
of natural numbers (with restrictionsfor subtraction and division).

(iv) Whole numbers can a so berepresented on the number lineasfollows:

1.2.3 Integers

Whiledealing with natural numbersand whole numberswefound that it isnot aways
possibleto subtract anumber from another.
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For example, (2—3), (3—7), (9—20) etc. aredl not possiblein the system of natural
numbersand wholenumbers. Thus, it needed another extension of numberswhich allow
such subtractions.

Thus, we extend whole numbersby such numbersas—1 (called negative 1), — 2 (negative
2) and so on such that

1+(-1)=0,2+(-2)=0,3+(-3)=0...,99+(-99) =0, ...
Thus, we have extended the whole numbersto another system of numbers, caledintegers.
Theintegersthereforeare

wy—1,—6,-5,-4,-3,-2,-1,0,1,2,3,4,5,6, 7, ...
1.2.4 Representing I nteger son the Number Line

We extend the number line used for representing whole numbersto theleft of zero and
mark points—1,—2,—3,—-4, ... suchthat 1and—1, 2and—2, 3and—3 are equidistant
from zero and arein oppositedirectionsof zero. Thus, we havetheinteger number lineas
follows

.......... 4 3 —2 -1 0 1 2 3 4.

We can now easily represent integerson the number line. For example, et usrepresent
—=5,7,—2,—3,4onthenumber line. Inthefigure, thepointsA, B, C, D and E respectively
represent —5, 7,— 2, —3 and 4.
A D C E B
-7 6 -5 4 -3 -2 -1 0 1 2 3 4 5 6 7 8

We note herethat if aninteger a> b, then*a will alwaysbetotheright of ‘b, otherwise
viseversa

For example, in the above figure 7 > 4, therefore B lies to the right of E. Similarly,
—2>-5,therefore C (—2) liesto theright of A (-5).

Conversdy, as4 <7, therefore4liestotheleft of 7whichisshowninthefigureasE isto
theleft of B

.. For finding thegreater (or smaler) of thetwo integersaand b, wefollow thefollowing
rue

i)a>Db,if aistotheright of b
ii)a<b,if aistotheleft of b
Examplel1.1: ldentify naturd numbers, whole numbersandintegersfromthefollowing:-

15,22, -6,7,—13,0, 12, - 12, 13, -31
Solution: Natura numbersare; 7, 12, 13, 15 and 22
wholenumbersare: 0, 7, 12, 13, 15 and 22

Integersare: —31,-13,-12,-6, 0, 7, 12, 13, 15 and 22
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Example1.2: Fromthefollowing, identify thosewhichare(i) not natural numbers(ii) not
wholenumbers

-17,15,23, -6,-4,0, 16, 18, 22, 31

Solution:

1)—17,—6,—4and 0 are not natural numbers

ii)—17,—6, —4 are not whole numbers

Note: Fromtheabove examples, wecan say that

)

i)

Example1.3: Simplify thefollowing and statewhether theresult isan integer or not

all natural numbersarewhole numbersand integersa so but thevice-versais
not true

al wholenumbersareintegersaso

You have studied four fundamental operationsonintegersin earlier classes.
Without repeating them here, wewill take someexamplesandillustrate them

12x4,7+3,18+3,36+ 7,14 x 2, 18 + 36, 13 x (=3)

Solution:

12 x 4=48; itisaninteger
[ .
7+3:§;Itlsnotan|nteger
18+ 3= 6; Itisaninteger
36 . :
36+7:7;It|snotan|nteger.
14 x 2= 28, Itisaninteger
18 .
18 +36= —; Itisnot aninteger
36
13 x (-=3) =—39; Itisaninteger

Example 1.4: Using number line, add thefollowing integers:

Solution:

0]

A represents 9 on thenumber line. Going 5 unitstotheleft of A, wereach the point

9+(=5 (HEY+(7)
B«—5 ——>
< 9 >

A

>
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-7 654 -3 -2-1012 3 45 6 7 8 9

B, which represents4.
~9+(-H)=4
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(i) Be——7———>A—3—

<@ @ @ @ @ L 4 & o>

—10—9—8—7—6 —5—4—3—2 1012345678910

Starting from zero (0) and going three unitsto theleft of zero, wereach the point
A, which represents— 3. FromA going 7 unitsto theleft of A, wereach thepoint
B which represents—10.

L (B)+(7)=-10

1.3 RATIONAL NUMBERS

Consider the situation, when an integer aisdivided by another non-zero integer b. The
following casesarise:

(i) When ‘a’ isamultipleof ‘b’
a
Suppose a=mb, wheremisanatural number or integer, then b= m

(i) When aisnot amultipleof b

a
Inthiscase b isnot an integer, and henceisanew type of number. Such anumber is

cdled arationa number.

Thus, anumber which can beputintheform z ,wherepand gareintegersand g0, is

cdled arationa number

1
"7

N | o

2 5
Thus, _5’—_8’ aredl rational numbers.

1.3.1 Positive and Negative Rational Numbers

(i) A rational number 2 issaid to be apositive rational number if p and g are both

positiveor both negativeintegers

35-3-8-12

Thusz 626 ?areall positiverationals.

(i) 1f theintegesp and qareof different signs, then 2 issaid to beanegaiverational

number.
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Thus 2.8 T2 36 el egiveraiond
us, 5 ' 5 4 ,_3are negaiverationals.
1.3.2 Sandard form of aRational Number
Notes

We know that numbersof theform
PP =P yaP
a -9 —q q
areal rationa numbers, where p and g are positiveintegers
We can seethat
—_pz_[B]—_pzﬂzﬁ p_ P _-p
q q)-q -(-a) a'-a -(-a) q

In each of the above cases, we have made the denominator g as positive.

A rational number E , Wherep and q areintegersand g # 0, inwhich g ispositive (or

made positive) and p and g are co-prime (i.e. when they do not have acommon factor
other than 1 and—1) issaid to bein standard form.

2 =2 -5 -
Thusthe standard form of therational number — is 3 Similarly, 5 and 5 are
rational numbersinstandard form.

Note: “A rationa number instandard formisasoreferred to as“ arational number inits
lowest form”. Inthislesson, wewill be using thesetwo termsinterchangably.

18 2
For example, rational number o7 Can bewrittenas 3 inthestandard form (or thelowest

form).

Similarly, _2—55 ,ingtandard form (or inlowest form) can bewrittenas _75 (cancdlingout
5from both numerator and denominator).

Somelmportant Results

(i) Everynatura number isarational number but thevice-versaisnot dwaystrue.

(i) Every wholenumber andinteger isarational number but vice-versaisnot awaystrue.
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Example1.5: Which of thefollowing arerational numbersand which arenot?
_p5 ;118 7
) b ) 7 ) 5 ) 6
Notes .
Solution:

-2
(i) —2canbewrittenas B whichisof theform qﬂ ,q#0. Therefore, —2isarationa

number.

5
(i) 3 isarational number, asitisof theform qﬂ ,q#0

-17
(iii) =17 isalso arational number asitisof theform R

1 -7
(iv) Similarly, 5 and s aredl rational numbersaccording to the sameargument

Example 1.6: Writethefollowingrational numbersintheir lowest terms:
=24 .\ 12 .. =21
i)—— i) — i) ——
()192 ( )168 (i) 49

Solution:

o -24  -3x8 -1
T 3x8x8 8

1. ) - 24
_§ isthelowest form of therational number 102

12 121
) 168 “1ox14 14

1 12
— isthelowest form of therational number ——

14 168
L—21  -3x7 -3
() 9 Ix7 7
-3 ) =21
7 isthelowest form of therational number E
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1.4 EQUIVALENT FORMS OF A RATIONAL NUMBER

A rationa number can bewritteninan equivaent form by multiplying/dividing thenumerator
and denominator of the given rationa number by the same number.

For example
2 2x2_4 2 _2x4_8 2x8 _ 16
3 3x2 6 3 3x4 12° 3x8 24
2 08 Eet ivalent f f therational berE
--6, 12, 2 c.areequw entrormso eralonal nNuMm 3
Smilaly
3_6_21_27_
8 16 56 72
y 4.8 12 28
ad T a9

3 4
areequivaent formsof 3 and 7 respectively.
Example1.7: Writefiveequivaent formsof thefollowing rationa numbers:
N 3 ... —5
i) — i) —
(i) 17 (i) 5
Solution:

3 3x2 6 3 3x4 12 3x(-3) -9

O 177 17x2 34’ 17 17x4 68" 17x(-3) —-51

3x8 _ 24 3

17x8 136 17

7 21
X—=——
7 119

3
.. Fiveequivaent formsof 17 @€

6 12 -9 24 21

34’68 -51'136'119
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-5
(i) Asinpart (i), fiveequivaent formsof Y ae

-10 -15 -20 -60 -35
18 ' 27 ' 36 '108° 63

1.5 RATIONAL NUMBERS ON THE NUMBER LINE

1
We know how to represent integers on the number line. Let ustry to represent 5 onthe

1
number line. Therationa number 5 ispogitiveandwill berepresented totheright of zero.

1 1
AsO< < <1, 5 liesbetween 0 and 1. Dividethedistance OA intwo equal parts. This

2
1
can bedoneby bisecting OA at P. L et Prepresent 5 Similarly R, themid-point of OA’,
. 1
representstherationa number 5
A RO P A
L L g @ g L @ *—>
-2 -1 { o 1i 1 2 3
2
X X
- 4 :
Similarly, 3 can berepresented on the number lineasbelow:
C B’ A O A P B C D

4 4
Asl< 3 < 2, therefore 3 liesbetween 1 and 2. Dividethe distance AB in three equal

parts. Let one of thispart beAP

Now g = 1+%=OA+AP=OP
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: 4 .
Thepoi ntPreprewnts§ onthenumber line.
1.6 COMPARISON OF RATIONAL NUMBERS Notes

In order to comparetwo rationa numbers, wefollow any of thefollowing methods:

(i) If tworational numbers, to be compared, havethe same denominator, comparetheir
numerators. The number having thegreater numerator isthegreater rational number.

5 9
Thusfor thetwo rational numbers 17 and 17 with the same positive denominator

17,3>£a59>5
17 17

9_ 5

17 17

(if) If tworational numbersare having different denominators, maketheir denominators
equal by taking their equivaent form and then comparethe numeratorsof theresulting
rational numbers. Thenumber having agreater numerator isgreater rationa number.

3 6
For example, to compare two rational numbers > and 11 e first make their

denominatorssamein thefollowing manner:

3x11_33 Ox7 _42
7x11 77 11x7 77

As42 >33 4—2>§Or2>§
S 7T 17
(iii) By plotting two given rational numbers on the number linewe seethat therational
number to theright of the other rational number isgrester.

2 3
For example, take 3 and 7 we plot these numbers on the number line asbel ow:

v

N
w
N T+
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2 3 2 3
O<§<1and 0< Z<1' It means- andZ both liebetween 0 and 1. By themethod

2 3
of dividing alineinto equal number of parts, A represents 3 and B represents 2

AsBistoth 'hth§>E E<§
sBistotherightof A, 7> or o <7

2 3 3.
.. Out of 3 and 22 isthe greater number.

CHECK YOUR PROGRESS 1.1

1.

| dentify rationa numbersand integersfromthefollowing:

4,_—3,§,—36,E,1,E,—6
4 6 7 -8 7
Fromthefollowing identify thosewhicharenot :
() naturd numbers
(i) wholenumbers
(iii) integers
(iv) raiond numbers

71673 4505 3 4
4 7 17 -4 3

By making thefollowing rationa numberswith samedenominator, smplify thefollowing

and specify whether theresult in each caseisanatural number, whole number, integer
or arationa number:

() 3+g (ii)—3+% (ii)—8-13 (iv)12-12
9 1 , 5 o
(V)E_E (V|)2><7 (vii)8+3

Usethenumber lineto add thefollowing:-
)9+ (=7 (i) (-9 +(=3) (iii) (-3) + (4)

Which of thefollowing arerationa numbersinlowest term?
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8 5 -3 -6 2/3 15
127" 12" 7 J271 24
. Whichof thefollowing rational numbersareintegers?
Notes

15 -5 13 27 7x3 -6

515" 5" 9" 14 -2

. Write3rationa numbersequivaent to givenrationa numbers.
2 -5 17

5 6 3
. Represent thefollowing rational numbersonthe number line.
2 31

542
. Comparethefollowingrationa numbersby (i) changing themto rational numbersin
equivaent forms(ii) using number line:

2 3 3 7 -2 -1
a)—and — b) —and — c)— and —
()3 4 ()5 9 © 3 2

3 5 -7 3
d—and— (e)—and—

()7 11 © 6 2

1.7 FOUR FUNDAMENTAL OPERATIONS ON RATIONAL
NUMBERS

1.7.1 Addition of Rational Numbers

: " . pr
(8 Consider theaddition of rational numbers a , E

—+
a q
For example

p_ T _ P+l
q

2 5 2+5 7
() S+2 ===
3 3 3 3

3 9 319 12
(i) =+—==—=—
1717 17 17
and (i) 2422|2129
3 (3) 3 3

3
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r
(b) Consider thetwo rational numbersg and S

Notes _Pps_rq_pstrq

Pt
d s 0Os sg s
For example,

(i) §+E _3x3+4x2 _9+8 _17
4 3 4x3 12 12
4 7 —4x8+5x7 35-32 3

(i) ——+— = il
5 8 5x8 40 40

Fromthe abovetwo cases, wegeneraisethefollowingrule:

(8 Theadditionof two rationa numberswith common denominator istherationa number
with common denominator and numerator asthe sum of the numerators of thetwo
rationa numbers.

(b) Thesumof two rational numberswith different denominatorsisarationa number with
the denominator equal to the product of the denominatorsof two rational numbersand
the numerator equal to sum of the product of the numerator of first rational number
with the denominator of second and the product of numerator of second rational
number and the denominator of thefirst rational number.

L et ustake soneexamples:

Example1.8: Addthefollowingrationa numbers:

M2and® iy E aa=3 (i) - = and —>
795 17 17 11
e 2,6.2¢6_8
ution: (|)7 - 5 ’
2 6 8
==
77777
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(23

Example 1.9: Add each of thefollowing rational numbers:
4
15

.3 1 . 2 3 ... 5
(|)Zand7 (||)7andg (|||)§and—

3 1
Solution: (|)Wehavez+7
4x7 Tx4
21 4 21+4
28 28 28
25
28

,§+1_§Or 3x7+4x1_21+4 _25
4 7 28 4x7 28 28
02,3
(||)7 5

_2x5 37
x5 bBx7
10 21

=4 —
35 35

_10+21_3_1

35 35

§ 31 r{2X5+3X7—10+21— 31}

5

35

2y -
7 35 35 3

5 (-4)
(D) st 15
_5x15 (—4)x9
9x15  15x9
75, (-36)

~135 135
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_75-36_ 39 313 _13
135 135 3x45 45
5 (-4) 13 {5><15+9><(—4) 75-36 39 13}
Notes So—t+t—=—or = = ——
9 15 45 9x15 135 135 45
1.7.2 Subtraction of Rational Numbers
r —r
(@) p_r_p-r
q 9 q
r S—qr
(b) p_r_ps-ar
q s as
Example1.10: Smplify thefollowing:
! 3.2
U 571
oution () [_L-7-1_6_2x3_3
ution: ) 372772 T2 2x2 2
, 3 2 3x12 2x5
(i) 5 12 5x12 12x5
_ 36 10 _36-10
60 60 60
_ 26 _13x2 13
60 30x2 30
1.7.3Multiplication and Division of Rational Numbers
, e . Y r . ,
(i) Multiplication of two rational number a and s ,q#0,s#0istherational
o
number ps wheregs=0
product of numerators
~ product of denominators
N . p r . .
(i) Division of two rational numbersa and g,such that q= 0, s#0, istherational
ps
number a , Wheregr=0
Mathematics Secondary Course
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p r P (S
—_ =] — :_X J—
Inotherwords(qJ (Sj q (rj
Or (First rational number) x (Reciprocal of the second rational number) Notes
Let usconsider some examples.
Example1.11: Multiply thefollowing rational numbers:
N3 2 I -2
i) —and— and iii)—and| —
03wl OZm(3) g
Solution: , §X2_3x2_ 3x2 2
ution: @) %97 759 7x3x3 21
L5 ( j -2)
W g 6x19
__2x5 5
2x3x19 57
i) s
R e el
6 19 57
v w5
) 13" 75)7 1B\ 5
e 2 72 _ 1
13 5 13x5 65
7 -2\ 14
S= X —= ==
(13) (—5) 65
Example1.12: Smply thefollowing:
7 105 87 29
e iii
oz oelE) @G
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Solution:

0]

(ii)

HE

4) \12

= (éjx(gj {Reci procal of ! isg}
4 7 12 7

_3x12 3x3x4 _9
4x7  Tx4 7

9 X 2 Reciprocal of E|si
16) (-105 2 -105
_ . 9x2 . 3x3x2

2x8x3x35 2x8x3x35
-3 -3

8x35 280

()50
Z%

_(87}{18)_5 18 _20x3x2x9 _2

27

BIEE

29) 27729 9x3x29 1
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CHECK YOUR PROGRESS 1.2

1. Addthefollowingrational numbers:

.3 6 .\ 2 6 ... 3 =7 .1 3
i) =, = i) —, —— i) —, — iv) =, =
()77 ()15 15 ()20—20 ()88
2. Addthefollowingrationa numbers.
. 3 5 .. 17 5 ... 2 =5
i) —, = i) —, = i) —,—
O 2 3 I 7 9 (i) 5 7
3. Peformtheindicated operations:
(1) (—Z+_—5]+3 (i) (Z+§]+(—§]
8 12) 16 3 4 5
4. Subtract:-
(i) from = (i) L from—> (i) = from =
15 15 3 3 7 24
5. Smplify:-
(i)(33+z—21j (ii)§+l—3—6§
5 5 6 2 4
6. Multiply:-
2.5 .. 3, -33 L.o—11, =27
i)—by— ii)—— by — i) —by —
()lly6 ()11y35 ()3y77
7. Divide
L1 1 =7, -4 .. 35, -7
i)=by= i) — by — i) —by —
()2 Y, ()4 Y= ( LB Y s
8. Smplify thefollowing:
a{ﬁl}§+£. @(iﬁ}ixm
3 8/ 25 15 4 3) 4
- 16 -3 .
9. Dividethesum of = and 1 by their difference.

13 39
10. A number when multiplied by 3 gives 1 Find the number.

MODULE - 1
Algebra
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1.8 DECIMAL REPRESENTATION OF A RATIONAL
NUMBER

You arefamiliar with thedivision of aninteger by another integer and expressng theresult
asadecimal number. The process of expressing arational number into decimal formisto
carryout the process of long division using decimal notation.

Let usconsider some examples.

Example1.13: Represent each one of thefollowing into adecimal number:
L 12 .. =27 . 13
i) — i) — i) —
(i) c (i) = ( )16

Solution: i) Usinglongdivison, weget

24

5)12.0
10 Hence, E =24
20 S
2.0

X
i —5(—1.08
) 25)-27(
25 _
200 Hence, ﬂ =-1.08
25
200

X
0.8125
iif) 16}1132.3000
20
_16_ Hence, 12 = 0.8125
40 16
32

80
80
X
From the above examples, it can be seen that the division process stops after afinite
number of steps, when theremainder becomeszero and theresulting decima number has

afinitenumber of decimal places. Such decima sareknown aster minating decimals.

Note: Notethat in theabovedivision, thedenominatorsof therational numbershad only
2 or 5or both astheonly primefactors.

12x2 24

12
Altematively,weoouldha/ewrittmE S > "1 2.4 andsimilarly fortheothers
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L et usconsder another example.

Example 14: Writethedecimal representation of each of thefollowing:

(a)

) 2 (c) —~ Notes

(b
7 11

wl~N

2.33
Solution: @ 3)7.00 Heretheremainder 1 repeats.

6 . Thedecimal isnot aterminating decimal

9 %: 2.333... or 23

1.00

0.28571428
(b) 7)2.000
4
60

56 2
10 5= 0.285714

35

50 Note: A bar over adigit or agroup of digits
49 impliesthat digit or that group of digitsstarts
TO repedtingitsdf indefinitely.

7

30
28

20
14

60
56

4

0.454
(© 11)5.00
a4
60

95 5 —
50 ..ﬁ—0.45

Herewhentheremainder is3, thedigit after
that start repeating

Hereagainwhentheremainder is5, thedigits
after 5 start repeating

50...
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Fromtheabove, itisclear that in caseswherethe denominator hasfactorsother than 2 or
5, the decimal representation startsrepeating. Such decimalsare called non-terminating

repesting decimals.

Thus, we seefrom examples 1.13 and 1.14 that the decimal representation of arational
numberis

(i) ether aterminating decimal (and theremainder iszero after afinite number of steps)
(ii) oranon-terminating repeating decimal (wherethedivisonwill never end)

*. Thus, arationa number isether aterminating decimal or anon-terminating repegting
decimd

1.8 EXPRESSING DECIMAL EXPANSION OF A RATIONAL
NUMBER IN p/q FORM

Let usexplainit through examples

Example1.15: Express(i) 0.48 and (ii) 0.1357in§ form

48 12
ion: i)048=—="—
Solution: 0] 100 25

1375 55 11

(i) 0.1375="——=— ="
10000 400 80

Example 1.16: Express(i) 0.666... (i) 0.374374...in g form

Solution: M Let x = 0.666... (A)
. 10 X = 6.666... B)

2
(B)—(A) gives9x=60r X = 3

(i) Let x = 0.374374374.... (A)
1000 x = 374.374374374.... (B)
(B)—(A) gives999 x = 374

(o 374
o %~ 999
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. 0.374374374...= 3ré

999

Theaboveexampleillustratesthat:

Notes
Aterminating decimal or a non-terminating recurring decimal represents a rational
number

Note: Thenon- terminating recurring decimalslike 0.374374374... arewritten as 0 374 .-
Thebar onthegroup of digits 374 indicatethat thegroup of digitsrepeatsagainand again.

CHECK YOUR PROGRESS 1.3

1. Represent thefollowing rational numbersinthedecima form:
L 31 .\ 12 S .75 91
i)— i) — i) — iv) — V) —
()80 ()25 ( )8 V)5 ()63
2. Represent thefollowing rational numbersinthedecimd form:

L2 .5 ... 25
(i) 3 (“)7 (HI)E

3. Represent thefollowing decimalsintheform E :

@ (i) 2.3 (i)-312  (ii)-0715  (iv)8.146
() () 0333 (i) 3.22 (i) —0.315315315...

1.9 RATIONAL NUMBERS BETWEEN TWO RATIONAL
NUMBERS

Isit possibletofind arational number between two given rational numbers. To explore
this, consider thefollowing examples.

3 6
Example 1.17: Find arational number between 2 and =

1(3 6
Solution: Let ustry tofind the number E(ZJFEJ
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~ 1(15+ 24) 39

2 20 ) 40
oy 3.3X10_30
W 27 ax10 40
. 6_6x8_48
ad 5758 40
Obviody <22
0SY 400" 20
.39 . . . 3 6
e 75 isarational number between therationa numbersz and o
3 39 6
- —=0.75, —=0975 and —=1.2
Note: 1 20 c
~.0.75<0.975<1.2
3% _6
o 4w "5
.~. Thiscan bedoneby either way:

(i) reducingeachof thegiven rational number with acommon base and then taking
their average

or (i) by finding the decimal expansionsof thetwo given rational numbersand then
taking their average.

Thequestion now arises, “ How many rationa s can befound between two givenrational s?
Congder thefollowing examples.

1 3
Example 1.18: Find 3rational numbers between — and 2

2
Solution: | —-x8_8
ution. 2 2x8 16
g 3_3x4 _12
N AT axa 16
8 9 10 11 12
As <—<—«<

_ _ _ _<_
16 16 16 16 16
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.. Wehavebeen abletofind 3 rational numbers

E,Eandgbetweenland§
16 16 16 2 4

Infact, we can find any number of rational s between two given numbers.

50__ 50
2x50 100

gan2

3 3x25_ 75
4 4x25 100

50 51 52 583 72 73 74

75

< < < < iveen
AS 700 <100 “100 “ 100
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<< <—<—<.. ()
100 100 100 100

1 3
. wehavebeen ableto find 24 rational numbersbetween — and — asgivenin

2
(i) above.

We can continueinthisway further.

4

Note: From the aboveitisclear that between any two rationals an infinite number of
rationalscan befound.

CHECK YOUR PROGRESS 1.4

1.

Find arationa number between thefollowing rational numbers.
3 4 . 3 1
i)—and— ii)5and 6 iii)——and=

(i) L ad (if) (iii) L 3d

Find two rationa numbersbetween thefollowing rationa numbers:

N2 1 L 2 1

i) —— and = i) —— and —=

® 3 2 0 3 4

Find 5rationa numbersbetween thefollowing rational numbers:
(i) 0.27 and 0.30 (i) 7.31and 7.35

(i) 20.75 and 26.80 (iv) 1.001 and 1.002
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1.10 IRRATIONAL NUMBERS

We have seen that the decimal expansion of arational number iseither terminating orisa
non-terminating and repegating deimal.

Aretheredecima swhich arenather terminating nor non-terminating but repesting decimals?
Congder thefollowing decimal:

0.10 100 1000 10000 1....... )

You can seethat thisdecimal hasadefinite pattern and it can be written indefinitely, and
thereisno block of digitswhichisrepeating. Thus, itisan example of anon-terminating
and non-repeating decimal. A similar decimd isgiven asunder:

0.12345678910111213..... (i)

Canyouwritethenext group of digitsin (i) and (ii)? Thenext six digitsin (i) are 000001...
andin(ii) they are141516...
Suchdecimalsasin (i) and (ii) represent irrational numbers.

Thus, a decimal expansion which is neither terminating nor is repeating represents
anirrational number.

1.11 INADEQUACY OF RATIONAL NUMBERS

Canwemeasured| thelengthsin termsof rational numbers? Canwemeasureadl weights

intermsof rational numbers?
A B

L et usexaminethefollowing Situation:

Consider asquare ABCD, each of whosesidesis 1 unit.
Naturally thediagona BD isof length /2 units. J/2 units

oneunit

It canbeprovedthat /2 isnot arational number, asthere

isnorationa, whose squareis2, [ Proof isbheyond the scope
of thislesson]. D oneunit C

We condludethat we can not exactly measurethelengthsof dl line-segmentsusing rationas,
intermsof agiven unit of length. Thus, therational numbersareinadequateto measureall
lengthsin termsof agiven unit. Thisinadequacy necessitatesthe extension of rational
numberstoirrationas(which arenot rationa)

Wehavea so read that corresponding to every rational number, there correspondsapoint
onthenumber line. Consider the converse of thisstatement:

Given apoint onthe number line, will it always correspond to arational number? The
answer tothisquestionisaso“No” . For clarifying this, wetakethefollowing example.

Onthenumber linetakepoints O, A, B, Cand D representing rationa 0, 1, 2,—1 and -2
respectively. At A draw AA’ 1 to OA suchthat AA” = 1 unit
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D B

P ] | ]
| |

-2 2

- OA’ = /1% +12 = /2 Units. Taking O ascentreand radius OA’, if wedraw an arc, we
reach the point P, which representsthe number /2 .

As /2 isirrational, we concludethat there are points on the number line (like P) which
arenot represented by arational number. Similarly, we can show that we can have points

like \/3, 24/3, 52 etc, which arenot represented by rationals.

.. Thenumber line, congsting of pointscorresponding to rationa numbers, hasgapsonit.
Therefore, thenumber linecong gsof pointscorresponding torationa numbersandirrationa
numbersboth.

We havethus extended the system of rational numbersto includeirrational numbersalso.
The system containing rationalsand irrationalsboth iscalled the Read Number System.

Thesystem of numbersconsisting of al rational and irrationa numbersiscaledthesystem
of real numbers.

CHECK YOUR PROGRESS 1.5

1. Writethefirstthreedigitsof thedecima representation of thefollowing:

V2,43, 45
2. Represent thefollowing numbersontherea number line:
(i) % (i) 1++/2 (iii) %

1.12 FINDING IRRATIONAL NUMBER BETWEEN TWO
GIVEN NUMBERS

Let usillustrate the process of finding an irrational number between two given numbers
withthehelp of examples.

Example 1.19: Find anirrational number between 2 and 3.
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Solution: Consider thenumber /2% 3

Weknow that /6 approximately equals2.45.
-~ Itliesbetween 2 and 3anditisanirrational number.

Example1.20: Find anirrationa number lying between /3 and 2.

\/§+2
2

Solution: Consider the number

= +§zl+¥:l.866

. *@; 2 1.866liesbetwen 3 (~ 1.732) and 2

*. Therequiredirrational numberis

\/§+2
2

CHECK YOUR PROGRESS 1.6

1. Findanirrationa number between thefollowing pairsof numbers

(i) 2and 4 (ii) 43 and 3 (i) y2 and /3

2. Canyou gatethenumber of irrationa sbetween 1 and 2?1l lustratewith threeexamples.

1.13 ROUNDING OFF NUMBERS TO A GIVEN NUMBER
OF DECIMAL PLACES

It issometimes convenient to writethe approximate val ue of areal number upto adesired
number of decimal places. Let usillustrateit by examples.

Example 1.21: Express 2.71832 approximately by rounding it off to two places of
decimals.

Solution: Welook up at thethird place after thedecimal point. Inthiscaseit 8, whichis
morethan 5. So the approximate value of 2.71832, upto two placesof decimal is2.72.

Example 1.22: Find the gpproximatevaue of 12.78962 correct upto 3 placesof decimals.
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Solution: Thefourth place of decimalsis6 (morethan 5) soweadd 1 to thethird placeto
get the approximate value of 12.78962 correct upto three places of decimalsas 12.790.

Thus, we observethat to round off anumber to some given number of places, weobserve
thenext digitinthedecimal part of the number and proceed asbelow

() Ifthedigitislessthan5, weignoreit and state the answer without it.

(i) If thedigitis5or morethan 5, we add 1 to the preceeding digit to get the required
number upto desired number of decimal places.

" . CHECK YOUR PROGRESS 1.7

1. Wiritetheapproximatevalue of thefollowing correct upto 3 place of decimals.
(yo.77777 (i) 7.3259 (iii) 1.0118
(iv) 3.1428 (v) 1.1413

@m

e Recdl of naturd numbers, whole numbers, integerswith four fundamental operations
isdone.

¢ Representation of aboveonthe number line.

e Extensionof integerstorationa numbers- A rational number isanumber which can
be put intheform p/q, where pand q areintegersand g # 0.

e When gismade positiveand p and g have no other common factor, then arational
number issaid to bein standard form or lowest form.

e Tworationa numbersare said to bethe equivaent form of the number if standard
formsof thetwo are same.

e Therationa numberscan berepresented onthe number line.
e Correspondingto arational number, there existsaunique point onthe number line.
e Therational numberscan be compared by

¢ reducing themwith the same denominator and comparing their numerators.

e whenrepresented onthe number line, the greater rational number liesto theright
of theother.
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Asinintegers, four fundamental operations can be performed on rational numbers
aso.

Thedecimad representation of arational number iseither terminating or non-terminating
repeating.
Thereexigt infinitely many rational numbers between two rational numbers,

Thereare pointsother than those representing rationalson the number line. That shows
inadequacy of system of rational numbers.

Thesytem of rational numbersisextended to real numbers.

Rationalsand irrationa stogether congtitute the system of real numbers.

Wecan awaysfind anirrational number between two given numbers.

Thedecima representation of anirrational number isnon-terminating non repesating.

We can find the approximate value of arationa or anirrational number upto agiven
number of decimals.

H TERMINAL EXERCISE

1.

Fromthefollowing pick out:

(i) naturd numbers

(i) integerswhich arenot natura numbers
(iii) rationalswhich arenot natural numbers

(iv) irrationa numbers

—3,17,3 3o 3232\/_2 J3

8
Writethefollowingintegersasrationa numbers:
(Hh-14 (i) 13 (i) o (iv)2
V)1 (vi)—1 (vii)—25
Expressthefollowingrationasinlowest terms.
614 -17 13
8'21'153 '273
Expressthefollowing rationalsindecima form:
411 .., 8 ..\ 14 .15 98
i)—= i) — i) — iv)— V) —
()80 ()25 ( )8 ()6 ()35
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.15 7 ..1115 . 17 126

vi) = vii)—— viii ) =— iX)—— X) —
()7 ()6 ( )11 ()13 ()36

. . . P _ Not
5. Represent thefollowing decimadsin q form: otes

()24 (ii)—0.32 (iii) 8.14 (iv) 324
(v) 0.415415415...

6. Findarationa number betwenthefollowing rationa numbers:

NS 7 .. ... 4 1
(|)Zand§ (i)—2and -3 (|||)—gand§

7. Findthreerationa numbersbetweenthefollowingrationa numbers:

3 -3
()jad—"  (i)027and028  (ii)132and134

8. Writetherational numbers corresponding to thepointsO, P, Q, R, Sand T on the
number lineinthefollowingfigure:

R sO p Q T

A R 1 0 O O

4 5 5 1 o012 4 a4 5 & 7 8 o9
9. Findthesum of thefollowing rational numbers:
3 =7 .. 5 37 .9 2 18 7
)—,— ") ——,= ) —=,— IV)—,— V)—,——
()55 ()99 ()53 ()53 ()7 6

10. Findthe product of thefollowingrationals:

37 19 2 15 -14

W53 g5 Nz

11. Writeanirrational number between thefollowing pairsof numbers:

(i)1and3 (i) /3 and3 (jii) \/2 and /5 (iv) —/2and /2
12. How many rationa numbersand irrational numberslie between thenumbers2 and 7?
13. Find the approximate va ue of thefollowing numberscorrect to 2 placesof decimals:.
(i) 0.338 (i) 3.924 (i) 3.14159 (iv) 3.1428
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14. Writetheva ueof following correct upto 3 placesof decimals:

i) % (i) 242 (i)17326  (iv)0.9999..
15. Simplify thefollowing asirrational numbers. Thefirst oneisdonefor you.
(i) 123+ 5V3-7+/3=4/3[12+5-7]=10/3
(i) 3V2-24/8+742
(ii)) 3v2x 24/3x5.6
(V) [(VBx3V2)x612] + 362

[ ]
i I ANSWERS TO CHECK YOUR PROGRESS

11
1. Integers. 4,—36,—6

-35 12 -3 15
' 4 — — -36,—,—,—,—6
Rationa Numbers; 46 287

7 3 .5 3 4

(iv) All arerational numbers.

16 1
3. (i)g,rationd (ii)—z,rationd (iii) =21, integer and rational
(iv) zero, whole number, integer and rational (V) 4,All
10 .8
(vi) =, rational  (vii) -, rationa
7 3
4. (i)2 (i)—8 @)1
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. 7l 7l 27
6 —1O,E,z,_—6 Notes
5 9 -2
L g2.4.6_8 5 10 15 20 17 34 51 68
- 05 0715720 W T 18T 2 3= 9 12
8. () 25, ) <0 34 1
@ g 1 T
2
9 §>E b Z>§ __1>__2 d £>§
- @373 ® 9”5 © 5> @177
3.7
e 5”6
1.2
1 9 4 o1 o1
()] - (ii 15 (|||)2 (|v)2
5 19 .. 188 Lo 11
. () 6 (i) 63 (iii) 35
5 @53 149
Ok () 5o
4 Z 4 —_3
. () 5 (i)— (iii) 56
5 (i 73 i1
. () 20 (i) —
6 (i 5 9 9
. () 3 (i) 35 (iii) -
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. .. 39
7. ()2 (“)E
Notesy g (i)% (i) 7
29
9 o
3
10.2
1.3
1. (i)0.3875 (i) 0.48
2. ()o6 (i) 0.714285
23 .78
3. @0) 3, (s
1 113
(B) () 3 (i) 53
1.4
. 25 .
1 (|)£ (i)55

2. ()02and0.3  (ii)—0.30,—0.35

3. (i) 0.271, 0.275, 0, 281, 0.285, 0.291
(ii) 7.315, 7.320 7.325, 7.330, 7.331
(iii) 21.75, 22.75, 23.75, 24.75, 25.75

... 10
(i) 3

(i) 1.5 (iv) 6.25 V)14
(i) 2.27

.. 143 4073
(|||)—% (|V)W

(iii)—m

L. O
(i) En

(iv) 1.0011, 1.0012, 1.0013, 1.0014, 1.0015

Note: Can be other answers as well.

15
1. 1414, 1.732, 2.236
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2. () J212
o | 1
0.707
Notes
W R+ LA
0 1 22414 3
V312
(iii) T : :
0 1 2
1.6
. y _2+4/3
1 ()45 (i) v3+1 (i) ==
2. Infinitdy many:
1.0001, 1.0002, ....., 1.0010, 1.0011,....., 1.0020, 1.0021, .....
1.7
1. (i)0.778 (ii) 7.326 (i) 1.012 (iv) 3.143 (v) 1.141

[ ]
= ANASWERS TO TERMINAL EXERCISE

1. Naturd: 17,
Integersbut not natural numbers, -3, 0, —32

6 -3 3 11

i _31_,_10’_32,_1_
Rationalsbut not natural numbers; > g 14'6

Irrationalsbut not rationals: /2, 2++/3

. 14 . 13 .0 2
2. (I)_T (")T (HI)I (IV)I
1 -1 =25
(V) 1 (W)jf Om)—i—
, 3211
4’3 9'21
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4. (i)0.1375
(i) 2.142857

5. () =2
0
13
0 16
7. (i) 0.50, 0.25, 0.00

(1)0.32 (i) .75 (iv)25 (v)2.8
(vii) —1166  (Vii)1045  (iX) —~1.307692 (x)3.5
.. —8 ... 407 _ 107 415

(i) o5 (i) 50 (iv) 33 (V) 999
(i—-25 (iii) zero

(i) 0.271, 0.274, 0.277 (iii) 1.325. 1.33, 1.335

8. ()R:-38 (i)S:=05  (iii))0:000 (iv)S—033 (v)Q:35
(Vi) T: 7,66
. 4 . 2 o 44 .37 59

9. (|)—§ (||)—§ (HI)E (IV)E (V)E
7 ... 38

10. (i) 5 (i) 15 (ii)—6

11. (i) /3 (i)1+.3 ()43 (iv) g

12. Infinitely many

13.(1))0.34  (ii)3.92 (i) 3.14 (iv)3.14

14.(1)0.75  (ii)3.414 (i) 1.733 (iv) 1.000

15. (i) 6./2  (iii)180 (iv)2
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EXPONENTS AND RADICALS

211en02

We havelearnt about multiplication of two or morerea numbersintheearlier lesson. You
canvery easily writethefollowing

4x4x4=64,11%11x11x 11 = 14641 and
2X2X2%X2%X2x2x%x2x%x2=256

Think of thesituation when 13isto be multiplied 15times. How difficultisit towrite?
13x 13X 13 Xoovvrenee 15 times?

Thisdifficulty can be overcome by theintroduction of exponentia notation. Inthislesson,
we shall explain the meaning of thisnotation, state and provethelaws of exponentsand
learnto apply these. We shall dlsolearnto expressreal numbersas product of powers of
primenumbers.

Inthenext part of thislesson, weshall giveameaning to the number a““ asqth root of a.
We shall introduceyou to radicals, index, radicand etc. Again, we shall learn thelaws of
radicalsand find the smplest form of aradical. We shall learn the meaning of theterm
“rationaising factor’ and rationalisethedenominatorsof givenradicals.

After studying thislesson, youwill beableto

write a repeated multiplication in exponential notation and vice-versa;
e identify the base and exponent of a number written in exponential notation;
e express a natural number as a product of powers of prime numbers uniquely;

e dtate the laws of exponents,
e explain the meaning of a®a™ and a%;

e simplify expressions involving exponents, using laws of exponents,
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Exponentsand Radicals

identify radicals from a given set of irrational numbers,

identify index and radicand of a surd;
e dtatethelaws of radicals (or surds);

express a given surd in simplest form;

classify similar and non-similar surds;

reduce surds of different orders to those of the same order;

perform the four fundamental operations on surds;

arrange the given surds in ascending/descending order of magnitude;

find a rationalising factor of a given surd;

1 1
ionali i i and
rationalise the denominator of a given surd of theform a+bx I+ /_y ,

where x and y are natural numbers and a and b are integers,

simplify expressions involving surds.

EXPECTED BACKGROUND KNOWLEDGE

e Primenumbers
e Four fundamental operationson numbers
e Rationa numbers

e Orderreationinnumbers.

2.1 EXPONENTIAL NOTATION

Consder thefollowing products:

(i)7x7 (i) 3x3x3 (iii)6x6x6x6x6
In(i), 7ismultiplied twiceand hence 7 x 7 iswritten as 72

In (ii), 3ismultiplied threetimesand so 3 x 3 x 3iswritten as 3°.
In(iii), 6ismultiplied fivetimes, s06 x 6 x 6 x 6 X 6iswritten as 6>

7?isread as" 7 raised to the power 2" or “ second power of 7. Here, 7 iscalled base and
2iscalled exponent (or index)

Similarly, 3*isread as“ 3raised to the power 3" or “third power of 3". Here, 3iscdledthe
baseand 3iscalled exponent.

Similarly, 6°isread as" 6 raised to the power 5" or “ Fifth power of 6”. Again 6 isbaseand
5isthe exponent (or index).
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From the above, we say that

The notation for writing the product of a number by itself several timesis called the
Exponential Notation or Exponential Form.

Thus, 5% 5 .... 20 times = 52 and (=7) X (=7) % .... 10times = (=7)% Notes

In 5%, 5isthe base and exponent is 20.

In (=7)*°, baseis—7 and exponent is 10.

Similarly, exponential notation can be used to write precisely the product of aratioina
number by itself anumber of times.

oo (D Leotpimee (2]

Ingenerd, if aisarational number, multiplied by itself mtimes, itiswritten asa™.
Hereagain, aiscalled the base and miscalled the exponent
L et ustake someexamplestoillustrate the above discussion:

Example2.1: Evauateeach of thefollowing:

(i) GT (if) (_ET
Solution: () (Ejgzéxéx%@:i

0 (-

Example2.2: Writethefollowing inexponentia form:

(i) (-5) x (-5) x(H) *x(H) x(H) x(H) *x(-H)

0 53] [z =) <)

Solution: (i) (-5) x (-5) x(-5) x (-5) x (-5) x(-5) x (-5) =(-H)’
o 5]
1) * 1) * ) * (1 ‘[1_1]
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Example2.3: Expresseach of thefollowing in exponential notation and writethe base
and exponent in each case.
Notes : . 125 .
(i) 4096 (i) 729 (ili))—512

Solution: ()4096=4x4x4x4x4x4 Alternatively 4096 = (2)*2
= (4)° Base = 2, exponent =12

Here, base = 4 and exponent = 6

125 5 5 5 (5

(i) === = =X=x==| =
729 9 9 9 \9

5
Here, base= (5) and exponent =3

(iii)Bl2=2%x2x2x2X2x2%x2x2%x2=2°
Here, base = 2 and exponent = 9

Example2.4: Smplify thefollowing:

2

3)° 3 3 3
ion: — | ==X=X—=—
Solution: > 5 5= o8
ANNYL
Smilaly 3 :g
3\ (4) 3F 4
2)%\3) T @
3P 16x16 32
= —X = —
g~ 3 3

Example2.5: Writethereciproca of each of thefollowing and expressthemin exponentia

form:
. - (3Y [ 5Y
(i3 (i) (Zj (iii) [_EJ
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Solution: ()  3*=3x3x3x3x3
=243

1 (1Y
. 1 5— —  —| —
.. Reciprocal of 3 43 ( j

3
3¢ 3
(ii) (Z) =2

3 4 (4
.. Reciprocal of (ZJ = o (gj

5 -6° (-6Y
.. Reciprocal of (—gj =5 =(?j

. P : .
Fromthe above example, wecan say that if a isany non-zerorational number andmis

any positiveinteger, then thereciprocal of (g] is (%} .

CHECK YOUR PROGRESS 2.1

1. Writethefollowinginexponentia form:
(i) (=7) x (=7) x (=7) *(=7)

3) (3
(i) (ZJX(ZJX"" 10times
(.5 5 :
(i) (—7jx(—7jx----20tlm6

2. Writethebaseand exponent in each of thefollowing:
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Exponentsand Radicals

2 8
0 39 (i) (7)* (iif) (— 1—1]

3. Evauateeach of thefollowing

L (3 L (=2Y . 3Y
() (7j (||)(?J (|||)(—Zj
4. Simplify thefollowing:

o4
ol

5. Findthereciproca of each of thefollowing:

(i) (i) (=7)* (iii) (—gj

2.2 PRIME FACTORISATION

Recall that any composite number can be expressed asaproduct of prime numbers. Let
ustakethe composite numbers 72, 760 and 7623.

() 72 =2x2x2x3x3 2l
2|36
=23 x 32 2|18 2le0
319 2380
(i) 760=2 x2x2x5x%x19 3 2(190
— 23 x 5 x10t 3 | 7623 5195
3 2541 19
(i) 7623 =3 x 3x 7 x 11 x11 7 | 847
=3Fx 7t x 112 lll—]fl

We can see that any natural number, other than 1, can be expressed as a product of
powers of prime numbersin a unique manner, apart from the order of occurrence of
factors. Let usconsider someexamples

Example2.6: Express24300in exponential form.
Solution: 24300=3%x3x3x3x2x2x5x5x%x3
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- 24300 = 22 x 3 x5
Example2.7: Express 98784 in exponential form.

Solution: 2 | 08784
2 | 49392

2 | 24696

2 | 12348 s 98784 =25x Fx T3

2 | 6174
3 | 3087
3 | 1029
7843
7149

7

CHECK YOUR PROGRESS 2.2

1. Expresseachof thefollowingasaproduct of powersof primes, i.e, inexponentia form:
(i) 429 (i) 648 (iii) 1512
2. Expresseach of thefollowinginexponentia form:
(i) 729 (i 512 (iii) 2592
1331 243
™) 2006 V) =5

MODULE - 1
Algebra

2.3 LAWS OF EXPONENTS

Consder thefollowing
() Fx3F =BxIJ)xBx3xIJ)=(3x3x3x3x3)
=3P =3P+3
(@) (72 (=0 =[(=7) x (=N] x [(=7) x (=7) x (=7) * (=7)]
=[(=0) % (=7) x (=7) x (=7) x (=7) x (=7)]
= (-7 = (-7

.. (z)i{ﬁj“_(éxﬁxé}{ﬁxéxﬁxé)
1%) ") T\ 272227
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=| =X —=X—=X—X—X—X—
(4444444)

(37 33+4
(-0
(va*x a*=(axaxa)x (axaxaxa=a=a"

From the above exampl es, we observethat

Law 1: If aisany non-zero rational number and mand n aretwo positiveintegers, then

am X af'l: aTT'H‘n
3 ([ 3Y
Example2.8: Evaluate [—Ej X(_Ej .
. 3
Solution: Herea= _E’ m=3andn=5.

_(3)"_es61
2) 256

Example2.9: Findthevalue of

BRG]

Solution: Asbefore,

(7}1{7}3_ (7j2+3 _ (7}5 _ 16807
4 4)  \4 4 1024
Now study thefollowing:

, 75 TXTXTXTXT » 53
eP= =" =IxT7=7"=7
0 7 IxTx7T

) )" 9= (g ™ (~3x(-3x(-3)x(-3)

—
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From the above, we can seethat
Law 2: If aisany non-zerorationa number and mand narepositiveintegers(m>n), then

am+a'=am™

35 16 35 13
Example2.10: Find thevalue of [Z_SJ —(Z—FJ .

35 16 35 13
Solution; (Z_SJ —[z—sj

_ (3_5)16_13 _(3_5)3 _(st _%
25 25 5 125

InLaw 2, m<n=n>m,

then a.m +an — a—(n—m) —

3 (3)°
Example2.11: Find thevalue of (ﬂ +(7]

3
Solution: Herea:7,m:6andn:9.

G567

Let usconsider thefollowing:

0 (BF-Fx3 533
o [BTT-CIEIEE)
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3 2+2+2+2+2 3 10 3 2x5
F 56

From the abovetwo cases, we caninfer thefollowing:

Law 4: If aisany non-zero rational number and mand n aretwo positiveintegers, then

far) =am
Let usconsider anexample.
3

- 2 2
Example2.12: Findthevalueof 5

2V 127 (2¢ e
Solution (Ej } [E} :(Ej " 15625
2.3.1 Zero Exponent

Recall that gm~g" = g™™",ifm>n

1
:W,|fn>m

Let usconsider thecase, whenm=n

+am — am—m

=1=a°
Thus, we have another important law of exponents,.

Law 5: If aisany rational number other than zero, then a®=1.
Example2.13: Find thevaueof

o w3

2 0
Solution: (HUsinga’=1, weget (ﬁ =1
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—3)\°
(iAgainusnga’®=1,weget | — | =1
4

Notes
CHECK YOUR PROGRESS 2.3

1. Simplify and expresstheresultin exponentia form:

. L (3)(3) (7Y TV (7Y
oo o33 w(-1)x-2) {2

2. Simplify and expresstheresult in exponentia form:

oirir ol w3

3. Simplify and expresstheresult in exponential form:

0) (2 (i K%M (i) K— Sj}
w37 ola) )

4. Whichof thefollowing statementsaretrue?

orerer (3
ol T w3
oo w2

ol (8
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2.4 NEGATIVE INTEGERS AS EXPONENTS

1
i)  Weknow that thereciprocal of 5is E.Wewriteitas&l andread it as5raised to

power —1.

1
i) Thereciprocal of (7) is EE Wewriteit as(—7)* and read it as(—7) raised to the

power —1.

1
i) Thereciproca of 5*= ?.Wewriteitas&2 andreadit as'5raised tothe power (-2)'.
Fromtheaboveall, weget

If aisany non-zero rationa number and misany positiveinteger, thenthereciproca of a”
.1
(' 'e?j iIswrittenasa™ and isread as‘ araised to the power (—m)’. Therefore,

-m

Y
am

=a

Let usconsider anexample.
Example2.14: Rewrite each of thefollowing with apositive exponent:

o ey

Solution;

From the above example, we get thefollowing result:

P . : : o
If a iS any non-zero rational number and m is any positive integer, then

(o) (5]

Mathematics Secondary Course




MODULE - 1

Algebra

2.5 LAWS OF EXPONENTS FOR INTEGRAL EXPONENTS

After giving ameaning to negativeintegersasexponentsof non-zerorationa numbers, we
can seethat laws of exponentshold good for negative exponentsal so.

Notes
For example.

o [
"t
" et
JGIRCISHRCRCN

Thus, from the aboveresults, wefind that laws 1 to 5 hold good for negative exponents
aso.

.. For any non-zero rational numbersa and b and any integersmandn,

1. a"xa =amn

2. an+a  =amifm>n
=a™ifn>m

3. (@m"=am

4, (axbm=amxpm

CHECK YOUR PROGRESS 2.4

_3\? p
1. Express (7j asarationa number of theform a ;

Mathematics Secondary Course




MODULE - 1
Algebra

Notes

Exponentsand Radicals

. Expressasapower of rational number with positive exponent:

(3)" ) NIEN
(0 (;j (1) 12°%x12° (i) [(Ej ]

. Expressasapower of arational number with negativeindex:

(i) [?) (i) [(7)2f (i) [Hj]

. Smplify:

oG WY W

. Which of thefollowing Satementsaretrue?

(Hamxa=am™"
(i) &y =&

(iii) a" x b" = (ab)™

(iv) a"+b" = (gj

(V)amxa=am

2.6 MEANING OF af

You haveseenthat for al integral valuesof mandn,

am X an: al'n‘"n

What isthe method of defining a9, if ais positive rational number and g isanatural
number.

Congder themulltiplication

1 1 1 1 111 .
= = = = S+=+4+.g times
a‘xaixa’........ ><an:aq a9
Y
gtimes
_q
“a'=a
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1

In other words, thegth power of _q _ 4

or

1
inother words ,q istheqthroot of aandiswrittenas Ya.

For example,

1 1 1 1 1111 4
TAXTAXTAXT =74 444 =74 =7 =7
or 7% isthefourthroot of 7 andiswrittenas 4/7,

Let usnow definerational powersof a
If aisapositiverea number, pisaninteger and gisanatural number, then

P
a’=9%a"
We can seethat
P P P P PPPL qtimes E.q

@qxaqxaq ........ xa“/:aq =a% =a’

Y
gtimes
P
~a%=%a’

. a”¥istheqthroot of a®

Consequently, 7% isthe cuberoot of 72.

L et usnow writethelawsof exponentsfor rational exponents:
() amx a"=amn

() an+a" = am™

(i) @) = am

iv) (@)™ = ambr

a)" a"
v) (E) iy

L et usconsider some examplesto verify theabovelaws:

16 -3/4
(i) (8_1)

Example2.15: Findthevalue of

[SIEN]

() (625) (1) (243)
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Solution:

) 1 1 1 L
() (625):= (5x5x5x5)4 =(5')i =5 4 =5

2 2 2

. 2 2 2 2
() (243)s = (3x3x3x3x3)° =(F)p =3 5 =F =9

- -3
(i) 164 _(2x2x2x2)4
81 3x3x3x3

-3

BT

1. Simplify eachof thefollowing:
2
27\ 3
(i) (16) (i) (125j
2. Simplify eech of thefollowing:

(i) (625) « +(25)

(13}‘3 (13)31 (13)3
()| —=| X|—=| X|—=
16 16) “\16

2.7 SURDS

We haveread in first esson that numbersof thetype /2, /3 and /5 areall irrational
numbers. We shall now study irrational numbersof aparticular typecalled radicalsor

aurds.
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A surdisdefined asapositiveirrationa number of thetype 1/x , whereitisnot possibleto
find exactly thenthroot of x, wherex isapositiverational number.

Thenumber 1/ isasurdif and only if
(i) itisanirrationa number
(if) itisaroot of the postiverationa number

2.7.1 Some Ter minology

Inthesurd 1/x , thesymbol \/_ iscalledaradical sgn. Theindex ‘n’ iscalledthe or der
of thesurd and xiscalled theradicand.

Note: 1)  Whenorder of thesurdisnot mentioned, it istaken as 2. For example, order

of V7 (=%/7)is2.
i) 3/g isnotasurd asitsvalue can bedetermined as2 whichis arational.

iii) \/2+4+/2 ,dthoughanirrational number, isnot asurd becauseitisthesquare
root of anirrational number.

2.8 PURE AND MIXED SURD

i) Asurd, withrational factor is1 only, other factor being rrational iscalled apuresurd.

For example, /16 and 3/50 arepuresurds.

i) Asurd, having rational factor other than 1 alongwith theirrational factor, iscalled a
mixed surd.

For example, 2./3 and 33/7 aremixed surds.

2.9 ORDER OF A SURD

Inthesurd 53/4, Siscalled the co-efficient of thesurd, 3istheorder of thesurdand 4
istheradicand. Let usconsider someexamples:

Example2.16: Statewhich of thefollowing aresurds?

(i) /49 (i) /96 (iii) 3/81 (iv)3/256
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Solution: 0) J49 =7,whichisarationa number.
. /49 isnotasurd.
Notes

() J96=+4x4x6=4J6
. /96 isanirrational number.

= /96 isasurd.
(i)  3/81=3/3x3x3x3=33/3,whichisirrationd
- 3/81 isasurd.
(v)  3/256 =3/4x4xax4 = 4/4
. 3/256 isirrational.
= 3/256 isasurd

-~ (i), (iif) and (iv) aresurds.

Example2.17: Find“index” and“radicand” in each of thefollowing:

(i) 8117 (i) V162 (iii) 4/213 (iv)4/214
Solution: M indexis5andradicandis117.
(i) index is2 and radicand is 162.
(iir) index is4 and radicand is213.
(v)  indexis4andradicandis214.
Example2.18: Identify “pure’ and“mixed” surdsfromthefollowing:

() Va2 (i) 4318 (i) 24/98
Solution: (i) \/42 isapuresurd.
(ii) 43/18 isamixedsurd.
(iii) 24/98 isamixed surd.

2.10 LAWS OF RADICALS

Given below are Lawsof Radicals. (without proof):
0 [Ral=a
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i  Yavb=Yab

whereaand b are positiverational numbersand nisapositiveinteger.

L et ustake someexamplestoillustrate.

Example2.19: Which of thefollowing are surdsand which arenot?Uselawsof radicals
to ascertain.

() V5x /80 (i) 2415 + 4410
(i) 3/4x3/16 (V) V32 ++27

Solution: () /5x+/80=+/5x80 =+/400 = 20-

whichisarational number.

. A/5x4/80 isnotasurd.

(i) Zx/E+4\/1_:2_\/E_£

410 2410
Ji5 15

= 2210 Jao | g Whichisirational,

- 2415+ 4410 isasurd,

(iii) 3/4x3[16 =3/64 = 4= Itisnotasurd.
2 [32
(i) @+\/§=%:1/5 ,whichisirrationa

. A[32+4/27 isasurd.

CHECK YOUR PROGRESS 2.6

1. Foreachof thefollowing, writeindex and the radicand:

(i) 4/64 (i) §/343 (iii)/119
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2. Statewhichof thefollowingaresurds:

() 3/64 (i) 4/625 (iif) /216
(V) V5x+/45 (V) 3J2x5/6
3. Identify pureand mixed surdsout of thefollowing:
() V32 (i) 2312 (i) 13%/91 (iv) V35

211 LAWS OF SURDS

Recall that the surds can be expressed as numberswith fractional exponents. Therefore,
lawsof indicesstudied inthislesson before, are gpplicabletothem aso. Let usrecall them
here

1

@ ¥Ux.1ly =g/xy or xy" =(xy)n
0 oy \y y% y

i) 3% = =¥ or [xiJm e {X;]

by =

m
(V) 2/x™ = xn or

1 P pn

pn 1
M) &/xP =™ or (xP)n = xm = xm = (xP" Jm
Here, xand y are positiverational numbersand m, nand p are positiveintegers.

Letusillustratetheselawsby examples:

() 33 483 x8" = (24); —3/24 = 3/3x8

0 S

Wl
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i) Vﬁ:%:(ﬁf 70 87247 {7

Notes
3

V) §/4° = (43)5_ 5 _ 4125 19,49 _ 3§ 433

Thus, we seethat the abovelawsof surdsare verified.

Animportant point: Theorder of asurd can be changed by multiplying theindex of the
surd and index of theradicand by the same positive number.

Forexample 3/ -8/2% —¢/4
o 3T -4

2.12 SIMILAR (OR LIKE) SURDS

Two surds are said to be similar, if they can be reduced to the sameirrational factor,
without consideration for co-efficient.

For example, 3,/5and 7,/5 are similar surds. Again consider /75 =5,/3 and

V12 =243. Now /75 and /12 are expressed as 5./3 and 24/3. Thus, they are
smilar surds.

213 SSIMPLEST (LOWEST) FORM OF A SURD

A surdissaidtobeinitssmplest form, if it has

a) smadlest possbleindex of thesign
b) nofractionunder radica sign
c) nofactor of theforma", whereaisapositiveinteger, under theradical signof index n.

125 125x12 5
For example, \/ \/18><12 \/_

L et ustake someexamples.

Example 2.20: Expresseach of thefollowing as pure surd inthesmplest form:

3
() 27 (i) 44/7 (i) Z‘/S_Z
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Solution:

() 247 =/22x7 =+/4x 7 = /28, whichisapuresurd.

(i) 44/7 =4/4*x7 =4/256x 7 =4/1792 » Whichisapuresurd.

3 9
(iii) Z@: SZXE =«/E,whichisapuresurd.

Example2.21: Expressasamixed surdinthesimplest form:

() v128 (i) §/320 (iif) 3/250

Solution;

(i) V128 =\/64x2 =812,

whichisamixed surd.

(i) §/320 = 6/2x2x2x2x2x 2x5

=§/26x5 = 2§/5, whichisamixed surd.

(iii) 3/250 =3/5x5x5x 2 = 53/2 , whichisamixed surd.

CHECK YOUR PROGRESS 2.7

1. Statewhichof thefollowing arepairsof smilar surds:

()V8,432  (ii)5V3,6418 (iii)v/20,4125

2. Expressasapuresurd:

: . .. D

(i) 7v3 (ii) 33/16 (i) V24
3. Expressasamixed surdinthesmplest form:

() 3/250 (if) 3/243 (iif) 4/512

2.14 FOUR FUNDAMENTAL OPERATIONS ON SURDS

2.14.1 Addition and Subtraction of Surds

Asinrational numbers, surdsare added and subtracted in the same way.
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Forexample, 5,/3+17+/3=(5+17/3=22/3

and  12J5-75=[12-75=5.5

For adding and subtracting surds, wefirst changethem to similar surdsand then perform
theoperations.

Notes

Forexample i) /50 + /288

= JBx5x2 ++/12x12x 2

= 5J2+1242 =4/2(5+12)=174/2
ii) /o8 -+/18

= J7x7x2-+/3x3x2

= 7J2-3J2=(7-3W2=4\2

Example2.22: Simplify each of thefollowing:
(i) 46+ 2454
(ii) 456 -3.216
Solution: (i) 46+ 24/54
= 4.6 +2/3x3x6
= 46+6./6=10J6
(i) 456 -3216
= 45,6 -3/6x6x6
= 45/6-18/6
= 276

Example2.23: Show that
24,/45 —164/20 +/245 - 47/5=0
Solution: 24,/45 —164/20 + /245 — 47/5
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= 24\3x3x5-164/2x 2x5 +/Tx 7x5—47/5

= 725-32\/5+7/5- 475
= J5[72-32+7-47]

= /5x0=0=RHS

Example2.24: Simplify: 23/16000 + 83/128 — 3%/54 + 4/32

Solution:

CHECK YOUR PROGRESS 2.8

83/128 = 83/4x 4x4x 2 =323/2
R/54 = B/3x3x3x2 = %K/2
432 =242

.. Required expression

=40%/2+32%/2-92+242
= (40+32-9R/2+24/2
=63%/2+24/2

Simplify each of thefollowing:

1.
2.

N o o &~ w

V175 ++112

32 ++/200 ++/128

350+ 4418

v108-+/75

324 +3/81-83

63/54 — 23/16 + 43128
124/18 + 61/20 — 6,/147 +3y/50 + 845

23/16000 = 23/10x10x10x8x 2 = 2x10x 23/2 = 40%/2
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2.14.2 M ultiplication and Divisionin Surds
Two surdscan bemultiplied or divided if they are of the same order. We haveread that the
order of asurd can be changed by multiplying or dividing theindex of the surd and index Notes

of theradicand by the same positive number. Before multiplying or dividing, we change
themto the surds of the same order.

L et ustake someexamples.

V3x+/2=4/3x2=1/6 V3 and v/2 are of same order |

512
iz 2=

Letusmultiply /3 and 3/2
2-44
~.+/3x3/2 =8/27x8/4 =%/108

V3 8271 [27
P Y
Let usconsider anexample:
Example2.25: (i) Multiply 53/16 and 113/40 -
(ii) Divide 153/13 by 6%/5.
Solution: (i) 5316 * 113/40
= 5x11x¥/2x 2% 2x 2 x3/2x 2x 2x5
= 55x2x23/2 ¥/5
= 220310
1513 5813 5 [169
Example2.26: Smplify and expresstheresultin smplest form:

2./50x~/32x 272
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Solution: 24/50 = 2./5x5x 2 =102
32 = \2x2x 2% 2% 2 = 42
272 = 2x62 =122

. Givenexpression
= 10V2x4/2x1242
= 960V/2

2.15 COMPARISON OF SURDS

To comparetwo surds, wefirst changethem to surds of the same order and then compare
their radicandsaong withtheir co-efficients. L et ustake someexamples:

1 1
Example2.27: Whichisgreater \/; or i/;?
Solution: \/i— (ijs—ei
ution: 4 4 ‘/64
-
3[— =6|—
3 V9
11 \F 1 \F \F
—>— =6 >6/— =3 [— > _|—
9 o4 9 64 3 V4

Example2.28: Arrangeinascendingorder: 3/2, /3 and /5.
Solution: LCMof 2,3,and 6is6.

Now §/4 <§/5<§/27

=3/2<85<43
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CHECK YOUR PROGRESS 2.9

Multipliy 3/32 and 53/4 -
Multipliy /3 and3/5 -
Divide 2/135 by %/5 .
Divide 2+/24 by 3/320 .

Whichisgreater 4/5 or 3/4 ?

=

N

w

>

o

o

Whichinsmaler: /10 or 4/9 ?

Arrangeinascending order:

Arrangein descending order:

~

©

2.16 RATIONALISATION OF SURDS

Consider the products:
. 1 1
0 32x32=3
() 50x5n 5
. 1 3
W) 7474 =7
Ineach of the abovethree multiplications, we seethat on multiplying two surds, weget the

result asrational number. In such cases, each surd iscalled therationalising factor of the
other surd.

(i) /3 isarationalising factor of /3 andvice-versa
(i) ys* isarationalising factor of ¥/57 andvice-versa
(iii) 4/7 isarationalising factor of 4/73 and vice-versa
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Inother words, the process of converting surdsto rationa numbersiscalled rationalisation
and two numberswhichonmultiplication givetherationa number iscaledtherationdisation
factor of theother.

For example, therationalising factor of \/x is+/x,0f \/3++/2 iS{/3-4/2-
Note:

() Thequantities x—./y and x+,/y arecalled conjugate surds. Their sum and product
aredwaysrational.

(i) Retionalisationisusualy doneof thedenominator of anexpressoninvolvingirrationa
surds.

L et usconsider someexamples.

Example2.29: Find therationalising factorsof ,/18 and /12.

Solution: V18 = 3x3%x2=3/2
. Rationdisingfactoris /2 .

J12= J2x2x3=243.

- Rationdisingfactoris /3 .

J2+45

Example 2.30: Rationalisethe denominator of W .

V245 (V2++5)v2++5) (V2++5f

Solution: V25~ (V2-5)v2+45) -3
7+2410 7 2@

3 3 3

4+3,5

E le2.31: Rationdiseth i f .
xample2.31: Rationalisethe denominator o 4_375

o 4+3\/§_ (4+3\/§X4+3\/§)
Solution: 4-3J5 (4-3/5)4+3/5)
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1
Example2.32: Rationdisethe denominator of m .

| 1 (3-+2)-1
Solution: SBV2+1 [(@_ﬁ)+1][(ﬁ_ﬁ)—l]

fa-2-1 a—d2-1
T (Va3-v2f-1  4-2J6

_\/_\/_14+2«/_
=4 2J6  4+2J6

_ 4/3-4J2-4+6/2-4J3-26

16-24
_\/5—2—\/6_\/6—\/5+2
4

4

3+242
Example2.33: If 32 =a+bv2, findthevaluesof aandb.

Sution 3+242 3+2f 3+42  9+4+9y2
ution. 3_ \/— 3- \/— 3+\/— 9_2

13+9f 13 9\/— s b3

7
:a:E, b:g
7 7

CHECK YOUR PROGRESS 2.10

1. Findtherationdisingfactor of each of thefollowing:

(i) /29 (i) v2+1 (i) 3/x% +3/y? +3/xy
2. Simplify by rationalising thedenominator of each of thefollowing:

12 2.3 V11-4/5

(')E (“)\/— (“')\/—1 J5
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2+3 2-4/3

. Smﬂlfy 2_\/§+2+\/§

1
. Rationalisethe denominator of J3-v2-1

1
. If g=3+2/2.Find a+g.

2+5«/7
=X+7Y fi
If > 57 Y, findxandy.

@m

ax ax ax....mtimes=a"istheexponentia form, whereaisthebaseand misthe
exponent.

Lawsof exponent are:
. ) _(a)"_a"
MHam"xa'=a™" (ii)a"+a"'=am™" (i) (ab)™=ampbm (iv) (Bj =b—m
n - .. -m 1
W) (@) =a™ (vi)a=1 (vil) & =—5
P
a®=9%a"

Anirrational number 1/x iscaledasurd, if xisarational number and nthroot of xis
not arational number.

In8/x , niscalledindex and x iscalled radicand.

A surdwith rationd co-efficient (other than 1) iscalled amixed surd.

Theorder of the surdisthe number that indicatestheroot.
Theorder of 3/x isn
Lawsof radicals(a> 0, b>0)

i) Wal=a () ¥ax¥b=¥ab (i) $=£
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e QOperationsonsurds

i1 1 E%L 1 X' X
X“xy”=0w%:(X”] =Xm‘=(xm]; Ty Notes

e Surdsaresmilar if they havethesameirrationa factor.
e Similar surdscan be added and subtracted.

e Ordersof surdscan be changed by multiplying index of the surdsand index of the
radicand by the same positive number.

e Surdsof thesameorder are multiplied and divided.

e Tocomparesurds, wechangesurdsto surdsof thesameorder. Thenthey are compared
by their radicandsa ongwith co-efficients.

e |f theproduct of two surdsisrational, each iscalled the rationalising factor of the
other.

° X+ yiscdledrationdisingfactorofx—\/yandviceuversa.

E‘J TERMINAL EXERCISE

1. Expressthefollowinginexponentia form:
() 5x3x5x3x7x7x7%x9x9

(=T (=T (-7 (-7
o [THEHEFHT)
2. Smplifythefollowing;

LSRRG
o2

3. Simplify and expresstheresult in exponential form:
(i) (10)"x(6)"x(5)°
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10.

11.

12.

13.

o 37Y° ([ 37\

o-5) %
3T

(ii) {[E} }

Simplify each of thefollowing:

(i) 3+ 7°+37°-3 (ii) (70+3) (7°-39)
Smplify thefollowing:

: . (27 2)
() (32)°+(32)° (i) (112)° x (112)° (i) (5) (5)

3 -3 3 11 3 X
Find x so that (% X(7j =(7j

3 -2 3 -9 3 2x+1
, S| 2 (=2
Find x so that (13) (13) (13)
Express as aproduct of primes and write the answers of each of the following in
exponentia form:

(i) 6480000 (ii) 172872 (iii) 11863800

Thestar srusisabout 8.1 x 10* km from the earth. Assuming that thelight travel sat
3.0 x 10° km per second, find how long light from sirustakesto reach earth.

Statewhich of thefollowing aresurds:

(M) % H¥Y729 (i35 +1  (iv)4/3125

Expressasapuresurd:
(i) 33 (i) 53/4 (i) 53/2
Expressasamixed surd insimplest form:

() 4/405 (%320  (i)3/128

Which of thefollowing arepairsof smilar surds?

(i) V112,+/343 (ii) 3/625,3/3125% 25 (iii) §/216,/250
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14.Smplify each of thefollowing:

(i)4\/4_—g %+6\/§

Notes

(1) \/63++/28-/175
(i) \/8++128-+/50

15. Whichisgreater?

O +v2or33  (i)3/6orys

16. Arrangeindescending order:

() V3,3/4,45 (i) v2.+/3,3/2
17. Arrangein ascending order:
3/16,12,8/320

18. Smplify by rationaising thedenominator:

3 12 5-2
O%-v7 W77 SN
19. Smplify each of thefollowing by rationalising the denominator:

Oz O FaBE-2
5+24/3

20. If = 4\/— =a+ b«/§, findthevauesof aand b, whereaand b arerationa numbers.

1
21. If x =7+ 44/3, findthevalueof X+;.

[
-‘ ANSWERS TO CHECK YOUR PROGRESS

21
(3)° . (=5)"
L0 0 (i) (Zj (iii) (7j
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2.  Bae
0 —3
@iy 7
. 2
()

81
3. () 401

.3
4, (I);

(1Y
5. () (g}

2.2
1. (i) 3'x 111x 13
2. ()3

17°

k=

2.3

L ®@r
2. ()7

3. (i)2=

(11
(iv) (Ej

4. True (), (i), (vii)

Exponent

(i) 6561

. 625
(1) 354

o)

(ii) 23 x 3¢
(i) 20

7

25

v)

False: (iii), (iv), (v), (vi)

Exponentsand Radicals

L. 27
(iii) "o

o3

(i) 22 x 3 x 71
(iii) 25 % 3¢

ol
ol
ol
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2.4
49
1. 9
NEaY )
2. (i) (g) (ii) 122
- 7 -4 ) 1 -10
3. () (gj (i) (%
.81 2
4, (I)E (||)—§
5. True (ii), (iii), (iv)
25
: .. 25
1. ()8 (")?
. T
2. ()1 (||)§
2.6
1. (i)4,64 (i) 6,343
2. (i), (iv)
3. Pure (i), (iv)
Mixed: (ii), (iii)
2.7
1. (i), (iii)
2. (i) 147 (i) /432
3. () 532 (i) 33/9
2.8
1L 9J7 2. 222
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13
(i) 16

(i) 2, 119
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Exponentsand Radicals

5 -3J3 6. 303/2
2.9

1. 2032 2. 3/5

5 34 6. 4/9

2.10

L 037 (i) V21

12
2. (i) g\/E (ii) 21—‘/75—1

3. 14
4. —%[2+\/6+\/§]
5. 6

179 2047

171 171

1 2 2 3 2 11 (_Zj4
1 ()52 x3Fx7x9 (i) 9
LD 1
2 () "5 (D 705
3. () 2*xFx5 (iH1
4. (i)zero (ii) zero
5. () (32)® (ih111

7. 512 + 3645 - 424/3

4 efﬁ
"V 25

7.8/3,3/2,3/4 8.3/4,4/3,3/2

(i) Yx—3y

DESCI PG

A
-‘ ANSWERS TO TERMINAL EXERCISE

(3)°
(|||)(Ej
(2Y
(|||)[§j
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6. x=8

7. X=-6

8. 2"x3* x5!
9

. 3 x 10" seconds

10. (i), iii), (iv)
11. () 3/27 (if) 3/500 (iii) §/6250
12. (i) 34/5 (ii) 2310 (iii) 43/2
13. (i), (i)

14.0)1%ZJ§ (i) zero (iii) 52
15. () 33 (i) /6

16.() V334,45 (i) V334,42
17. 16,%/320,12
18.() -36+v7) ()3N7+v3)  (i)9-4y5

2+/2+46 . 7/5+5J7+24105
4 (i) 70

19. (i)

20.a=11,b=-6
21.14

Mathematics Secondary Course

MODULE - 1
Algebra

Notes




MODULE - 1
Algebra

Notes

ALGEBRAIC EXPRESSIONS AND
POLYNOMIALS

Sofar, you had been using arithmetical numbers, whichincluded natural numbers, whole
numbers, fractional numbers, etc. and fundamental operationson those numbers. Inthis
lesson, we shall introduce al gebraic numbers and some other basic concepts of algebra
like constants, variables, algebraic expressions, special algebraic expressions, called
polynomiasand four fundamental operationsonthem.

After studying thislesson, youwill beableto

identify variables and constants in an expression;

cite examples of algebraic expressions and their terms,

under stand and identify a polynomial asa special case of an algebraic expression,;
cite examples of types of polynomials in one and two variables;

identify like and unlike terms of polynomials;

determine degree of a polynomial;

find the value of a polynomial for given value(s) of variable(s), including zeros
of a polynomial;

perform four fundamental operations on polynomials.

EXPECTED BACKGROUND KNOWLEDGE

Knowledge of number systemsand four fundamental operations.

Knowledgeof other e ementary conceptsof mathematicsat primary and upper primary
levels.
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Algebraic Expressonsand Polynomi

3.1 INTRODUCTION TO ALGEBRA

1
You aredready familiar withnumbers0, 1,2, 3, ...., = s \V2,...etc.and operationsof

addition (+), subtraction (-), multiplication (x) and divison (+) onthesenumbers. Sometimes,
letterscalled literal numbers, are al so used as symbol sto represent numbers. Suppose
wewant to say “ The cost of one book istwenty rupees’.

In arithmetic, wewrite: The cost of onebook =< 20
Inalgebra, we put it as. the cost of onebook in rupeesisx. Thusx standsfor anumber.

Similarly, a, b, ¢, X, Y, z, etc. can stand for number of chairs, tables, monkeys, dogs, cows,
trees, etc. Theuse of lettershelp usto think in more general terms.

L et uscongder an example, you know that if theside of asquareis 3 units, itsperimeter is
4 x 3units. Inagebra, we may expressthisas

p=4s
where p standsfor the number of unitsof perimeter and sthose of aside of the square.

On comparing the language of arithmetic and thelanguage of algebrawefind that the
languageof algebrais

(&) moreprecisethanthat of arithmetic.
(b) moregeneral than that of arithmetic.
(c) easier to understand and makes sol utions of problemseasier.

A few moreexamplesin comparativeform would confirm our conclusionsdrawn above:

Verbal statement Algebraic statement
() A number increased by 3 gives8 a+3=8
(>i)Anumberincreased by itself gives12  x +x =12, writtenas2x = 12
(iii) Distance= speed x time d=sxt,writtenasd=st

(iv) A number, when multiplied by itself bxb+5=9 writtenasb?+5=9
and added to 5 gives 9

(V) Theproduct of two successivenatural  y x (y + 1) = 30, wrttenasy (y + 1) = 30,
numbersis 30 wherey isanatura number.

Sinceliteral numbersare used to represent numbersof arithmetic, symbolsof operation +,
—, X and + havethe same meaning in algebraasin arithmetic. Multiplication symbolsin
algebraare often omitted. Thusfor 5 x awewrite 5aand for ax b wewrite ab.

Mathematics Secondary Course
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3.2 VARIABLES AND CONSTANTS

Consider the months— January, February, March, ....., December of the year 20009. If
werepresent ‘ theyear 2009 by aand ‘amonth’ by x wefindthat inthissituation‘a (year
2009) isafixed entity whereasx can beany oneof January, February, March, ..., December.
Thus, x is not fixed. It varies. We say that in this case ‘a’ isaconstant and ‘X’ isa
variable.

Similarly, when we consider students of class X and represent class X by, say, band a
student by, say, y; wefind that inthiscaseb (class X) isfixed and sobisaconstant and y
(astudent) isavariableasit can be any one student of class X.

L et usconsider another situation. If astudent staysin ahostel, hewill haveto pay fixed
room rent, say, I 1000. The cost of food, say I 100 per day, depends on the number of
dayshetakesfood there. In this case room rent is constant and the number of days, he
takesfood there, isvariable.

Now think of the numbers.

414J_£—1i3 y,N2z

You know that 4, —14,+/2, g and - 1% arerea numbers, each of which hasafixed

_ 21 . .
vauewnhile 3Xx, 5 y and 2z containunknown X, y and z respectively and thereforedo

not have fixed valueslike 4, —14, etc. Their values depend on X, y and z respectively.
Therefore, x, y and zarevariables.

Thus, avariableisliteral number which can have different values whereas a constant
has a fixed value.

In algebra, we usually denote constants by a, b, c and variables x, y, z. However, the
context will makeit clear whether alitera number has denoted aconstant or avariable.

3.3 ALBEGRAIC EXPRESSIONS AND POLYNOMIALS

Expressons, involving arithmetica numbers, variablesand symbolsof operationsarecdled

1 X ax+by+cz
agebraicexpressions. Thus, 3+ 8, 8x +4, 5y, 7x—2y +6, V2x 'y -2 x+y+z

ae

all agebraicexpressions. You may notethat 3 + 8isboth an arithmetic aswell asagebraic
expression.

An algebraic expression is a combination of numbers, variables and arithmetical
operations.
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Oneor moresigns+ or —separates an agebrai c expression into several parts. Each part
aongwithitssigniscaled aterm of theexpresson. Often, theplussign of thefirst termis
omitted inwriting an algebraic expression. For example, wewrite x —5y + 4 instead of
writing + X —5y + 4. Here x, — 5y and 4 are the threeterms of the expression.

1 1
In gxy, 3 iscdled thenumerica coefficient of theterm and aso of xy. coefficient of x is

1 1
gy andthatof yis 3 X. When thenumerical coefficient of atermis+lor—1,the‘l’ is

usualy omitted inwriting. Thus, numerical coefficent of aterm, say, x?y is+1 and that of
X%y is—1.

An algebraic expression, in which variable(s) does (do) not occur in the denominator,
exponents of variable(s) are whole numbers and numerical coefficients of various
termsare real numbers, is called a polynomial.

I n other words,

(i) Notermof apolynomial hasavariableinthe denominator;

(i) Ineachtermof apolynomid, theexponentsof thevariable(s) arenon-negativeintegers,
and

(i) Numerical coefficient of eachtermisarea number.

1 7 15 .0 .
Thus, for example, 5, 3x -y, 5a—b+ 5 and X —2y“+xy -8 aredl polynomials

2

1 <
whereas X* ——/x+y andx +5 arenot polynomials

x2+8isapolynomia inonevariablex and 2x2 + y3isapolynomial intwo variablesx and
y. Inthislesson, weshall restrict our discussion of polynomiasincluding two variables
only.

Generd formof apolynomid inonevariablexis.
g +ax+ax’+..+ax"

where coefficients g, a, a,, ....a, are rea numbers, x is avariable and nis awhole
number. a,, a X, ax? ..., ax"are(n+ 1) termsof the polynomial.

Anagebraicexpressonor apolynomid, consigting of only oneterm, iscaledamonomial.
1
Thus, -2, 3y, -5x2, Xy, 5 x?y3areal monomials.

Andgebraicexpressonor apolynomia, conssting of only twoterms, iscaled abinomial.
Thus, 5+ X, y2—8x, x3—1 areall bionomials.
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Andgebraicexpressonor apolynomia, conssting of only threeterms, iscdled atrinomial.
Thusx +y +1, x>+ 3x + 2, x>+ 2xy + y?areall trinomials.

The terms of a polynomial, having the same variable(s) and the same exponents of
the variable(s), are called like terms.

For example, intheexpression
3Xy + 9x + 8xy — 7X + 2x?

theterms 3xy and 8 xy areliketerms; also 9x and—7x areliketer mswhereas 9x and 2x?
arenot liketerms. Termsthat arenot like, arecaled unliketer ms. Inthe above expression
3xy and—7x areadso unliketerms.

Note that arithmetical numbers are like terms. For example, in the polynomials
X2+ 2x + 3and x® -5, theterms 3 and — 5 are regrded aslike terms since 3 = 3x° and
-5=-5x%

Thetermsof theexpresson
2x2—=3xy +9y?—-7y + 8
aredl unlike, i.e., therearenotwoliketermsinthisexpression.
Example3.1: Writethevariablesand constantsin 2x2y + 5.
Solution: Variables: xandy
Constants: 2and 5
Example3.2: In8x?y?, writethe coefficient of
(i) xy® (ii)x* (ii)y?
Solution: (i) Bx2y3 =8 x (x2y3)
.. Coefficient of x?y2is8
(i) 8x2y® =8y x(x?)
.. Coefficient of x2is8y?3.
(iii) 8x%y3=8x>x(y3)
.. Coefficient of y2is8x°.

Example 3.3: Writethetermsof expression
5 1
XYy —=X——y+2
y 5%73 y
Solution: Thetermsof thegiven expressonare

3y, —oX, ~2Y,2
Xl 2’ 3!
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Example3.4: Which of thefollowing algebraic expressionsare polynomia s?

(i)%+x3—2x2+\/6x (ii)x+%

Notes
(i) 2x*+3x-5,/x +6 (iv) 5—x—x?—x3

Solution: (i) and (iv) arepolynomials.

1 5 : .
In(ii),wcondtermis; =X, Sincesecond term contains negative exponent

of thevariable, theexpressonisnot apolynomial.

In(iii) , thirdtermis _ 5yx = —5x% . Sincethird term containsfractiona exponent
of thevariable, theexpressonisnot apolynomial.

Example3.5: Writeliketerms, if any, in each of thefollowing expressions:

1
()x+y+2 (ii)x2—2y—§x2+\/§y—8
(ii1) 1—2xy + 2x2y — 2xy?+ 5x2y? (iv)iy—EZJrﬂyJrl
J3' 37 373
Solution: () Therearenoliketermsintheexpression.

1
(i) x?and —Exzareliketerms dso—-2y and /3y areliketerms

(iii) Thereareno liketermsin theexpression.

2
(iv) ﬁy and %y areliketerms

CHECK YOUR PROGRESS 3.1

1. Writethevariablesand congtantsin each of thefollowing:
V1s iy 2xstye7 i A3y
(i) 1+y (i) 3%+ (i) ¢

P EX 5+1 2X2+ 2 8 i X+£
(v) 5°+5 (v) 2 +y?— (vi) X+
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. In2x%y, writethe coefficient of

0 xy (i) x2 i)y

3. Usingvariablesand operation symbols, expresseach of thefollowing verba statements

asagebrac atements:
(i) threelessthan anumber equal sfifteen.
(i) A number increased by five givestwenty-two.

. Writethetermsof each of thefollowing expressions:

1
(i) 2+ abc (i) a+b+c+2 (i) X*y = 2¢y° =2

I
=X
(|v)8 y

. Identify liketerms, if any, ineach of thefollowing expressons:

1 1
(i) —xy?+x?y+y2+ §y2x (i) 6a+ 6b—3ab + 2 ab+ab

1
(iii) ax? + by? + 2c —a?x — b? ~3 c?

. Whichof thefollowing a gebraic expressionsare polynomias?

0) %x3+1 (i) 52 —y2—2 (iii) 4x2+3y

1
(iv) 5 /x+y+6 (v)3x2—.[2y? (vi)yZ—F +4

. Identify each of thefollowing asamonomial, binomid or atrinomial:

(i)x3+3 (ii)%xf‘y3 (iii) 2y?+ 3yz + 2
(iv) 5—xy —3x2y? (v) 7—4x%y? (vi)—8x3y®

3.4 DEGREE OF A POLYNOMIAL

The sum of the exponentsof thevariablesin atermiscalled the degr ee of that term. For

1
example, the degree of 5 x?y is3sincethe sumof theexponentsof xandyis2+1,i.e,

3. Similarly, thedegree of theterm 2x°is5. The degree of anon-zero constant, say, 3is0
sinceit canbewrittenas3=3x1=3xx% asx’=1.
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A polynomial has a number of terms separated by the signs + or — The degree of a
polynomial is the same as the degree of itsterm or terms having the highest
degreeand non-zer o coefficient.

For example, consider the polynomial
3x4y3 + 7 xy® —Bx32 + 6xy

It hastermsof degrees7, 6, 5, and 2 respectively, of which 7 isthe highest. Hence, the
degreeof thispolynomid is7.

A polynomial of degree 2 is also called a quadratic polynomial. For example,
3-5x +4x?and x? + xy + y? are quadratic polynomials.

Notethat the degr ee of a non-zer o constant polynomial istaken as zero.

Whendl thecoefficientsof variable(s) inthetermsof apolynomid arezeros, thepolynomia
iscalled azero polynomial. Thedegreeof a zero polynomial isnot defined.

3.5 EVALUATION OF POLYNOMIALS

Wecan evduaeapolynomid for givenvaueof thevariableoccuringinit. Let usunderstand
the stepsinvolved in evaluation of the polynomia 3x?—x + 2 for x = 2. Note that we
restrict ourselvesto polynomiasinonevariable.

Sep 1: Subgtitutegiven vaue(s) in place of thevariabl&(s).
Here, when x =2, weget 3 x (2)2—2+2

Step 2: Simplify thenumerical expressionobtainedin Step 1.
3x(22—2+2=3x4=12
Therefore, whenx =2, weget 3x>—x +2=12
L et usconsider another example.

Example3.6: Evduate
1
() 1-x3+2x®+7xforx= >
(i) 53+ 3x?—4x—4forx=1

1
Solution: (i) Forx= o thevaueof thegiven polynomial is:
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= =42
Notes (it) For x =1, thevalueof thegiven polynomial is:
5x(1)2 +3x(1)?-4x1-4
=5+3-4-4=0

3.6 ZERO OF A POLYNOMIAL

Thevaue(s) of thevariablefor which thevaueof apolynomia inonevariableiszerois
(are) called zero(s) of the polynomial. In Example 3.6(ii) above, the value of the
polynomial 5x3 + 3x?—4x —4 for x = 1Liszero. Therefore, we say that x = 1isazero of
the polynomial 5x3 + 3x?—4x —4.

L et usconsider another example.
Example3.7: Determinewhether given valueisazero of thegiven polynomial:
Hx3+3x*+3x+2; x=-1
(i) x*—4x3+6x2—4x+1; x=1
Solution: 0] For x =—1, thevaueof thegiven polynomial is
(1)3*+3x(-1)2+3x(-1) +2
=—1+3-3+2
=1 (#0)
Hence, x =—1isnot azero of the given polynomial.
(i) For x =1, thevaueof thegiven polynomial is
(1) —4x (13 +6x(1)2—4x1+1
=1-4+6-4+1
=0

Hence, x = 1isazero of thegiven polynomial.

CHECK YOUR PROGRESS 3.2

1. Writethedegreeof each of thefollowing monomias:

18 - s ,
@) EX (i) gy (iii) 20x (iv) 27
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2. Rewritethefollowing monomiasinincreasing order of their degrees:
— 3%, sxz , 9, — 25%%, 2.5
3. Determinethedegreeof each of thefollowing polynomias:
() 5xey*+ 1 (i) 10°+xy® (i) x2+y? (iv) x?y + xy?—3xy +4
4. Evauateeach of thefollowing polynomiasfor theindicated value of thevariable:

(i) x>2—25forx=5 (i) x>+ 3x—-5forx=-2

2.3 4, 7 .
(|||)§X +§X —gforx:—l (iv) 23 -3x>—3x + 12forx =-2

5. Verify that each of x =2 and x = 3isazero of the polynomial x*>—5x + 6.

MODULE - 1
Algebra

3.7 ADDITION AND SUBTRACTION OF POLYNOMIALS

You are now familiar that polynomials may consist of like and unliketerms. In adding
polynomias, weadd their liketermstogether. Similarly, in subtracting apolynomid from
another polynomial, wesubtract aterm fromaliketerm. The question, now, arises* how

doweadd or subtract liketerms? Let ustakean example.

Supposewewant to add liketerms 2x and 3x. Theprocedure, that wefollow in arithmetic,
wefollow inagebratoo. You know that

5x6+5x7=5x%x(6+7)
6x5+7x5=(6+7)x5
Therefore, 2x + 3x =2 x X+ 3 X X
=(2+3) xx
=5XxX
=5X
Similarly, 2xy + 4 xy = (2 + 4) xy = 6xy
3x?%y + 8x?%y = (3 + 8)x?y = 11x%y
Inthesameway, since
7x5-6%x5=(7-6)x5=1x5
s 5y —-2y=(5-2)xy=3y
and  9x?y?—5x%y? = (9—-5)x%y? = 4x?y?
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Inview of theabove, we conclude:

1. Thesum of two (or more) liketermsis a like termwhose numerical coefficient is
the sum of the numerical coefficients of the like terms.

2. Thedifference of two like termsis a like termwhose numerical coefficient isthe
difference of the numerical coefficients of the like terms.

Therefore, to add two or more polynomials, wetakethefollowing steps:
Sep 1: Group theliketermsof thegiven polynomiastogether.
Sep 2: Addtheliketermstogether to get the sum of the given polynomials.
Example 3.8: Add—3x +4and 2x2—7x —2
Solution: (-3x+4) +(2x*=7x-2)
=2X2+ (=3x —7x) + (4-2)
=2+ (3-7)x+2
=2x*+ (-10)x + 2
=2x2-10x + 2
s3I+ +(22=TXx—2) =2x2—10x + 2
Polynomialscan beadded more conveniently if
(i) thegivenpolynomiasaresoarrangedthat their liketermsarein onecolumn, and
(if) thecoefficientsof each column (i.e. of thegroup of liketerms) are added
Thus, Example 3.8 can also be solved asfollows:
-3X +4
2x2 =7x =2
22+ (=7-3)x +(4-2)
So(EB3X+HA) +H (22 -Tx—2)=2x2-10x + 2

3 7
Example3.9: Add 5x + 3y — 2 and —-2x +y + 2

3

Solution: X + 3y — 2

7
-2X+ Yy + =
Y 4

3x+4y+(z—§J
4 4

=3x+4y+1
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3 7
(5X + 3y — Zj+(—2x +y + Zj:3X+4y+l

3.3, 2 . x° Notes
Example 3.10: Add EX +Xx“+x+1and x —7—3x+1

Solution: gxz +x2+x+1

+x—lx 33X + 1
> -3x

x* + (g—%jx?’ + X%+ (1-3)x+(1+1)

= X3+ xP-2x+2
3., o2 4 x® 4,03, U2
EX +X“+X+1] +| X —7—3x+1 = X+ X+ X —2X+2

Inorder to subtract one polynomid from another polynomial, we go through thefollowing
three steps.

Sep 1: Arrangethegiven polynomiasin columnsso that liketermsarein onecolumn.

Sep 2: Changethesign (from + to—and from—to +) of each term of the polynomial to
be subtracted.

Sep 3: Addtheliketermsof each column separately.
L et usunderstand the procedure by means of some examples.

Example3.11: Subtract —4x* +BX+§ from 9x* —3X—$.

2
Solution: 9X2—3X—7
—4x2+3x+E
3
+ - _
2 2
9+4)x* +(=3-3)x+| —=-=
@+ 4+ (-3-3ce( -2-2)
:13x2—6x—§
21
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(9x2 —3X—Ej—(— 4x? +3x +Ej: 13x3 —6X—§
7 3 21

Notes | Example3.12: Subtract 3x —5x? + 7 + 3x3 from 2x*> -5 + 11x —x3.
Solution: -x3+2x2+11x -5
X —=5x2+3x +7

-+ — —

(-13)x¥+ (2+5)x2+ (11 -3)x +(-5-7)

=—AC+TX2+8x—12
S(22HB+1IX—x3) —(Bx=5x2+ 7+ 3x3) = =43+ Tx?+ 8x — 12
Example 3.13: Subtract 12xy —5y2 —9x2from 15xy + 6y2 + 7x2.
Solution: 15xy + 6y? + 7x2
12xy —5y? —9x?

-+ o+

3xy + 11y? + 16x2
Thus, (15xy + 6y? + 7x?) — (12xy —5y? —9x?) = 3xy + 11y? + 16x>

We can also directly subtract without arranging expressionsin columnsasfollows:
(15xy + 6y? + 7x?) — (12xy — 5y? — 9x?)
= 15xy + 6y? + 7x*— 12xy + Sy? + 9x?
=3xy + 11y? + 16x2
In the same manner, we can add more than two polynomials.
Example 3.14: Add polynomials 3x + 4y —5x?, By + 9x and 4x — 17y —5x2.
Solution: 3x + 4y —5x2
9x + 5y
4x — 17y —5x2
16x — 8y — 10x2

o (BX + 4y —5x2) + (5y + 9x) + (4x — 17y —5x?) = 16x — 8y — 10x?

Example 3.15: Subtract x? — x — 1 from the sum of 3x? —8x + 11, — 2x? + 12x and
—4x2+17.
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Solution: Firstly wefind thesumof 3x?—8x + 11, —2x?+ 12x and —4x2 + 17.

X -8 +11
—2X2+ 12x
—4x2 +17
—3x2 +4x +28
Now, we subtract x?—x —1 from thissum.

—3x2 +4x +28

x2—-—x =1
— + +

—4x%2 +5x +29

Hence, therequired resultis—4x? +5x + 29.

CHECK YOUR PROGRESS 3.3

1. Addthefollowing parsof polynomids:

(i)gx2+x+1; §x2+1x+5
3 7 4

.. 7 3 2 . 2

(“)EX —X“+1, 2x“°+x-3

(ili) 7X% —3x + 4y; 3X3+5x2—4x+gy

(iv) 23+ 7x?y —5xy + 7, —2x%y + 7x3-3xy -7
2. Add:

() x>?=3x+5, 5+ 7x—3x?and x*>+7

(ii):—13x2+gx—5, §x2+5+%x and —x°—x

(i) & —b*+ab, b>*—~c2+bcandc>—& + ca

(iv) 2& + 3p?, 5 — 2b? + ab and — 6&¢ — 5ab + b?
3. Subtract:

(i) 7x3—=3x2+2fromx?—5x + 2

(i) 3y —=5y?+ 7+ 3y3from 2y? -5+ 11y —y?
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(iii) 223+ 7z -5z + 2 from 5z + 7 - 32> + 523
(iv) 12x3—3x? + 11x + 13from 5x3 + 7x? + 2x —4
4. Subtract 4a—b —ab + 3 from the sum of 3a—5b + 3ab and 2a+ 4b — 5ab.

3.8 MULTIPLICATION OF POLYNOMIALS

Tomultiply amonomial by another monomial, we make use of laws of exponentsand the
ruleof signs. For example,

3ax ab?’c? = (3 x 1) & b? ¢ = 3a’h*c?
—Bx x2xy®=(—=5x%x2) x¥*y3=—10x??

1., 1 1 1) 2u1a_1 35
—Zylzx| =S |lyz=| == | -= ==y%z
27 ( 3)3'2 ( zj( 3jy 6’

Tomultiply apolynomia by amonomial, wemultiply each term of the polynomial by the
monomid. For example

Xy X (y?+2xy +1) =Xy x(=y?) + (X?y) x 2xy + (x?y) x 1
- _X2y3 + 2X3y2 + X2y

Tomultiply apolynomia by another polynomia, wemultiply each term of onepolynomia
by each term of the other polynomial and smplify theresult by combiningtheterms. Itis
advisableto arrange both the polynomiasinincreasing or decreasing powersof thevariable.
For example,

(2n+3) (PP=3n+4) =2nxn?+2nx(=3n)+2nx4+3xn?>+3x(=3n) +
3x4

=2n—-6n?+8n+3n*-9n+ 12

=2 -3n’-—n+ 12
L et ustake somemore examples.
Example 3.16: Find the product of (0.2x?+ 0.7 x + 3) and (0.5 x> —3x)
Solution: (0.2x2+ 0.7 x + 3) x (0.5x2—23x)

=0.2x2x0.5x2+0.2x2x (=3x) + 0.7x x 0.5x?+ 0.7 X x (—3x) + 3 x
0.5x? + 3% (—3x) )

=0.1x*—0.60x3 + 0.35x3 — 2.1x2 + 1.5 x2 —9x
=0.1x*—0.25x3—-0.6x>—9x
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Example3.17: Multiply 2x—3+x2by 1—X.
Solution: Arranging polynomialsin decreasing powersof x, weget
(XP+2X=3) X (=x+ 1) =x*x (%) +X*x (1) + 2X X (X) + 2x x 1 =3 X (=X)
-3x1
=—x3+x2—-2x2+2x+ 3x -3
=—x3-Xx?+5x-3
Alternativemethod:
X? +2x—3 <«—— onepolynomid
-x +1 <«—— other polynomid
—X3—=2x2 + 3X
+Xx?  + 2x — 3 |<—Partid products
—x3=x? +5x —3 < Product

3.9 DIVISION OF POLYNOMIALS

Todivideamonomid by another monomial, wefind the quotient of numerical coefficients
and variable(s) separately using laws of exponentsand then multiply these quotients. For
example,

3,,3 3 3
) 25Xy esiy= o =B XY
Xy 5 Xy
:5><x1><y2
= bxy?
2 2
i —1Zax2+4x=—12ax _—L2.ax
(if)
4x 4 1 x
=—3ax

To divide apolynomial by amonomial, we divide each term of the polynomial by the
monomid. For example,

15x3 B 3x? N 18x
3X 3X 3x

i)  (15x°—3x?+18x)+3x =
=5x*—x+6

—8x> 10x
= + —
—-2X =2

Bl

=4x -5

i)  (-8x2+10x)+(-2x)
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Theprocessof divison of apolynomid by another polynomia isdoneonsmilar linesasin
arithmetic. Try torecall the processwhen you divided 20 by 3.

6 < Quotient

Divisor — 3)pg9 —<— Dividend

18
2 <«——— Remainder

Thestepsinvolved in the processof division of apolynomial by another polynomial are
explained below withthe help of an example.

Let usdivide 2x?+ 5x + 3by 2x + 3.

Sep 1:

Sep 2:

Sep 3:

Sep 4:

Sep 5:

Sep 6:

Arrange the terms of both the polynomials in
decreasing powersof thevariable commonto both
thepolynomials.

Dividethefirgt termof thedividend by thefirst term
of thedivisor to obtain thefirst term of thequotient.

Multiply dl thetermsof thedivisor by thefirst term
of the quotient and subtract the result from the
dividend, to obtain aremainder (asnext dividend)

Dividethefirgt term of theresulting dividend by the
first term of the divisor and writetheresult asthe
second term of the quotient.

Multiply al thetermsof thedivisor by the second
term of the quotient and subtract the result from
theresulting dividend of Step 4.

Repeat the process of Steps 4 and 5, till you get
either theremainder zero or apolynomial having
thehighest exponent of the variablelower thanthat
of thedivisor.

In the above example, we got the quotient x + 1
and remainder 0.

L et usnow consider somemore examples.
Example3.18: Dividex*—1by x—1.

Solution:

X2+ x+1
x—1)x*-1
X3 —x2
- +
X2 -1
X2 —X
- +
x —1

2x+3i2x2 +5x+3
X
2x+3j2x2 +5x+3

X
2x+3i2x2 +5x+3
2X% + 3x

2X+3

X+1

2x+3i2x2+5x+3
2X% + 3x

2X+3

2X +3

0
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x -1
- +
0
We get quotient x? + x + 1 and remainder O.
Notes

Example 3.19: Divide5x —11—12x? + 2x3 by 2x —5.
Solution: Arranging thedividendin decreasing powersof X, weget it as
233 —12x2+5x - 11

2 1, 2
2 4
S0, 2x —5) 2x° —12x% +5x —11
23 — bx2
- +
—-7x% +5x —-11
X+ §X
B 2
+ —
éx 11
-5 X -
25 125
——X + —
2 4
+ —
169
4
: , [ 25 . 169
We get quotient X* ——-X——andremainder— ——.
2 4 4
CHECK YOUR PROGRESS 34
1. Multiply:
() 9b*c? by 3b (i) 5x3y° by —2xy

(iii) 2xy +y? by —5x (iv) x +5y by x -3y
2. Writethequotient:

() x°y? = x%y* (ii) — 28y"22 + (- 4y°7?)
(iii) (a* +a%° )+ &2 (iv) —15b°c® + 3b?c’
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3. Divideandwritethequotient and theremainder:

Notes

() x*—=1byx+1 (i) x>—x+1byx+1
(ii1) 6x2—=5x + 1 by 2x -1 (iv) 23 +4x2+3x+1by x +1

@m

A literd number (unknown quantity), which canhavevariousvaues,iscdled avariable.
A constant hasafixed vaue.

An agebraic expression is acombination of numbers, variables and arithmetical
operations. It hasone or moretermsjoined by thesigns+ or —.

Numerical coefficient of aterm, say, 2xy is2. Coefficient of X is2y and that of y is2x.
Numerical coefficient of non-negativex is+ 1 and that of —x is—1.

Analgebraic expression, inwhich variable(s) does (do) not occur inthe denominator,
exponentsof variablesarewhole numbersand numerica coefficientsof variousterms
arereal numbers, iscaled apolynomid.

Thestandard form of apolynomia inonevariablexis.

a,+ax+ax..+ax"(orwritteninreverseorder) wherea, a , a,, .... a arereal
numbersand n, -1, -2, ...., 3, 2, 1 arewhole numbers.

An algebraic expression or apolynomia having onetermiscalled amonomial, that
having two termsabionomial and the one having threetermsatrinomial.

Thetermsof an a gebraic expression or apolynomia having thesamevariable(s) and
same exponent(s) of variable(s) arecalled liketerms. Theterms, which arenot like,
arecalled unliketerms.

Thesum of the exponentsof variablesin atermiscalled the degree of that term.

Thedegreeof apolynomial isthe sameasthe degree of itsterm or termshaving the
highest degree and non-zero numerical coefficient.

The degree of anon-zero constant polynomial iszero.

Theprocessof subgtitutinganumerica vauefor thevariable(s) inanagebraicexpresson
(or apolynomid) iscalled evaluation of thea gebraic expression (or polynomial).

Thevaue(s) of variable(s), for which thevalue of apolynomia iszero, is(are) caled
zero(s) of thepolynomid.

Thesum of two liketermsisaliketermwhose numerical coefficient isthe sum of the
numerica coefficientsof thetwoliketerms.
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e Thedifference of two liketermsisalike term whose numerical coefficient isthe
difference of thenumerical coefficientsof thetwoliketerms.
e Tomultiply or divideapolynomia by amonomid, wemultiply or divideeach term of
the polynomia separately using lawsof exponentsand theruleof signs. Notes

e Tomultiply apolynomia by apolynomid, wemultiply each term of onepolynomid by
eachterm of the other polynomia and simplify theresult by combining liketerms.

e Todivideapolynomial by apolynomial, we usually arrange the terms of both the
polynomiasin decreasing powersof the variable common to both of them and take
sepsof divisononsmilar linesasin arithmeticin case of numbers.

H TERMINAL EXERCISE

1. Markatick (v') against thecorrect dternative:
(i) Thecoefficient of x*in6x%?is

(A) 6 (B)y? (C) 6y? (D)4
(i) Numerical coefficient of themonomia —x?y*is
(A) 2 (B)6 ©1 (D)-1
(iii) Which of thefollowing algebraic expressonsisapolynomia?
(A) iXZ—\/§+3.7X (B) 2x+i—4
V2 2X
©) (x*—2y%)+(x?+y?) (D) 6++/x —x—15x2
(iv) How many termsdoestheexpression 1 4/2a2b® — (7a)(2b)+~/3b? contain?
(A) 5 (B)4 ©3 (D)2
(v) Whichof thefollowing expressonsisabinomia?
(A) 2y (B) x?+y2—2xy
(C) 2+ x2+y2+2x%2 (D) 1—3xy?
(vi) Which of thefollowing pairsof termsisapair of liketerms?
(A) 2a,2b (B) 2xy?, 2x%y
©) 3y, =YX D) 8, 16
© 3%, 7 (D)8, 162

(Vi) A zero of thepolynomia x?—2x—15is
(A)x==5 (B)yx=-3
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(©)x=0 (D)x=3

(viii) Thedegreeof the polynomial x3y* +9x®—8y*+ 17 is
A7 (B) 17
©5 (D)6

. Usngvariablesand operation symbols, expresseach of thefollowing verba statements

asagebraic statement:

(i) A number addedtoitsalf givessix.

(i) Four subtracted from threetimesanumber iseleven.

(iii) Theproduct of two successive odd numbersisthirty-five.

(iv) One-third of anumber exceeds one-fifth of the number by two.

. Determinethedegreeof each of thefollowing polynomias.

(i) 3 (i) X + 7x?y?—6xy°—18 (iii) &% + bx3 whereaand b are congtants
(iv) c®—ax?y? — b3y Where a, b and ¢ are constants.

. Determinewhether given vaueisazero of thepolynomid:

()x*+3x—40; x=8
(i xe-1; x=-1

. Evaluate each of thefollowing polynomiasfor theindicated value of thevariable:

0) xSy e o7k a x=1
2 5 2

(ii)gy3+%y2—6y—65 a y=-5

1 1
. Findthevalueof =Nn*+=n forn=10and verify that theresult isequal to the sum of

2 2
first 10 natural numbers.

. Add:

0) Zx3+zx2—3x+Z and Ex3+§x2—3x+§
3 5 5 3 5 5

(i) X2+ y? + 4xy and 2y?—4xy

(i) X3+ 6x%2 + 4xy and 7x? + 8x3 + y2 +y3

(iv) 2x5+3x+§ and —3x5+§x—3
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8. Subtract
() —x>+y2—xyfromO
i — —b+
(i) a+b—cfroma—-b+c Notes

@iii) x2—y>x +y fromy>x —x2—y
(iv)=m?+3mnfrom 3m?-3mn + 8
9. What should be added to x? + xy + y?to obtain 2x? + 3xy?
10. What should be subtracted from —13x + 5y —8 to obtain 11x — 16y + 77?

11. Thesum of two polynomiasisx?—y?—2xy +y —7. If oneof themis2x?+ 3y2—7y
+ 1, find the other.

12. IfA=3x?—-7x+8,B=x?+8x—-3and C=-5x>*-3x + 2, find B+ C-A.

13. Subtract 3x —y —xy from the sum of 3x —y + 2xy and—y —xy. What isthe coefficient
of xintheresult?

14. Multiply
(l&@+5a—6by2a+1l (i) 4x>+16x +15by x —3
(ili)e@¢—2a+1bya-1 (iv)eg+2ab+b*bya-Db
(V) x*—1by 2x>+1 (Vi)x*—x+1byx+1
2 5 7 2 5
i) X>+=X+—= by x—— i) =x*+=x-3 by 3x*+4x+1
(vii) 3% y 2 (viii) 3 2 y

15. Subtract the product of (x*>—xy +y?) and (x +y) from the product of (x?+ Xy +y?)
and (X —Y).

16.Divide
(i) 8x+y3by2x+y (i) 7x3+ 18x*+ 18x—5by 3x + 5
(iii) 20x2—15x3y® by 5x? (iv) 35a° — 21&'b by (—7&%)

(V) x*-3x?+5x—8hbyx—-2 (vi)8y?+38y +35by 2y +7

In each case, writethe quotient and remainder.

t:
{ ANSWERS TO CHECK YOUR PROGRESS

31

4
7 (|||)x,y;g

winN
Wl

1. ()y;1 (i) x,y;
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(iv)x,y; é% V) x,y; 2,-8 (vi) x; None

2. ()2 (i2y (i) 2¢2

3. ()x-3=15 (iyx+5=22

4. (i)2,abc (i ab,c,2 (iii)xzy,—2xy,—%
oy Loa
(iv) 5

5. (i)—xy2,+%y2x (il)—3ab, + ab (iif) Noliketerms

6. (i), (i)and(v) 7. Monomias(ii) and (vi);
Binomids: (i) and (v); Trinomids: (iii) and (iv)

3.2
1. ()7 (iH3 (i1 (iv)0
2 >
2. 25,9, §X , —25x3, — 3x°
3. ()10 (iH4 (i) 2 (iv)3
4 0o g 19 e
. () (@i)= (i) 15 (iv)
3.3
. 23 2 5 - 7 3 2
—X“+—X+6 — X"+ X" +X-2
1 () 1 2 (i) 5
a3 2 19 .
(iii) 3x” +12x —7x+§y (iv) 9x3 + 5x?y —8xy
2. ()—=x2+4x+17 (iHo
(iii) ab+bc+ca (iv) & + 2b*—4ab
3. (i) —7x3+4x2-5x (i) 4y3+ 7y?+ 8y — 12
(i) 32+ 222-2z+5 (iv) = 7x®+10x2—9x — 17
4. a—ab-3
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34
1. (i) 27b% (i) —10x%y*®
(iii) —10x?y —5xy? (iv) x2+ 2xy —15y?
2. ()x¥y (i) 7y* (iii) & + ab® (iv) —5bc?
3. ()x=-1,0 (i)x-2;3 (iii)3x=1;,0 (iv)2x?2+2x+1;0

A
I ANSWERS TO TERMINAL EXERCISE
1. ()C (D (i)A (V)B (VD (Vi)C (vi)B (vii)A

2 ()y+y=6  (i)3y-4=11 (i) z(z+2)=35 (iv)%—%
3. ()0 (i) 6 (ii)3 (iv)4
4. (i)No (i) Yes
37 .
5. (|)£ @io
6. 55
7. (i))3x+x2—6x+2 (ii) X2+ 3y?
(iii) 9%+ 13x2 + 4xy +y2 +y? (iv)—X5+%X—g
8. () x*—y?+xy (i) 2c—2b
(iii) 2y?>x —2x? -2y (iv) 4m?—6mn +8
9. X2+ 2xy-—y?
10. —24x + 21y — 15
11, —x?—4y?—2xy + 8y —8
12. - 7x2+12x -9
13. 2xy-y; 2y
14. (i) 28+ 11&—7a—6 (i) 4x3 + 4x?—33x — 45
(i) @ —-3a&¢+3a-1 (iv) &+ ab—ar?-b?
(V) 2x*—=x2-1 (vi)x3+1
(Vii)x?’—gxz—%—; (Viii)2x4+gx3—%x2—§x—3
15. —2y®
16. (i) 4x2—2xy +y% 0 (i) 9x2—9x + 21; 110
(iii) 4—3xy% 0 (iv)—5+3ab; 0
(iv) x2—x+3;-2 (V)4y +5;0
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SPECIAL PRODUCTS AND
FACTORIZATION

Inan earlier lesson you havelearnt multiplication of algebraic expressions, particularly
polynomials. Inthe study of agebra, we come across certain productswhich occur very
frequently. By becoming familiar with them, alot of timeand labour canbe saved asin
those products, multiplication is performed without actualy writing down dl the steps. For
example, products, such as 108 x 108, 97 x 97, 104 x 96, 99 x 99 x 99, can be easily
calculatedif you know the products (a+ b)?, (a—b)?, (a+b) (a—b), (a—b)? respectively.
Such productsare called special products.

Factorizationisaprocess of finding thefactorsof certain given productssuch asa?—b?,
a + 8b? etc. Wewill consider factoring only those polynomiasinwhich coefficientsare
integers.

Inthislesson, youwill learn about certain specia productsand factorization of certain
polynomials. Besides, you will learn about finding HCF and LCM of polynomials by
factorization. Intheend you will bemadefamiliar with rationa agebraic expressionsand
to perform fundamental operationson rational expressions.

After studying thislesson, youwill beableto

e write formulae for special products (a £ b)?, (a + b) (a -b), (x + @) (x +b),
(a+ b)(a>—ab+ b?, (a—h) (&2 + ab + b?), (ax b)*and (ax + b) (cx +d);

e calculate squares and cubes of numbers using formulae;
e factorise given polynomials including expressions of the forms a — b?, @® + b3,

e factorise polynomials of the form ax? + bx + ¢ (a # 0) by splitting the middle
term;

e determine HCF and LCM of polynomials by factorization;
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e cite examples of rational expressionsin one and two variables;

e perform four fundamental operations on rational expressions.

Not
EXPECTED BACKGROUND KNOWLEDGE ores

e Number system and four fundamental operations

Lawsof exponents

Algebraicexpressons

Four fundamenta operationson polynomids

HCF and LCM of numbers

Elementary conceptsof geometry and mensuration learnt a primary and upper primary
levels.

4.1 SPECIAL PRODUCTS

Here, we consider some speical productswhich occur very frequently in algebra
(1) Letusfind (a+b)?
(a+h)? =(a+b)(a+h)
=ala+b)+b(a+h) [Digtributivelaw]
=&+ab+ab+b?
=&+ 2ab + b?
Geometrical verification
Concentrate on thefigure, given here, ontheright
() (a+b)? =Areaof squareABCD

D<«—a—> He«b>C

ab b?
=Areaof squareAEFG +

A +b
y '
G F
areaof rectangle EBIF + I T
a a
A Il

areaof rectangle DGFH +
area of square CHFI
=ad+ab+ab+?
=&+ 2ab+ b’
Thus, (a+b)?=a*+ 2ab + b?

<«—— g ——>»E<b>»
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(2) Letusfind (a—b)?
(a=b)> =(a-b)(a-b) [Digributivelaw]
Notes =ala—-b)—b(a-b)
=g-ab-ab+?
=& -2ab+P?

Method 2: Using (a+ b)?
We know that a—b =a+ (-h)
s (a=b)? =[a+ (Dh)]?
=&+ 2(a) (-b) + (-b)?
—g@-2ab+b?
Geometrical verification
Concentrate onthefigure, given here, ontheright

(a—b)? =Areaof square PQRS

X «b» P «— a-b 5 s
A A

=Areaof square STV X —
[areaof rectangle RTVW +
areaof rectangle PUVX — b(a-b) [2—b (a—b)>
areaof square QUVW| i
=& —(ab+ab—b?)
—&@-ab-ab+k?
=a@-2ab+?
Thus, (@a-b)’=a’—2ab +b?
Deductions: We have
(a+bP=a+2db+b* .. @
(a-bp=&-2sb+b? L. @)
(1) +(2) gives
(@+b)*+ (a-b)’=2(a’+ b?)
(D-(2)gives
(a+b)’—(a—b)?=4ab

<<—D"->§
9%
=
?
&
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(3) Now wefind the product (a+ b) (a—b)

(a+b)(a—b) =a(a—b) +b(a—b) [Digtributivelaw]
—a@—ab+ab-b? A a 5>
— P A |<— a_b—><-b-? A
Geometrical verification L \ H
Observethefigure, given here, ontheright N T .
(a+b)(a—b) =Areaof RectangleABCD <
=Areaof RectangleAEFD + v
areaof rectangle EBCF "E <« a-b 5| £v

=Areaof RectangleAEFD + Q
Areaof Rectangle FGHI B« a-b__»cC

= [Areaof Rectangle AEFD + Areaof rectangle FGHI
+ Areaof square DIHJ] — Areaof square DIHJ

=Areaof squareAEGJ—areaof square DIHJ
=&- b
Thus, (a+b) (a—b)=a>-b?

The process of multiplying the sum of two numbersby their differenceisvery useful in
arithmetic. For example,

64 x 56 = (60 + 4) x (60 —4)
= 60%—4?
= 3600 — 16
= 3584
(4) We, now find the product (x + @) (x + b)

(x+a) (x+b) =x(x+b)+a(x+b) [Distributivelaw]
=x?+bx+ax+ab
=x?+(atb)x+ab

Thus, (x+a)(x+b)=x*+(a+b)x+ab
Deductions: (i) (x—a) (x=b)=x>—(a+b)x +ab
(i) (x—a)(x+b)=x2+(b—a)x—ab
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Studentsare advised to verify theseresults.
(5) Letus, now, find the product (ax + b) (cx + d)

Notes (ax+b)(cx+d) =ax(cx+d)+b(cx+d)
= acx? + adx + bex + bd
=acx? + (ad + bc)x + bd
Thus, (ax + b) (cx +d) =acx? + (ad + bc)x + bd
Deductions. (i) (ax—b) (ex —d) = acx?>—(ad + bc)x + bd
(in) (ax—b) (cx + d) = acx®>— (bc—ad)x —bd
Students should verify theseresults.
L et us, now, consider some examples based on the specia products mentioned above.

Example4.1: Find thefollowing products:

() (2a+ 3b)? (i) (ga—GbJ

(i) (Bx +y) (3x—y) (iv) (x+9) (x+3)

(V) (a+15) (a-7) (vi) (5x—8) (5x—6)

(vii) (7x—2a) (7x+3a)  (viii) (2x+5) (3x+4)
Solution:

(i) Here,inplaceof a, wehave2aandin place of b, we have 3b.
(2a+ 3b)? = (2a)? + 2(2a) (3b) + (3b)?
= 4& + 12ab + 9b?
(i) Using specia product (2), we get

(ga— 6bj2 = (g ajz - 2@ aj(6b)+ (6b)?

= %az —18ab + 36b?

(iii) 3x +y) (X —y) = (3x)*—y? [using speical product (3)]
= Ox?—y?
(iv) (x+9) (x+3) =x2+(9+3)x+9x 3 [using speical product (4)]
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=x?+12x+ 27
(V)(@a+15) (a-7)=a&+(15-7)a—-15x%x7
=&+ 8a—105

Notes
(Vi) (5x —8) (5x —6) = (5x)>— (8 + 6) (5X) + 8 x 6

= 25x>—70x + 48
(vii) (7x—2a) (7x + 3a) = (7x)?+ (3a—2a) (7x) —(3a) (29)
= 49x? + 7ax — 6&
(Viii) (2x+5) (3x+4) =(2x 3 x2+(2x4+5x3)x +5x 4

=6x2+23x + 20

Numerical calculations can be performed more conveniently with the help of special
products, often called algebraic for mulae. Let usconsider thefollowing example.

Example4.2: Using specid products, ca culate each of thefollowing:

(i) 101 x 101 (i) 98 % 98 (iii) 68 x 72
(iv) 107 x 103 (V) 56 x 48 (Vi) 94 x 99
Solution: ()  101x101=1012 = (100 +1)>

=100% + 2 x 100 x1 + 12
= 10000 + 200 + 1

= 10201
i) 98x98=08 = (100 — 2)2
= 1007 — 2 x 100 X 2 + 22
= 10000 — 400 + 4
= 9604
(i) 68x 72  =(70—2) x (70 +2)
=702 — 22
= 4900 — 4
= 4896

(iv) 107 x 103 = (100 +7) (100+3)
=100*+(7+3)x100+7x 3
= 10000 + 1000 +21
=11021
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(vV)56x48 = (50 +6) (50-2)
= 50°+ (6—-2) x50—-6 % 2
= 2500 + 200 - 12
= 2688

(vi)94x99 = (100-6) (100-1)
= 1002 — (6 + 1) x 100+ 6 x 1
= 10000 — 700 +6
= 9306

CHECK YOUR PROGRESS 4.1

1. Findeach of thefollowing products:

() (Bx +y)? (i) (x—=3)2 (iii) (ab + cd)?
. X ? [z 1)’
(iv) (2x~5y)* v) (?1) (vi) (E_gj
4 3
(vii) (22 +5) (22-5) (viii) (xy=1) (xy+21) (ix) (x+§)(x +Zj

2, 2,1 . i
) (EX ‘3j(§x *5) (xi) (2x + 3y) (3% + 2y) (xii) (7x + 5y) (3K ~Y)

. Snpify:
() (2x*+5)°—(2x*-5)? (i) (& + 3)*+ (¥ - 3)?
(iii) (ax + by)? + (ax —by)? (iv) (p* + 80P)? — (p* — 8)?

. Using special products, ca culate each of thefollowing:

(i) 102 x 102 (if) 108 x 108 (iii) 69 x 69

(iv) 998 x 998 (V) 84 x 76 (vi) 157 x 143
(vii) 306 x 294 (Viii) 508 x 492 (ix) 105 x 109
(X) 77 % 73 (xi) 94 x 95 (xii) 993 x 996
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4.2 SOME OTHER SPECIAL PRODUCTS

(6) Consider thebinomia (a+ b). Let usfinditscube.

(a+hb?® = (a+b) (a+b) Notes
= (a+ b) (& + 2ab + b?) [usinglawsof exponents)
= a(@+2ab+b? +b(a+2ab+b?) [Digributivelaws)
= a + 2atb + ab? + &b + 2ab? + b?
= a + 3ab + 3ab? + b?
= a+3ab(a+b) +b?
Thus (a+b)®=a®+3ab(a+b)+bd
(7) Wenow find the cube of (a—b).
(a-by® = (a—b) (a—h)*
(a—b) (&2 —2ab + b [usinglawsof exponents)
= a(@—-2ab+h?)—b(a2—2ab+b? [Digributivelaws)
= & —2efb + ab® — &b + 2ab? — b®
= a8 —3ab + 3a? — b3
= a&—3ab(a—b)—b?
Thus, (a—b)*=a®—3ab(a—b)-b?
Note: Youmay alsoget thesameresult onreplacingb by —bin
(a+b)i=a*+3ab(a+ b) +b°
(8) (a+b)(@—ab+b?) =a(@—ab+h? +b(@—ab+b? [Distributive law]
—ad@-ab+ab’+ab-a?+b?
=a&+b?
Thus, (@+b)(@®2—ab +b? =a’+b?
(9) (a—b)(@+ab+b) =a(@+a+b?) —b(&+ab+b? [Distributive law]
—a&+ab+a?-ab-ab*-b?
=a-b?
Thus, (a—b)(@®+ab +b? =a*-b®

L et us, now, consider some examples based on the above mentioned specia products:
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Example4.3: Find each of thefollowing products:
(i) (7x +9y)? (ii) (px—y2)® (iii) (x—4y?)?
Notes (iv) (282 + 3p?)° (v) ( a-_ bjs (vi) (chjs

Solution: (1) (7x+9y)® = (7x)3+ 3(7x) (9y) (7x +9y) + (Yy)?
=343 x3+ 189 xy (7x + 9y) + 729y°
= 343x3 + 1323x?y + 1701xy? + 729y°
(i) (;x—yz)* = (px)*=3(px) (y2) (Px—y2) - (y2)*
= p°x° = 3pxyz (px —yz) —y°Z°
= P33 — 3p>x?yz + 3pxy?z2 —y3z3
(iii) (x—4y?)®  =x>=3x (4y?) (x —4y?) — (4y?)°
= x3— 12xy? (x — 4y?) — 64y°
= Xx3—12x2y? + 48xy* — 64y°
(iv) (2a + 3b?)3= (2a9)% + 3(2a2)(3b?) (2& + 3b?) + (3b?)®
= 8af + 18a%h? (2& + 3b?) + 27h°
= 8&° + 36a'b? + b4ath* + 278

o333 3 )

_ Eas_Eab(E _EbJ_lz_5bs

27 3 3 3 27
:3 3 20 b+ 50ab2—%b3
27 9 9 27
4\ 4 a4\
Nl1+—c| = +3(1 1+—c |+]| —=C
o srge] = 6P ranfGef 1S+ 5e)
:1+4c(1+ﬂc Pt
3 27
_1+4C+Ec +64c3
3 27
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Example4.4: Using specia products, find the cube of each of thefollowing:
()19 (i) 101 (il 54 (iv) 47
inn- i 3 — —_1\3
Solution: 192 =(20-1) Notes

=20°-3x20x1(20—-1) 13
=8000 —-60(20—-1)-1
=8000-1200+60—-1
= 6859

(i) 1013= (100 + 1)3
=100*+3x 100 x 1 (100 + 1) +13
= 1000000 + 300 x 100 + 300 + 1
= 1030301

(iii) 54%= (50 + 4)?
=50+3x50x%x4(50+4) +4°
= 125000 + 600 (50 + 4) + 64
= 125000 + 30000 + 2400 + 64
= 157464

(iv) 47°= (50— 3)3
=50°—3 x50 x 3 (50 —3) — 3
= 125000 — 450 (50 — 3) — 27
= 125000 — 22500 + 1350 — 27
=103823

Example4.5: Without actua multiplication, find each of thefollowing products:
(i) (2a+ 3b) (4a —6ab + 9b?)
(i) (3a—2b) (9a2 + 6ab + 4b?)
Solution: (i) (2a+ 3b) (4a% —6ab + 90?) = (2a+ 3b) [(23)2— (23) (3b) + (3b)7]
= (2a)® + (3b)?
= 8a’ + 27b°
(i) (3a— 2b) (922 + 6ab + 4b?) = (3a— 2b) [(33)? + (33) (2b) + (2b)7]
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= (3a)° - (20)°
= 278 - 8p°

Example4.6: Smplify:

Notes

(i) (3x —2y)*+ 3 (3x —2y)* (3x + 2y) + 3(3x —2y) (3x + 2y)*+ (3x + 2y)°
(i) (2a—b)*+ 3 (2a—b) (2b—-2a) (a+ b) + (2b—a)®
Solution: 0] Put3x—2y=aand3x+2y =D
Thegiven expression becomes
a + 3efb + 3ab? + b®
=(a+b)’
=(3x =2y +3x+2y)°
= (6x)°
=216x3
(i) Put2a—b=xand2b—-a=ysothata+b=x+y
Thegiven expression becomes
X3+3xy (x +y) +y°
=(x+y)?
=(a+b)®
= a + 3afb + 3ab? + b®
Example4.7: Smplify:

.. 857x857x857—-537x537x537
) 857x857+857x537 +537x537

 674x674x 674+ 326x 326X 326
(1) 674x674—674x326 1 326x326

Solution: Thegiven expression can bewrittenas

857° —537°
8572 +857x537 + 537>

Let 857 = aand 537 = b, then the expression becomes

a®~b® _ (a—b)a*+ab+b?)

= =a-b
a’ +ab+b? a’ +ab+b?
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=857 -537
=320
[ Thegi eSS bewritt
(i) e given expression can bewritten as Notes

674° + 326°
674% — 674x 326+ 326>

_ (674+326)(674% — 674x326+3267)
- 674° —674x 326+ 326

=674+ 326
= 1000

CHECK YOUR PROGRESS 4.2

1. Writetheexpansion of each of thefollowing:

(i) (3x +4y)? (i) (p—ar)® (iii) (a+ gj

(iv) [g—bj V) (§a2+§sz (vi) [§a2x3—2b3y2j
2. Using specid products, find the cube of each of thefollowing:

8 (i) 12 (iii)18 (iv)23

(v)53 (vi)48 (vii) 71 (viii)69

(ix) 97 (x) 99
3. Without actual multiplication, find each of thefollowing products:

(i) (2x +y) (4x*—2xy +y?) (i) (x=2) (x*+2x + 4)

(i @A+x)((L—x+x? (iv) (2y —32?) (4y? + 6yz> + 92%)

(v) (4x+3y) (16— 12xy +9y?) (vi) [3X ‘%y)(gxz = +4—19yzj

4. Findthevaueof:
() @+8pv’ifa+2b=10andab=15
[Hint: (a+ 2b)® =& + 8b* + 6ab (a+ 2b) = & + 8b* = (a+ 2b)* —6ab (a+ 2b)]
(i) x*—y*when x —y =5 and xy = 66
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5. Findthevaueof 64x3—125z23if
() 4x—-5z=16andxz=12

3
(i) 4x—-5z=— andxz=6

5
6. Smplify:
() (2x+5)°—(2x-5)°
(i) (7x+3y)*—(7x—5y)*—30y (7x + 5y) (7x —3y)*
[Hint put 7x + 5y = aand 7x —5y = b so that a—b = 10y]
(iii) (3x + 2y) (9x*—6xy +4y?) — (2x + 3y) (4x*—6xy + %y?)
(iv) (2x—5) (4x?+ 10x + 25) — (5x + 1) (25x>—5x + 1)
7. Smplify:
875x875x875+125x125x125
875x875—-875x125+125%x125

0]

. B78x678x678— 234x 234x 234
1) 678x 678+ 678 234+ 234 234

4.3 FACTORIZATION OF POLYNOMIALS

Recall that from 3 x 4 =12, we say that 3 and 4 arefactorsof the product 12. Similarly,
inagebra, since (X +y) (X—y) =x*—y? wesay that (x +y) and (x —y) arefactorsof the
product (x%—y?).

Factorization of a polynomial is a process of writing the polynomial as a product of
two (or more) polynomials. Each polynomial in the product is called a factor of the
given polynomial.

Infactorization, weshall restirct ourselves, unless otherwise stated, to finding factors of
thepolynomidsover integers, i.e. polynomidswithintegra coefficients. Insuch cases, itis
required that the factors, too, be polynomials over integers. Polynomials of the type

2x2 —y? will not be considered as being factorable into (ﬁx + yXﬁx - y) because
thesefactorsare not polynomialsover integers.

A polynomial will be said to be completely factored if none of itsfactors can befurther
expressed asaproduct of two polynomialsof lower degreeand if theinteger coefficients
have no common factor other than 1 or —1. Thus, complete factorization of (x*>—4x) is
X(x—4). On the other hand the factorization (4x? — 1) (4x? + 1) of (16x*—1) is not
complete sincethefactor (4x>—1) can befurther factorised as(2x—1) (2x + 1). Thus,
completefactorization of (16x*—1) is(2x—1) (2x + 1) (4x2+1).

Infactorization, we shall bemaking full use of specid productslearnt earlier inthislesson.
Now, infactorization of polynomiaswetake various cases separately through examples.

Mathematics Secondary Course




MODULE - 1

Algebra
(1) Factorization by Distributive Property
Example4.8: Factorise:
. _ i) v /3 2
(i) 10a—25 (i) x3y2 + X3y Notes

(i) 5ab (ax? + y?) —6mn(ax? + y?) (iv)alb—c)®>+b(b—c)
Solution: ()10a—-25 =5x2a-5x%x5
=5(2a->5) [Since5iscommon to thetwo terms]
Thus, 5 and 2a—5 arefactors of 10a— 25

(ii) Inx?y®+ x3y?, notethat x?y?iscommon (with greatest degree) in both
theterms.

SOXYR Y2 = X2 Xy + X2 X X
=Xy (y +X)
Therefore, X, X2, Y, 2, Xy, X2y, Xy?, x?y? and y + x arefactors of x2y2 + x3y?
(iii) Notethat ax? + y?iscommon in both theterms
- 5ab (ax? + y?) —emn(ax? + y?) = (ax? + y?) (5ab — 6mn)
(iv)ab—c)*+b(b—c)=(b—c) x[ab-c)] +(b—-c) xb
=(b—c) x[ab—c) +b]
=(b—-c) x[ab—ac+Dh]
(2) Factorization InvolvingtheDifferenceof Two Squares
You know that (X +y) (X —y) =x?—Yy?2 Thereforex +y and x —y arefactors of x2—y?2.
Example4.9: Factorise
(i) 9x%—16y? (i) x*—81y*
(iii) @ —(2b—3c)? (iv) xX2—y?+ 6y —9
Solution: () 9x?2—16y? =(3x)*—(4y)*whichisadifference of two squares.
=(3x +4y) (3x—4y)
(i) x*-8ly*  =(x?)*—(%?)
= (X +9y?) (x*—9y?)
Notethat x>—9y? = (x)>*— (3y)?isagain adifference of the two squares.
xt=8lyt = (x*+9y?) [(x)*<3y)7]
= (x?+9y?) (x +3y) (x—3y)
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(iii) & — (2b—3c)?= ()2 — (2b — 3c)?
=[& + (2b—3c)] [& — (2b—30)]
= (& +2b—3c) (&2—2b + 3c)
(iv)x*—y*+6y—-9 =x>—(y*-6y+9) [Notethisstep)
= (02 - [0 ~2xy x 3+ (3]
= (9~ (y 3y
=[x+ (y-3)][x-(y-3)]
=(x+y-3)(x-y+3)
(3) Factorization of aPerfect SquareTrinomial
Example4.10: Factorise

(1) 9x2 + 24xy + 16y? (i) x6—8x3+ 16
Solution: (1) 9x? + 24xy + 16y? = (3x)?+ 2 (3X) (4y) + (4y)?
= (3x + 4y)?
=(3x +4y) (3x + 4y)
Thus, thetwo factorsof thegiven polynomia areidentical, each being
(3x +4y).
(i) X —8x3 + 16 = (x%)2—2(x°) (4) + (4)2
= (x3-4)?

=(x¢-4) (x*-4)

Again, thetwo factorsof thegiven polynomial areidentical, each being
(x®-4).

(4) Factorization of a Polynomial ReducibletotheDifferenceof Two Squares
Example4.11: Factorise
(i) x* + 4y* (i x*+x2+1

Solution: (i) x*+4y*  =(x?)*+ (2y??

= ()2 +(2y%)* + 2(x%) (2y%) -2 (x*) (2y?)

[Adding and subtracting 2 (x?) (2y?)]
= (¢ + 299~ ()"
= (X2 + 2y + 2xy) (x* + 2y* — 2xy)
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(i) x4 +x2+1 = (x2)2 + (1)2+ 2x2 — X2
[Adding and subtracting x?]
=00+ 1~ Notes

=(x*+x+1) (x*—x+1)

CHECK YOUR PROGRESS 4.3

Factorise:
1. 10xy-—15xz 2. abc? — ab’c
3. 6p>—15pq+ 27 p 4.2 (b—c)+b(c—h)
5. 2a(4x—y)3—b (4x —y)? 6. X(X +y)3=3xy (X +Y)
7. 100 — 25p? 8. 1—256y®
9. (2x+1)?-9x? 10. (& + bc)? — & (b + ¢)?
11. 25x?—10x + 1 — 36y? 12. 49x? — 1 —14xy +y?
13. m?+ 14m + 49 14. 4x2—4x + 1
15. 3622 + 25 + 60a 16. x5 —-8x3+ 16
17. &8 -47a + 1 18. 4& + 81b*
19.x*+4 20. 94— & + 16
21. Findthevaueof nif
(i)6n=23x23-17 x 17 (ii) 536 x 536 —36 % 36 = 5n

(5) Factorization of Perfect CubePolynomials
Example4.12: Factorise:
(i) X3+ 6x%y + 12xy? + 8y?3 (i) X®—3x%y? + 3x?y* —y°
Solution: 0] X3+ 6x%y + 12xy? + 8y?
= (x)°+3x? (2y) + 3x (2y)* + (2y)°
=(x+2y)°
Thus, thethreefactorsof thegiven polynomia areidenticd, each
being x + 2y.
(i) Given polynomia isequd to
(x9)° =3y (x*—y?) — ()
- (X2 _ y2)3
=[x+y)(x=y)I°  [Sincex?—y*=(x+Y) (X-Y)]
=(x+y)*(x-y)’
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(6) Factorization of PolynomialsInvolving Sum or Differenceof Two Cubes

Inspecia productsyou havelearnt that

Notes (X+y) (X =xy +y9) =xC+y?
and  (x—y) (R +xy+y)=x-y?
Therefore, thefactorsof x3 + y® arex +y and x?—xy +y? and
those of x3—y2arex —y and x2 + xy + y?
Now, consider thefollowing example:
Example4.13: Factorise
(i) 642 + 27b° (i) 8x3—125y°
(iii) 8 (x + 2y)*—343 (iv)et—a®
Solution: (i) 64a° + 27b° = (4a)® + (3b)®
= (4a+ 3D) [(48)* - (4a)(3b) + (30)]
= (4a+ 3b) (16 — 12ab + 9b?)
(ii) 8x*—125y° = (2x)® — (5y)®

= (2x=5y) [(2x)* + (2X)(5y) + (5y)’]
= (2x —5y) (4x? + 10xy + 25y?)

(iii) 8 (x +2y)*—343=[2(x + 2y)]* - (7)°
=[2(x+2y) = 7] [2 (x + 2y)*+ 2(x + 2y) (7) + 7°]

=(2X+4y—T7) (4x?+ 16xy + 16y> + 14x + 28y + 49)
(ivia—a® =a(1-a) [Sincea'iscommontothetwoterms|

=a [(1)°- (@)

—ad(l-a)(1+a+a)

zad(l-d(l+a+a@) (1+ac+a)
[Shcel-a=(1-a) (1+a+a&)]

CHECK YOUR PROGRESS 4.4

Factorise:
1. &+ 216b’ 2.a88-343
3. X3+ 12x?% + 48xy? + 64y?3 4. 8x3 —36x%y + 54xy? —27y?3
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5. 8x*—125y3—60x?y + 150xy? 6. 64k® — 144k? + 108k — 27
7. 729x5-8 8. X+ x?y°
9. 164 — 54ab° 10. 27h° — & — 3¢ —3a—1
11. (2a—30)* + 64C3 12, 64x3 — (2y — 1)° Notes

(7) Factorising Trinomialsby SplittingtheMiddleTerm
You havelearnt that

(x+a) (x+b) =x?’+(atb)x+ab =1x*+(a+bx+ab
and(ax +b) (cx +d) =acx?+ (ad + bc)x + bd
Ingeneral, theexpressionsgiven hereontheright areof theform Ax? + Bx + Cwhichcan
be factorised by multiplying the coefficient of x2inthefirst termwith thelast term and
finding two such factorsof thisproduct that their sumisequal to the coefficient of xinthe

second (middle) term. In other words, we areto determinetwo such factorsof AC so that
their sumisequal to B. Theexample, given below, will clarify the processfurther.

Example4.14: Factorise:
() x2+3x+2 (i) x2—10xy + 24y?
(iii) 5x?+ 13x —6 (iv) 3x2—x -2
Solution: 0] Here, A=1,B=3andC=2;s0AC=1%x2=2
Thereforeweareto determinetwo factorsof 2whosesumis3
Obvioudly, 1+2=3
(i.e.twofactorsof ACi.e.2areland 2)
. Wewritethe polynomial as
X2+ (1+2)x+2
= X2+ X+2x+2
= X(X+1)+2(x+1)
= x+1)(x+2)
(it) Here, AC = 24y? and B = — 10y
Two factors of 24y2 whose sumis—10y are—4y and -6y
. Wewritethegiven polynomia as
X2 —4xy —6xy + 24 y?
=X(x—4y) —6y(x —4y)
= (x—4y) (x—6y)
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Here, AC=5x(—6)=—30and B =13

Two factors of —-30 whosesumis13are 15 and -2
. Wewritethegiven polynomia as

5x?+ 15X —2x -6

= 5x(x +3) —2(x + 3)

= (x+3)(5x—2)

Here, AC=3x(—2)=—6andB=-1

Two factorsof —6 whose sumis(-1) are (—3) and 2.
. Wewritethegiven polynomia as

-3 +2x 2

= X (x—1)+2(x-1)

= x—=1) (3x+2

CHECK YOUR PROGRESS 4.5

Factorise:

1 x2+11x+24 2. x> —15xy + 54y?

3. 2x*+5x-3 4. 6x>—10xy —4y?

5. 2x*—x2-1 6. X2 + 13xy — 30y?

7. 22+ 11x + 14 8.10y2 + 11y —6

9. 2x*-x-1 10. (m-1) (1-m) + m+ 109

11. (2a—hb)?>—(2a—hb) — 30 12. (2x + 3y)2—2(2x + 3y)(3x —2y) —3(3x — 2y)?

Hint put 2a—b =x

Hint: Put2x + 3y =aand 3x -2y =b

4.4 HCF AND LCM OF POLYNOMIALS

(2) HCF of Polynomials

You aredready familiar with theterm HCF (Highest Common Factor) of natural numbers
inarithmetic. Itisthelargest number whichisafactor of each of the given numbers. For
instance, the HCF of 8 and 12 is4 since the common factorsof 8and 12 are 1, 2and 4
and4isthelargesti.e. highest among them.

Onsimilar linesin algebra, the Highest Common Factor (HCF) of two or more given
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polynomials is the product of the polynomial(s) of highest degree and greatest
numerical coefficient each of which is a factor of each of the given polynomials.

For example, the HCF of 4(x + 1)2and 6(x + 1)2is2(x + 1)%

The HCF of monomia sisfound by multiplying the HCF of numerical coefficientsof each
of themonomialsand the variablg(s) with highest power(s) commonto al themonomials.
For example, the HCF of monomials 12x%y3, 18xy* and 24x3y® is6xy? since HCF of 12,
18 and 24 is6; and the highest powersof variablefactorscommon to thepolynomiasare
xandy?.

L et usnow consider some examples.
Example4.15: Find the HCF of

(i) 4x%y and x3y? (i) (x—2)%*(2x—3) and (x —2)? (2x — 3)®
Solution: (i) HCF of numerical coefficients4and 1is1.

Sincex occursasafactor at least twiceandy at least onceinthegiven
polynomials, therefore, their HCFis

1xx?xyi.exy
(i) HCF of numericd coefficientsland 1is1.

In the given polynomials, (x —2) occurs as afactor at |east twice and
(2x—3) at least once. Sothe HCF of the given polynomialsis

1x(x=2)2x (2x—3)i.e (x=2)2(2x-3)

Inview of Example4.15 (i), we can say that to determinethe HCF of polynomials, which
can beeadly factorised, we express each of the polynomiasasthe product of thefactors.
ThentheHCF of thegiven polynomidsisthe product of the HCF of numerica coefficients
of each of the polynomials and factor (s) with highest power(s) common to all the
polynomials. For further clarification, concentrate on the Example4.16 given below.

Example4.16: Find the HCF of
(hx?—4andx*+4x +4
(i) 4x* —16x3 + 12x2 and 6x3 + 6x2 — 72X
Solution: ® X—4=(x+2)(x-2)
X2+ 44X + 4= (X + 2)?
HCF of numerical coefficients=1
HCF of other factors=(x +2)' =x + 2
Hence, therequired HCF =x + 2
(i) 4x* —16x3 + 12 x? =4x2 (X2 —4x + 3)
=4x?(x—1) (x=3)
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6X3 + 6% — 72X =6X (X2 +x—-12)
=6x (X +4) (x-3)
Required HCF = 2x(x —3) [Since HCF of numericd coefficientis?2)
= 2X%—6Xx
(2) LCM of Polynomials

Like HCF, you are also familiar with the LCM (Lowest Common Multiple or Least
Common Multiple) of natural numbersin arithmetic. It isthesmallest number whichisa
multiple of each of the given numbers. For instance, theLCM of 8and 12is24 since 24
isthesmallest among common multiplesof 8 and 12 asgiven bel ow:

Multiplesof 8: 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, ...
Multiplesof 12: 12, 24, 36, 48, 60, 72, 84, 96, ....
Commonmultipleof 8and12: 24, 48, 72, ...

On similar lines in Algebra, the Lowest Common Multiple (LCM) of two or more
polynomialsisthe product of the polynomial(s) of the lowest degree and the smallest
numerical coefficient which are multiples of the corresponding el ements of each of
the given polynomials.

For example, the LCM of 4(x + 1)2and 6(x + 1)%is12(x + 1)3.

TheLCM of monomiasisfound by multiplyingtheLCM of numerical coefficientsof each
of themonomiasand al variablefactorswith highest powers. For example, the LCM of
12x%y?z and 18x?yz is 36x%y?z sincethe LCM of 12 and 18 is 36 and highest powers
variablefactorsx, y and zarex?, y? and z respectively.

Let us, now, consider someexamplestoillustrate.
Example4.17: Findthe LCM of
(i) 4x?y and x3y? (i) (x—2)%(2x—3) and (x —2)? (2x—3)®
Solution: ® LCM of numerical coefficient4and 1is4.
Since highest power of x isx®and that of y isy?,
therequired LCM is4x3y?
(it) Obvioudy LCM of numerical coefficientsland 1is1.
Inthe given polynomials, highest power of thefactor (x—2) is(x—2)3
and that of (2x —3) is(2x —3)3.
LCM of thegivenpolynomials =1 x (x —2)3 x (2x —3)*
=(x=2)*(2x-3)°
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Inview of Example4.17 (ii), wecan say that to determinethe LCM of polynomids, which
can be easily factorised, we express each of the polynomials asthe product of factors.
Then, the LCM of the given polynomialsisthe product of the LCM of the numerical
coefficientsand al other factorswith their highest powerswhich occur in factorization of Notes

any of thepolynoials. For further clarification, wetake Example4.18 given below.

Example4.18: Findthe LCM of

() (x—2) (x*—3x +2) and x>*—5x + 6
(i) 8(x®—27) and 12 (x° + 27x?)

Solution: () (x=2) (x*=3x+2) =(x—2) (x—2) (x—1)

=(x=27(x-1)

Also X2—5x+6 =(x-2)(x=3)

LCM of numerica coefficients=1
LCM of other factors= (X —2)? (x —1) (x —3)
Hence, the LCM of given polynomials=(x—1) (x —2)? (x —3)
(i) 8(x3-27) =8(x—3) (x*+ 3x +9)

12 (x5+27x%) =12x2 (x3+ 27)

=12x?(x+3) (x*—3x +9)

LCM of numerical coefficient8and 12 =24
LCM of other factors=x?(x —3) (x + 3) (x2+ 3x + 9) (x2—3x + 9)
Hence, required LCM = 24x?(x —3) (X + 3) (X2 +3x +9) (x*—3x +9)

" CHECK YOUR PROGRESS 4.6

1.

Find the HCF of thefollowing polynomids:

(i) 27x%y? and 3xy? (i) 48y"x° and 12y3x®

(i) (x+1*and (x +1)*(x —1) (iv)x?+4x+4andx +2

(v) 18 (x + 2)*and 24 (x® + 8) (vi) (x +1)?(x + 5)*and x? + 10x + 25
(vii) (2x=5)? (x + 4)*and (2x —5)* (x —4) (viii) x*—1and x*—1

(ix) x3—y2and x?—y? (X) 6(x2—3x + 2) and 18(x?—4x + 3)
FindtheLCM of thefollowing polynomials:

(i) 25x3y? and 15xy (i) 30 xy? and 48 x3y*

(i) (x+1)*and (x + 1)?(x —1) (iv)x?+4x+4andx + 2

(V) 18 (x + 2)%and 24 (x3 + 8) (Vi) (x+2)?(x+5)%and x?+ 10x + 25
(vii) (2x=5)? (x + 4)?2and (2x —5)* (x —4) (viii) x?—1and x*—1

(ix) x*—y*and x> —y? (X) 6(x2—3x + 2) and 18(x? —4x + 3)
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45 RATIONAL EXPRESSIONS

You aredready familiar with integersand rational numbers. Just asanumber, which can

beexpressedintheform s wherepand g (#0) areintegers, iscalled arational number,

P
an agebraic expression, which can beexpressed inthefrom =, wherePand Q (non-zero

Q
polynomias) arepolynomids, iscaled ar ational expresson. Thus, each of theexpressons

1, b? 5
x+1 x°-3x+5 23 TP T x?12y?
x-1" x*-5 ' a+b ' 3x-y

isarational expressioninoneor two variables.

Notes:

x2+1

(1) Thepolynomia ‘x?+ 1’ isarational expresion sinceit can bewrittenas and

you havelearnt that the constant 1 inthe denominator isapolynomia of degree zero.

-
(2) Thepolynomid 7isarational expresonsinceit canbewrittenas 1 whereboth 7 and
1 arepolynomiasof degreezero.

(3) Obvioulsy arational expression need not be a polynomial. For example rational

1 _
expression ;(= X 1) isnot apolynomid. Onthe contrary every polynomid isalsoa

rational expresson.

2
3 1
s_ <
Noneof theexpressions \/;JFZ, X2+ 24X +3, b__ isarationa expression.
1-X a’+ab+b?

CHECK YOUR PROGRESS 4.7

1. Whichof thefollowing algebraic expressionsarerationa expressons?

2x—3 ..
4x -1 (i) X% +y?

(i)
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2\/§X2+\/§ . 2X2—\/;+3
(“')T V) =
1) 3 Notes
(V) 200++/11 (vi) (a+6)+b3
(vi)y'+3yz(y+2)+2 (vil) 5+ (a+3b)

2. For eachof thefollowing, citetwo examples:
(i) Arationd expressonisonevariable
(i) A rationa expressionistwo variables
(iii) A rationa expressionwhose numerator isabinomia and whosedenominator is
trinomid
(iv) A rational expression whose numerator isaconstant and whose denominator is
aquadratic polynomial

(v) A rationd expressionintwo variableswhose numerator isapolynomid of degree
3 and whose denominator isapolynomial of degree5

(vi) Analgebraic expressonwhichisnot arationa expression

4.6 OPERATIONS ON RATIONAL EXPRESSIONS

Four fundamental operationson rational expressionsare performed in exactly the same
way asin caseof rationa numbers.

(1) Addition and Subtraction of Rational Expressions

For observing the analogy between addition of rational numbers and that of rational
expressions, wetakethefollowing example. Notethat theand ogy will betruefor subtraction,
multiplication and divison of rational expressonsalso.

Example4.19: Findthesum:

15,3 L XAL x+2
(')6 8 (i) x-1 x+1
oution 243 o 5x4r3x3
ution: O T 24« CMof6and8.
2049
24
_2
24
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2X+1 x+2 (241 (x + 1)+ (x+2)(x -2)
() 1 %1 - (x=1)(x +1k—LCM of (x—1) and (x + 1)
22X 43X+ 1+ X2+ x -2
- x?-1
_ 3P +4x-1
X2l
Example4.20: Subtract ~— from
xamples.2o. ] 3X+1
ot -2 x-1 _ (x+1)(3x=2)—(x-1)(3x +1)
MO 3 11 x+1 N (3x+1)(x +1)

3%+ x-2-(3x%—2x-1))
- 3% +4x+1

o x-1

T 3% +4x+1
Note: Observethat the sum and difference of two rational expressionsarealso rationa
expressons.

Since the sum and difference of two rational expressions are rational expressions,
1 1 . : 1 .
X +;(X #0) and X —;(X # 0) arebothrationa expressionsasx and < arebothrational

3 1 2 1 3 1 - -
+—,X _F’X —F,etc. isarational

1
. — 2
expressions. Similarly, each of X +7,X ™

1 1
expression. These expresions createinterest asfor givenvaueof X+ M or X L we

> 1 5.1 5 1 . _
_F’X +?,X —Fetc.andmsomecasewce

versaa so. Let usconcentrate onthefollowing example.

1
. 2
candeterminevauesof X +7, X

Example4.21: Find thevaueof

1 . 1 1 . 1
i) X2+ = if x-==1 i) X' +— if x+==4
(i) 2 N (if) N N
1. 1 1 . 1
iy x == if x*+—==119 iv) X3 +—= if x+==3
(iii) N N (iv) 2 N
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x®—— if x—==5
V) 2 X
[ [ L Notes
Solution: (|)WehaveX—;=1

:>x2+i2—2><x><1=1
X X

:>x2+i2—2:1
X

Hence, x> +i2 =3
X

N 1
(ii) X+;—4

X

= (x +1j2 =(4)

:>x2+i2+2:16
X

:>x4+i4+2=196
X
So, x4+i4=194
X
2, 1
(i) Wehave X +7=119

2
= (x2f +(ij +2=119+2=121
X
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1
= x? +—=11 [since both x?and Z arepositive]

= x3+i3+3><x><1(x+lj=27
X X X

:>x3+i3+3(3):27
X

3+i3:18
X

1
(v) Wehave X—;=5

= x3 —%—3xxx1[x—1) =125
X X X

:x3—i3—3(5)=125
X

X - —140
X
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CHECK YOUR PROGRESS 4.8
1. Findthesum of rationa expressions. Notes
x2+1 x2-1 X+2 x—1
0) and (i) and
X—2 X—2 X+3 X—2
o x+1 and 1 o 3X+2 X—5
(iii) (x —1)? X+1 V) %16 (x +4)
X—2 and X+2 O X+2 and X—2
V) X+3 X+3 (vi) X—2 X+2
X+1 x? -1 3J2x +1 —2J2x+1
Vi and Vi and
( )x+2 x?+1 (vii) 3x? 2x2
2. Subtract
ox=1 X+4 Lo 2x =1 2x+1
(i) from (ii) from
-2 X+2 2X+1 2x -1
X+1
(iii) — fromx (iv) — from =
(V) 4 from —— (Vi) 2 (x2+2)
X+2 X—2 4x
* from AT-
(vii) 2(x2—9) (x+3 (vii) from ——
3. Findthevaueof
1 1 1 1
iya’+— when a+==2 iiya’+— when a—==2
(i) 2 a (ii) a2 a
1 1 1 1
iy a*+— when a+==2 iv) a+— when a+==5
(iii) 2 a (iv) 2° a
1 1 1 1
a’—— when a—==+/5 i) 8a% + when 2a+—=5
V) a’ a V5 (vi) 27a° 3a
(vii) a3+i3 when a+l:\/§ (Viii) a3+i3 when a2+i2:7,a>0
a a a a
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(ix) a—1 when a4+i4:727 (X) as—i3 when a“+i4:34,a>0
a a a a

Notes | (2) Multiplication and Division of Rational Expressions

2 5
You know that the product of two rational numbers, say, 3 and7 IS given as
EXE—ﬁ—Es larly, the product of two rational Paa B
37 37 2 milarly, the product of two rationa expressions, say, Q S

whereP, Q, R, S(Q, S#0) arepolynomialsisgivenby ~ Q S QS You may observe
that the product of two rational expressionsisagain arational expression.

Example4.22: Find the product:

_Bx+3 2x-1 O 2X+1 x-1
(i) X (i) X—
5bx-1 x+1 Xx-1 x+3

x2—7x+10><x2—7x+12
(i) (x—4)2 x—5

Slution S Bx+3 -1 (5x +3)(2x —1)
ution:. (I) By —1 —X+l = (5X—1)(X+1)
_10x*+x-3
©Bx%+4x-1
2x+1 x-1 (2x +1)(x -1)
(D) — = e Ay
x—1 x+3 (x-1)(x+3)
2X+1 )
=13 [Cancelling common factor (x —1) from
numerator and denominator]
Lo XE=TX+10 X2 —T7x+12 (x? —7x +10)(x? - 7x +12)
(iii) 7 X = 2
(x—4) x-5 (x—4)’(x-5)

_ (x=2)(x-5)(x-3)(x-4)
= (arx-9
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(x—2)(x-3)
(x-4)

[Cancelling commonfactor (x—4) (x—5) from numerator and denominator]

_ X?-5x+6
© x-4

Note: Theresult (product) obtained after cancelling the HCF from its numerator and
denominator iscalled theresult (product) in lowest termsor in lowest form.

2
You area sofamiliar with thedivision of arational number, say, 3 by arational number,

S. . 2 5 2.7 7. _ S5 . . .
say, 7 |sg|venas§+7=§><g whereg isthereciprocal of 7.S|mllarly, divisonof a
: . P : . R PR_PS
rational expresson 6 by anon-zerorationda expression S isgivenby 6T§_6XE

S R
whereP, Q, R, Sarepolynomiasand R isthereciprocal expression of S
Example4.23: Find thereciprocd of each of thefollowing rationa expressions:.

x2+20
x3+5x +6

(i) (i) —yzzzs (i) x+8

x*+20 s x®+5x+6
X*+5x+6 x*+20

Solution: (i) Reciprocal of

2_5 5_ 2
(ii)Reciprocdof—yZZXSis—yZy = 2;/

x3+8

(iii) Sincex®*+8=

: 5o
, thereciprocal of x3+8is NE

Example4.24: Divide:

x?+1 x—1

0] b
x-1 X+2

(ii) X1 y X" —Ax =5 and expresstheresultinlowest form
x?—25 7 x®+4x-5 P '
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Solution: 0 X+l x-1_ X2+1><X+2
' x-1 x+2 x-1 x-1
Notes (X*+1)x+2)  x®+22+x+2

(x -1y x> —2x+1

o x*-1  x*-4x-5_ (x* —1)x*+4x —5)
1)z 25 x2+4x-5 (x?-25)x*—4x-5)

(x=1)(x +1)(x +5)(x 1)

(x-1)
~ (x=5)(x-5)
[Cancdling HCF (x+1)(x+5)]
_oxP-2x+1
© x2-10x+25
Theresult ﬂ isinlowest form
x2—10x + 25 '

CHECK YOUR PROGRESS 4.9

1. Findtheproduct and expresstheresultinlowest terms:

O TX+2 " X+1 x3—1
M) 2x2+3x+1 7x*>-5x-2 (“) X +1 x*—-1
3x? —15x+18 17x+3 5x — 3 x+2
(iii) X— (iv)
-4 X —6X+9 5x+2 x+6
X +1 Xx+1 x3+1 x-1
V) X— 1 x?—x+1 (V) Xx-1 2x
(vn) X— 3 X2 —5x+4 (il )x —7x+12 X2 —2x-24
x?—2x-3 2_2x —3 x?-16
2. Findthereciprocal of each of thefollowing rationa expressions:
X242 3a
) x-1 (i) - 1 a
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ey H 4
(i) 12— x2 (iv) x*+1
3. Divideand expresstheresult asarationa expressioninlowest terms: Notes

0 x2+11x+18; X2 +7x+10 (i) 6x2+x -1 ;4x2+4x+1

x?—4x—117 x?-12x-13 2x2—7x-15  4x>-9
X2 HXx+1 x3-1 O X?4+2x=24 X?*-x-6
(i) + (iv) :

x2-9 x?—4x+3 x2—x—-12  x2-9

3x?+14x -5 3x*+2x-1 2 +x—=3 2x*+5x+3
+ Vi +
X?—3x+2 3x?-3x-2 W) (x=1)° x* -1

@m

e Specid products, given below, occur very frequently inagebra

v)

(i) (x +y)?=x2+2xy +y? (i) (x=y)?=x*—2xy +y?

(iii) (x +y) (x—y) =x*—y? (iv) (x+a) (x +b) =x*+ (a+ b)x +ab
(V) (ax +b) (cx +d) =acx? + (ad + bc) x + bd

(Vi) (X +y)*=x3+3xy(x +y) +y? (vii) (x —y)*=x*=3xy(x—y) —y*
(Viii) (x +y) (x*=xy +y?) =x°+y° (ix) (X=y) (X +xy +y?) =x°=y?

e Factorization of apolynomial isaprocess of writing the polynomial asaproduct of
two (or more) polynomials. Each polynomial intheproduct iscalled afactor of the
givenpolynomid.

e A polynomial issaidto be completely factorised if it is expressed as a product of
factors, which have no factor other thanitself, itsnegative, 1 or —1.

e Apart fromthefactorization based on the above mentioned specia products, wecan
factoriseapolynomial by taking monomia factor out whichiscommonto someor al
of thetermsof the polynomia using distributivelaws.

e HCF of twoor moregiven polynomiasisthe product of the polynomid of thehighest
degreeand greatest numerical coefficient each of whichisafactor of each of thegiven
polynomids.

e LCM of twoor moregiven polynomialsisthe product of the polynomia of thelowest
degree and the smallest numerical coefficient which are multiplesof corresponding
elementsof each of thegiven polynomials.
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e Analgebraicexpression, which can beexpressedintheform 6 wherePand Q are
polynomias, Q being anon-zero polynomial, iscaled arationa expression.
Notes

e Operationson rational expressionsare performedintheway, they are performedin
case of rational numbers. Sum, Difference, Product and Quotient of two rational
expressionsarea sorational expressions.

e Expressing arational expressioninto lowest termsmeans cancellation of common
factor, if any, from the numerator and denominator of therational exprssion.

H TERMINAL EXERCISE

1. Mark atick M against the correct dternative:
(i) If 120>—20° = 25p, then pisequal to

(A) 16 (B) 140 (C) 560 (D) 14000
(i) (2e¢+3)*—(2a¢—3)?isequal to

(A) 2422 (B) 24a (C) 722 (D) 72&
(i) (&2 + b?)? + (2 —b?)? isequd to

(A) 2(&+b? (B) 4(a2 + ?)

(C) 4(a + b* (D) 2(a* + b?)

1 1
(W) If m—a=—x/§, then mtﬁ isequal to

(A) O (B) 63 ©) -643 (D) -33
327x 327 -323x323
3274323 eddto
(A) 650 (B) 327 (C) 323 (D)4
(Vi) 8m*—n’isequal to:
(A) (2m—=n)(4m?—2mn + n?) (B) (2m—n)(4m?+2mn +n?)
(©) (2m—=n)(4m?—4mn + n?) (D) 2Mm—n)(4m? +4mn + n?)

467 x467x467+533x533%x533 . At
MI) 467467 — 467x533+ 533x 533 'SEALA 10

(A) 66 (B) 198 (C) 1000 (D) 3000
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(viii) The HCF of 36ab? and 90ah* is

(A) 36ab? (B) 18a%h?

(C) 90ab? (D) 180a°hb*
(ix) TheLCM of x*—1andx*—x —2is

(A) (x*-1) (x-2) (B) (x*-1) (x+2)

(€ (x=1)*(x+2) (D) (x +1)*(x-2)
(X) Which of thefollowing isnot arational expression?

(A) V33 ®) X+%

x—+/3
(©) 8% +6,y ©) (/3
2. Findeach of thefollowing products:
(i) (@ +an)(a@"—4) (i) (x+y +2)(x—y +2)
(iii) (2x + 3y) (2x + 3y) (iv) (3a—5b)(3a—5h)
(V) (5x + 2y) (25x2—10xy +4y?) (vi) (2x —5y) (4x2+ 10xy + 25y?)
5 4

(vii) (a+ Zj(a+ g} (viii) (222 + 3)(22>-5)
(ix) 99 x 99 x 99 (x) 103 x 103 x 103
(xi) (@a+b-5) (a+b-6) (xii) (2x + 72) (2x + 52)

3. Ifx=a—bandy =b-c, show that
(a—c) (a+c—2b) =x>—y?

4. Findthevalueof 64x3—1252°if 4x —5z=16and xz=12.

5. Factorise:
(i) X7 y® + x2y2 (i) 3a°h—243a®
(iii) 3a8 + 12 a'b? + 12 &b? (iv) & —8a?b® + 16 b°
(V) 3x*+12y* (vi)x®+14x4+81
(vii) x>+ 16x + 63 (viii) x2=12x + 27
(iX) 7x%+ xy —6y? (X) 5x>—8x —4
(xi) x6—729y* (xii) 1252° + 64b°

6. FindtheHCF of

() x*—x®and x*—x’
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Special Productsand Factorization

(i) 30(x*—3x + 2) and 50(x? — 2x + 1)
7. FindtheLCM of

(i) x*+ydandx>—y?

(if) x* + x?y? + y*and x* + Xy +y?

8. Performtheindicated operation:

X+1 1
+

O x-17 "x+1

2x2+2x—7_ x—1

ii
0 X24+X-6 x-2
. x—1x3x+1
(i) X—-2 x’-4
. X?’-1 x%*-4x-5
(iv) — 5
X°=25 X“+4x-5
0. Smpify: B 2 B 4 B 8
- MY T a1 @41 at+1
Hint: - 2 = 4 ; bi tt d
[Hint: a1 arl a?_1nowcombinenextterman soonj

X+1 x-1
10.1f m=—— and n=——findm2+n2—mn.
1 X+1

[ ]
‘ = ANSWERS TO CHECK YOUR PROGRESS

4.1
1. (i) 25%x*+20xy +Yy? (i) x2—6x +9 (i) &0? + 2abcd + C°?
x* 2 2 1.1
V) 4x2— 2 4+ =x+1 ) Ry
(iv) 4x2—20xy + by (v) 53 (vi) 7 3%
. 2,25
(vii) & —25 (viii) x?y?—1 (ix) X +EX+1
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4 , 25, . .
x) iy -1 (xi) 6x2+ 13xy +6y?  (xii) 21x?+ 8xy —5y?
2. (i)40x? (i) 226+ 18 (iii) 2(a8x? + b?y?) (iv) 32p°c? Notes
3. (i) 10404 (i) 11664 (iii) 4761 (iv) 996004
(v) 6384 (vi) 22451 (vii)89964  (viii) 249936
(ix) 11445 (x) 5621 (xi) 8930 (xii) 989028
4.2
1. (i) 27x3+ 36x2%y + 36xy? + 64y® (i) p*—3p?qr + 3pg’re—g’r?
ab® b’ a® ab
3 2b @ v . ___+ab2_b3
(i) a”+a’b+ 3 +27 (iv) 7" 3
(v) a—6+1a“b2 £ 2oty S (vi) o’ —ga“b3x6y2 +4a°b°x°y* —8b%y°
8 2 3 27 27 3
2. (i)512 (i) 1728 (iii) 5832 (iv) 12167 (v) 148877
(vi) 110592(vii) 357911 (viii) 328509 (ix) 912663  (x) 970299
3. (i))8xe+y? (i) x*-8 (iii))x3+1
1
(iv) 8y3—2726 (V) 64x3+ 27y3 (vi) 27x° ~313 y?
4. ()100  (ii)1115
5. (i) 15616 (ii 21027
. () (i) 125
6. (i) 120x2+250  (ii) 1000y (iii) 19x3—19y® (iv)—117x3-126
7. (i) 1000 (i) 444
4.3
1. 5x(2y —32) 2.abc (c—h)
3. 3p(2p —5q +9) 4. (b-c) (@—-b)
5. (4x —y)? (8ax —2ay — h) 6. X (X +Y) (X2—Xxy +Vy?)
7.25(2 + 5p) (2—5p) 8. (L+16y*) (1+4y?) (1+2y) (1-2y)
9.(5x+1) (1-x) 10. (& + bc+ ab + ac) (& + bc—ab —ac)
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11. (5x+ 6y —1) (bx—6y — 1) 12. (7x -y +1)(7x -y -1)
13. (M + 7)? 14. (2x — 1)
2 3_AN\2
Notes 15. (6a+ 5) 16. (x3—4)

17. (@ + 72+ 1) (&+3a+ D@ —-3a+1)

18. (2& + 6ab + 9b?)(2a2 — 6ab + 9b?)

19. (X2 + 2x + 2)(x2—2x + 2)

20. (322 + 5a+4)(32 —5a+4)  21.(i) 40(ii) 57200

4.4

1. (a+6b) (&¢—6ab + 36b%) 2. (a-7) (&+ 7a+49)

3. (x+4y)d 4. (2x—3y)®

5. (2x-5y)® 6. (4k — 3)®

7. (9x2—2) (81x* + 18x2 + 4) 8.x2(L+Yy?) (L—y2+Yy9)

9. 2a(2& —3b?) (4e® + 6ath? + 9b%) 10.(3b—a—1) (?+3ab+3b+ & +a+l)

11. (2a— 3b + 4c)(4a + 9b? — 6ab —8ac + 12bc + 16 2
12. (4x — 2y +1)(16x? + 8xy —4x + 4y>— 4y + 1)

4.5

1. (x+3)(x+8) 2. (x—=6y) (x—-9y) 3. (x+3)(2x-1)

4.2(x—2y)(3x +y) 5 (2x*+1) (x+1) (x-1) 6. (X + 15y) (x —2y)

7.(x+2)(2x+7) 8.(2y—-3)(5y-2) 9.(x—-1) (2x+1)

10. (12—-m) (m+9) 11. (2a—b-6)(2a—b+5) 12.(9y—-7)(5x +vY)

4.6

1. (i) 3xy? (i) 12y3x® (i) (x+1)? (iv)x+2 (V) 6(x +2)
(vi) (x +5)? (vii) (2x=5)? (viii))x*=1  (ix)x-=y (x)6(x—-1)

2. (i) 75¢%y? (ii) 240x3y* (i) (x=1) (x+1)°

(iV)X2+4x+4 (V) 72(x+22 (x*—2x+4)  (vi) (x+ 1A x+5)*
(vii) (x—4) (x + 4)3(2x-5)3 (vii)x*=1 (X)) x=D(x+1)(x*+x+1)
(X) 18(x—1)(x—2)(x—3)
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4.7
1. (i), (i), i), (v), (vii) and (viii)
4.8 Notes
2x2 22X+ 2x -7 2x2+2
) X—2 (i) x> +X—6 (i) X2 —x®—x+1
) 4x* +5x + 28 W 2x i) 2x%+8
x3 +4x? —16x + 64 X+3 X2 —4
o 2X3+3x%-1
(vii) X3+ 2X%+X+2 (viid 6x2
. X—6 .. 8X Lo xP=1
. 2=X x2+2 2+
(iv) 2 _x (V) X—4 (vi) (X2+2)2
B x*—15x +16 o 1-x
(Vi 2(x®+3x? —9x - 27) Vi 7%
3 ()2 (i) 6 (iii) 2 (iv) 110 (v) 8415
(vi)115  (vii)0 (viii) 18 (ix) £5 (x) 14
4.9
. o xXPexP+1 .. 51x+9
L0 X% —x-1 1) X®+x*+x%+1 (i) 2x—6
W) 5X° +7x—6 v X2+ x2+x+1 i) x3+1
5x? +32x+12 X3 —2x2+2x -1 2X
(vii) il (wviii) ol
.ox-1 . a-1 XA +2x-1 _ 1
2.() X% 42 (i) 3a (”I)f (i) x*+1
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N o

10.

Special Productsand Factorization

L 6x°—11x +3 L

0 2x?—9x -5 D343
2x? +11x+5 :

V) ez (vi)1

[ ]
‘ I ANSWERS TO TERMINAL EXERCISE

()C (DA (i)D (VA (WD (i)B (i)C (ii)B (ix)A (x)C

(i) & — g
(iv) 922 — 30ab + 2517

(vii) @ +g—éa+1

(x) 1092727
15616

(i) Xy*(1 + x*y*)
(iii) 3a8(a2 + 2b7)?
(V) 3(x*+2xy +2y?)
(Vi) (X +9)(x + 7)
(iX) (X +y)(7x —6y)

(i) x2=y2+4x+4  (iii) 4x2+ 12xy + 9y?
(v) 125x3 + 8y® (vi) 8x3—125y?3

(Vi) 42*—422—15  (ix) 970299

(xi) &+ 2ab—11a+ 30 (xii) 4x%+ 24xz + 3522

(ii) 3ab(a—3b) (a+ 3b) (&2 + 9?)
(iv) (2 —4b%?

(Vi) (x*=2x2+9)(x* + 2x2 + 9)
(viii) (x—=3)(x—9)

X)(x=2) (5x+2)

(xi) (x=3y) (X + 3y)(x*—3xy + 9y?) (x* + 3xy + 9y?)
(xii) (522 + 4b?)(25a — 208207 + 16br)

() x3(1—x)
(i) (€ =y?) (x> =xy +y?

0 2x2 42
x3—x?—x+1
3x?—-2x-1

x3+2x%—4x -8

(i)

16
a®-1

x*+14x°% +1
x*—2x2+1

(i) 10(x—1)
(i) x*+x2y? +y*
X+2

(i) S =

X+3

X2 —=2x+1

V) 2 10x+ 25
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LINEAR EQUATIONS

You have learnt about basic concept of avariable and aconstant. You have also learnt
about a gebrai c exprssions, polynomia sand their zeroes. We come across many Situations
such assix added to twice anumber is20. To find the number, we have to assumethe
number asx and formul ate arelationship through which we can find the number. We shall
seethat theformulation of such expression leadsto an equationinvolving variablesand
congtants. Inthislesson, you will study about linear equationsin one and two variables.
Youwill learnhow toformulatelinear equationsin onevariableand solvethemagebraicaly.
Youwill alsolearnto solvelinear equationsin two variablesusing graphical aswell as
algebraic methods.

After studying thislesson, youwill beableto

identify linear equations from a given collection of equations;

e cite examples of linear equations,

e writealinear equation in one variable and also give its solution;
e cite examples and write linear equations in two variables;

e draw graph of a linear equation in two variables;

e find the solution of a linear equation in two variables;

e find the solution of a system of two linear equations graphically as well as
algebraically;

e Trandatereal life problemsin terms of linear equationsin one or two variables
and then solve the same.

EXPECTED BACKGROUND KNOWLEDGE

e Concept of avariableand constant
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e Algebraic expressonsand operationsonthem

e Concept of apolynomial, zero of apolynomial and operationson polynomials

NeoCR 51 | INEAR EQUATIONS

You aredready familiar with the algebrai c expressionsand polynomias. Thevalueof an
algebraic expression depends on the values of thevariablesinvolvedit. You havea so
learnt about polynomia inonevariableand their degrees. A polynomiasinonevariable
whosedegreeisoneiscaledalinear polynomial inonevariable. When two expressions
are separated by an equality sign, itiscalled anequation. Thus, inanequation, thereis
alwaysan equaity sign. Theequality sign showsthat the expressionto theleft of thesign
(theleft had sideor LHS) isequal to theexpression to theright of thesign (theright hand
sideor RHS). For example,

3x+2=14 (1)
2y—3=3y+4 (2
2-32+2=0 (3
x+2=1 (%)

ared| equationsasthey contain equdity signand a so containvariables. In (1), theLHS=
3x +2and RHS= 14 and thevariableinvolvedisx. In(2), LHS=2y -3, RHS=3y +4
and both arelinear polynomiasinonevariable. In (3) and (4), LHSisapolynomial of
degreetwo and RHSisanumber.

You can also observethat inequation (1), LHSisapolynomial of degreeoneand RHSis
anumber. In (2), both LHSand RHS arelinear polynomialsandin (3) and (4), LHSisa
quadratic polynomial. The equations (1) and (2) arelinear equationsand (3) and (4) are
not linear equations.

In short, an equationisacondition on avariable. The condition isthat two expressions,
i.e.,, LHSand RHSshould beequal. Itisto be noted that atleast one of thetwo expressions
must containthevariable.

It should be noted that the equation 3x —4 =4x + 6isthesameas4x + 6=3x —4. Thus,
an equation remainsthe samewhen the expressionson LHS and RHS areinterchanged.
Thisproperty isoften usein solving equations.

An equation which containstwo variables and the exponents of each variableisoneand
hasno terminvolving product of variablesiscalled alinear equationin two variables. For
example, 2x + 3y =4and x —2y + 2=3x +y + 6 arelinear equationsin two variables.
Theeguation 3x?+y =5isnot alinear equationintwo variablesandisof degree 2, asthe
exponent of thevariablexis2. Also, theequation xy +x = 5isnot alinear equationintwo
variablesasit containstheterm xy which isthe product of two variablesx andy.

The general form of alinear equation inonevariableisax + b=0,a#0,aandb are
constants. Thegenera form of alinear equationintwo variablesisax + by + c=0where
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a, band c arereal numberssuch that at atleast one of aand b isnon-zero.

Example5.1: Which of thefollowing arelinear equationsin onevariable?Alsowritether
LHSand RHS.

() 2x+5=8
(i) 3y—z=y+5
(i) x*—2x=x+3
(iv) 3x—=7=2x+3
(V) 2+4=5+1
Solution:
() Itisalinear equationinx astheexponentof xisl. LHS=2x+5and RHS=8

(i) Itisnotalinear equationinonevariableasit containstwo variablesy and z. Here,
LHS=3y-zandRHS=y +5

(iii) Itisnot alinear equation ashighest exponent of x is2. Here, LHS=x?—2x and RHS
=X +3.

(iv) Itisalinear equationin x asthe exponent of x in both LHSand RHSisone.
LHS=3x-7,RHS=2x+3

(v) Itisnotalinear equation asit doesnot contain any variable. Here LHS=2+ 4 and
RHS=5+1.

Example5.2: Which of thefollowing arelinear equationsintwo variables.
()2x+z=5
(i)3y—2=x+3
(i) 3gt+6=t-1

Solution:

(i) Itisalinear equationintwo variablesx and z.

(i) Itisalinear equationintwo variablesy and x.

(iii) 1tisnot alinear equationintwo variablesasit containsonly onevariablet.

CHECK YOUR PROGRESS 5.1

1. Whichof thefollowing arelinear equationsin onevariable?
(i)3x—-6=7
(i)2x—1=3z+2
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(iii)5-4=1
(iv)y?=2y-1
2. Whichof thefollowing arelinear equationsintwo variables:
() 3y—-5=x+2
(i) x*+y=2y-3
(iiiyx+5=2x-3

5.2 FORMATION OF LINEAR EQUATIONS IN ONE
VARIABLE

Congder thefollowing Stuations.

(i) 4morethanxis1l
(i) A numberydividedby 7 gives2.

(iii) Reenahassome appleswith her. Shegave5 applesto her sister. If sheisleft with 3
apples, how many apples she had.

(iv) Thedigit at tensplaceof atwo digit number istwotimesthedigit at unitsplace. If digits
arereversed, thenumber becomes 18lessthantheorigind number. What istheorigina
number?

In (i), the equation can bewritten asx + 4 = 11. You can verify that x = 7 satisfies the
equation. Thus, x = 7isasolution.

In(ii),theequationis% =2,

In(iii), You can assumethe quantity to befound out asavariablesay x, i.e., let Reenahas
x apples. Shegave 5 applesto her sister, hence sheisleft with x —5 apples. Hence, the
required equation can bewrittenasx —5=3, or x = 8.

In(iv), Let thedigit intheunit place bex. Therefore, thedigit inthetens place should be
2x. Hence, thenumber is

10 (2x) + x = 20x + x = 21X

Whenthedigit arereversed, thetens place becomesx and unit place becomes 2x. Therefore,
thenumber is10x + 2x = 12x. Sinceorigind number is 18 morethan the new number, the
equation becomes

21x —12x =18
or Ox =18
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CHECK YOUR PROGRESS 5.2
Formalinear equation using suitablevariablesfor thefollowing Stuations: Noies

1. Twiceanumber subtracted from15is7.

N

A motor boat uses0.1 litres of fuel for every kilometer. One day, it madeatrip of x
km. Forman equationinx, if thetotal consumption of fuel was 10 itres.

w

Thelength of rectangleistwiceitswidth. The perimeter of rectangleis96m. [Assume
width of rectangleasy m]

>

After 15 years, Salmawill befour timesasold assheisnow. [ Assume present age of
Salmaast years)

5.3 SOLUTION OF LINEAR EQUATIONS IN ONE
VARIABLE

Let usconsider thefollowing linear equationinonevariable,
X—3=-2
Here LHS=x-3andRHS=-2

Now, weevauate RHS and LHS for somevaluesof x

X LHS RHS
0 -3 -2
1 -2 -2
3 0 -2
4 1 -2

Weobservethat LHS and RHS areequal only when x = 1. For al other valuesof x, LHS
# RHS. We say that thevalue of x equal to 1 satisfiestheequation or x = 1isasolution
of theequation.

A number, which when substituted for the variablein the equation makesLHS
equal toRHS, iscalled itssolution. We can find the sol ution of an equation by trial and
error method by taking different val uesof thevariable. However, weshal learn asystematic
way to find the solution of alinear equation.

An equation can be compared with abaancefor weighing, itssidesaretwo pansand the
equality symbol ‘=" tellsusthat thetwo pansarein balance.

We have seen theworking of balance, If we put equal (and hence add) or remove equal
weights, (and hence subtract) from both pans, the two pansremainin balance. Thuswe
cantrandatefor an equation in thefollowing way:
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1. Addsamenumber to both sides of the equation. : }
2. Subtract samenumber from both sides of the equiation.
3. Multiply both sides of the equation by the same non-

LHS

zeronumber.

4. Divide both sides of the equation by the same non-

zeronumbey. RHS
We now consider someexamples: Fig5.1
Example5.3: Solve5+x =8.

Solution: Subtracting 5 from both sides of the equation.

We get 5+x-5=8-5
or X+0=3
or Xx=3

So, x = 3isthesolution of the given equation.

Check: Whenx=3,LHS=5+x=5+3=8and R.H.S.=8.
Therefore, LHS=RHS.

Example5.4: Solvery—-2=7.
Solution: Adding 2 to both sides of the equation, we get
y—2+2=T7+2
or y=9

Hence, y = 9isthe solution.

Check: Wheny =9, LHS=y-2=9-2=7and RHS=7. Therefore, LHS=RHS.
Example5.5: Solve: 7x+2=8.
Solution: Subtracting 2 from both sides of the equation, we get

X+2-2=8-2

or 7X=6
> 6 .

or - =3 (dividing both sidesby 7)
_5

or X=-

6
Therefore, x = 7 isthesolution of theequation.
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Example5.6: Solve: %—3= 9
Solution: Adding 3 to both sidesof the equation, we get
Notes
ﬂ—3+3:9+3
2
3y _
or 5 = 12
3y o .
or 5 x 2=12x 2 (Multiplying both sidesby 2)
or y=24
3y _24 . . _
or 3" 3 (Dividing both sidesby 3)
or y=8

Hence, y = 8isthesolution.
Exampleb5.7: Solvetheequation 2(x + 3) =3(2x —7)
Solution: Theequation can bewritten as
2X+6=6x—-21
or 6Xx—-21=2x+6 [Interchanging LHSand RHS]
or 6x—21+21=2x+6+21 [Adding21onbothsides|
or 6X = 2x +27

or B6X — 2X = 2X +27 — 2X [Subtracting 2x from both sides]
or ax =27

_z
or X="

27
Thus, x = v isthesolution of theequation.

Note:

1. Itisnot necessary to writethe detailsof what we are adding, subtracting, multiplying
or dividing eachtime.

2. Theprocessof takingatermfrom LHSto RHSor RHSto LHS, iscalled transposing.

3. When we transpose a term from one side to other side, sign ‘+ changesto ‘-,
i_’ tO ‘ +1 .
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4. A linear equation in one variable can be written asax + b =0, whereaand b are

b
constantsand x isthevariable. Itssolutionis X= 3 az0,

Notes | Example5.8: Solve3x—5=x +3
Solution: Wehave  3x-5=x+3
or 3X=X+3+5
or 3X—Xx=8
or 2x=8
or X=4

Therefore, x =4 isthe solution of the given equation.

CHECK YOUR PROGRESS 5.3

Solvethefollowing equations:
1. x-5=8
2. 19=7+y
3. 3z+4=5z+4
4. Ey +9=12
3
5 5(x-3)=x+5

5.4 WORD PROBLEMS

You havelearnt how to form linear equationsin onevariable. Wewill now study some
applicationsof linear equations.

Example 5.9: The present age of Jacob’s father is three times that of Jacob. After 5
years, thedifference of their ageswill be 30 years. Find their present ages.

Solution: Let the present age of Jacob bex years.
Therefore, the present age of hisfather is3x years.
After 5years, the age of Jacob = (x + 5) years.
After Syears, the age of hisfather = (3x + 5) years.

Thedifferenceof their ages=(3x + 5) —(x + 5) years, whichisgivento be
30vyears, therefore
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3X+5—-(x+5)=30
or 3X+5-x-5=30
or 3xX—-x=30
or 2% =30 Notes
or x=15

Therefore, the present age of Jacob is 15 years and the present age of hisfather = 3x
=3x15=45years.

Check: After 5years, age of Jacob =15+ 5=20years
After Syears, age of hisfather =45+ 5=50years
Difference of their ages=50—-20=30years
Example5.10 : Thesum of three consecutive even integersis 36. Find theintegers.
Solution: Letthesmallest integer bex.
Therefore, other two integersarex + 2and x + 4.
Since, their sumis 36, wehave
X+(x+2)+(x+4)=36
or 3X+6=36
or 3Xx=36-6=30
or x=10
Therefore, therequired integersare 10, 12 and 14.

Example5.11: Thelength of arectangleis3 cm morethanitsbreadth. If itsperimeter is
34 cmfinditslength and breadth.

Solution: L et the breadth of rectanglebex cm

Therefore, itslength=x+ 3

Now, since perimeter =34 cm

Wehave 2(x+3+x)=34
or 2X+6+2x=34
or 4x=34-6
or 4x =28
or X=7

Therefore, breadth=7 cm, and length=7+3=10cm.
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CHECK YOUR PROGRESS 5.4

1. Thesumof twonumbersis85. If onenumber exceedstheother by 7, find the numbers.

2. Theageof father is20 yearsmorethan twicetheageof the son. If sum of their agesis
65 years, find the age of the son and the father.

Thelength of arectangleistwiceitsbreadth. If perimeter of rectangleis66 cm, find its
length and breadth.

w

»

2
Inaclass, thenumber of boysis 5 of thenumber of girls. Find thenumber of girlsin
theclass, if the number of boysis10.

5.5 LINEAR EQUATIONS IN TWO VARIABLES

Nehawent to market to the purchase pencilsand pens. The cost of onepencil isRs2 and
cost of one penisRs4. If she spent Rs50, how many pencilsand pens she purchased?

Since, wewant to find the number of pencilsand pens, let usassumethat she purchased x
pencilsandy pens. Then,

Cost of x pencils=Rs2x
Costof y pens=Rs4y
Since, total cost in Rs50, we have
2x +4y =50 (1)
Thisisalinear equationintwo variablesx andy asitisof theformax +by +c=0

Weshall now takedifferent valuesof x andy to find the solution of the equation (1)

1. Ifx=1,y=12,thenLHS=2x1+4x%x12=2+48=50and RHS=50. Therefore,
x=1andy=12isasolution.

2. Ifx=3,y=11,thenLHS=2%x3+4x 11 =50and RHS=50. Therefore, x =3,y
=1lisalsoasolution.
3. Ifx=4,y=10,thenLHS=9%x4+4x10=48and RHS=50. Therefore, x =4,y

=10isnot asolution of the equation.

Thus, alinear equation intwo variables has more than one sol ution.
We have seenthat alinear equationinonevariable*x’ isof theformax +b=0,a=0. It

_ b . . . .
hasonly onesolutioni.e., X = 3 However, alinear equationintwovariablesx andy is

of theform
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ax+hby+c=0 (1)

wherea, b and c are constantsand atleast one of aor bisnon-zero. Let a= 0, then (1) can
bewrittenas

ax=—hy-c

b ¢

o X=-—y-—
a~ a

Now, for each value of y, we get a unique value of x. Thus, alinear equation in two
variableswill haveinfinitely many solutions.

Note: Alinear equationax + c=0, a# 0, can be considered asalinear equationintwo
variablesby expressingit as

ax+0y+c=0

i.e., by taking the coefficient of y aszero. It still hasmany solutionssuch as

x=-2,y=0; x=-C,y=1gc
a a

c
i.e., for eachvalueof y, thevalueof x will beequal to 3

Example5.12: Thesum of twointegersis 15. Formalinear equation in two variables.

Solution: Letthetwointegersbex andy. Therefore, their sum=x +y. Itisgiventhat the
sumisi1s.

Hence, required equationisx +y = 15.

Example5.13: For the equation 4x —5y = 2, verify whether (i) x =3,y =2and (ii) x =
4,y = 1laresolutionsor not.

Solution: () Wehave 4x-5y=2
Whenx =3,y =2, LHS=4x-5y=4x3-5x%x2
=12-10=2
=RHS

Therefore, x = 3, y = 2isasolution of the given equation.
(i) Whenx=4,y=1, LHS=4x4-5x1=16-5=11
But RHS=2. Therefore, LHS# RHS

Hence, x =4,y = 1lisnot asolution.
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CHECK YOUR PROGRESS 5.5

1. Formlinear equationsintwo variablesusing suitable variablesfor theunknowns.
(i) Theperimeter of arectangleis98 cm. [Takelength asx and breadth asy.]
(i) Theageof fatheris 10 years morethan twicethe age of son.
(i) A number is10 morethan the other number.
(iv) Thecost of 2kg applesand 3 kg orangesisRs. 120. [ Takex andy asthe cost per

kg of applesand orangesrespectively.]

Write Trueor Falsefor thefollowing:

2. x=0,y=3isasolution of theequation

X+2y-6=0

x =2,y =5isasolution of theequation

5x+2y =10

5.6 GRAPH OF A LINEAR EQUATION IN TWO VARIABLES

Youwill now learn to draw the graph of alinear equation intwo variables. Consider the
equation 2x + 3y =12. It can bewritten as

2x =123y or 3y = 12— 2x

w

12-3y  ,_12-
2 3

Now, for each valueof y or for each value of x, we get aunique corresponding value of x
ory. Wemakethefollowing tablefor thevalues of x and y which satisfy the equation:

2x+3y=12
X 0 6 3 9 -3
y 4 0 2 -2 6

Thus, x=0,y=4;x=6,y=0;x=3,y=2;x=9,y=-2;x=-3,y =6 areal solutions
of thegiven equation.

We write these solutions as order pairs (0, 4), (6, 0), (3, 2), (9,—2) and (— 3, 6).

Here, first entry givesthevaueof x and the corresponding second entry givesthevalue of
y. Wewill now learnto draw the graph of thisequation by plotting these ordered pairsin
aplane and then join them. In the graph of 2x + 3y = 12, the points representing the
solutionswill beonalineand apoint whichisnot asolution, will not lieonthisline. Each
point aso called orderd pair, which liesonthelinewill give asolution and apoint which
doesnot lieonthelinewill not beasolution of the equation.
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Todraw thegraph of alinear equationintwo variables, wewill first plot these pointsina
plane. We proceed asfollows:
Sep 1: Wetaketwo perpendicular linesX'OX and Y OY ' intersecting at O. Mark thereal
numbers on X'OX and YOY' by v Notes

consdering themasnumber lineswiththe
point O asthereal number 0 asshownin
Fig5.2. Thesetwo linesdividetheplane 4
into four parts, called first quadrant, 3T
second quadrant, third quadrant and 2
fourth quadrant. The number line X'OX 1

is called x-axis and the line Y'OQY is X X
caled y-axis. Since, we havetaken x- ~ <—+—+———5—+—+—1—

: : . -4 -3 -2 -1 1 2 3 4
axis and y-axis, perpendicular to each 1+
other in a plane, we call the plane as 1
coordinate plane or cartesian planein =
the honour of French mathematician 3T
Descartes who invented this system to 4T
plot apointinthe plane.

v

Sep 2: To plot apoint say (3, 2), take
thepoint 3onx-axisand throughthispoint, Fig5.2

draw aline 'l' perpendicular to x-axis

(i.e. paralel toy-axis). Now take the point 2 on y-axis and through 2, draw aline'm’
perpendicular toy-axis(i.e. parallel tox-axis) tomeet | at P. The point Prepresentsthe
point (3, 2) ontheplane.

Y'A A
a7
A 2R R ,P ----------------
1 (3,2)
1T 5
X‘A 1 1 [ L i L 5
) 1 1 1 1 ] 1 >
2-11%1 2 3 4
v v
Y
Fig.5.3

Note1: It may be noted that, for the ordered pair (a, b), aiscalled x-coor dinateand b
iscalledy-coor dinate.
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Note 2: Every point on x-axis can bewritten as (g, 0) i.e. itsy-coordinateis zero and
every point ony-axisisof theform (0, b) i.e,, itsx-coordinateis zero. The coordinates of
thepoint O are (0, 0).

Note3: Inthefirst quadrant, both x and y coordinatesare positive, in the second quadrant,
x coordinate is negative and y coordinate is positive, in the third quadrant both x and
y coordinates are negative and in the fourth quadrant, x-coordinate is positive and
y-coordinateisnegative.

Example5.14: Represent the point (-2, 3) in the coordinate plane.

Solution: Draw x-axisand y-axisontheplane

and mark the pointson them. Tekethe point— A p

2 on x-axisand draw thelinel parallel toy-

axis. Now takethe point 3ony-axisand draw 14

theline'm' parallel to x-axisto meet | at P. 4--5} ---------- e B > m
Thepoint Prepresent (-2, 3), wesay (2, 3) 1

are coordinates of the point P L

Youwill nowlearntodrawthegraphofalinear x| | | o, X
equation intwo variables. It should be noted 3 —25 1 91 2 3
that thegraph of linear equationintwovariables R

isalineand the coordinates of every point on Fig5.4

theline satisfiesthe equation. If apoint does
not lieon the graph then its coordinates will
not safisfy the equation. You &l so know that from two given points, oneand only oneline
can bedrawn. Therefore, it issufficient to take any two points, i.e., valuesof thevariables
x and y which satisfy the equation. However, it issuggested that you should takethree
pointsto avoid any chance of amistake occurring.

Example5.15: Draw the graph of the equation 2x —3y = 6.

Solution: Now chooseva uesof x andy which satisfy the equation 2x —3y = 6. It will be
easy towritetheequation by transformingitin any of thefollowingform

2x=3y+60r3y=2x-6

3y+6 2X—6
or sz

Now by taking different valuesof x or y, you find the corresponding valuesof y or x. If we

2Xx-6
takedifferentvaluesof xin 'y = 3 weget corresponding valuesof y. If x =0, weget

y=—2,x=3givesy=0andx =—3givesy =—4.

= X=

You can represent thesevaluesin thefollowing tabular form:
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X 0 3 =3

y | =20 | -4

The corresponding pointsin the planeare (0, —2), (3, 0) and (-3, —4). Youcannow plot | Notes
these pointsand join themto get thelinewhi ch representsthe graph of thelinear equation
asshown here.

Notethat al thethree pointsmust lieon theline.

Fig5.5

Example5.16: Draw the graph of theequation x = 3.

Solution: It appearsthatitisalinear equationinonevariablex. You can easily convert it
intolinear equationintwo variablesby writingit as

x+0y=3
Now you can havethefollowing tablefor valuesof x andy.
X 3 3 3
y 3 0 1

Observethat for each value of y, thevaue of x isalways 3. Thus, required points can be
takenas(3, 3), (3,0), (3,1). ThegraphisshowninFig. 5.6.
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Y
A A
C(3,3,
31 (3.3)
2 -
™
1- 4 B3, 1) n
A(3,0 =
X < . — > X
1 2 3 4
\ 4 \
YI
Fig.5.6

CHECK YOUR PROGRESS 5.6

1. Potthefollowing pointsinthecartesian plane:

(1) (3,9 (i) (-3,-2) (iii) (-2, 1)
(iv) (2,-3) (v) (4,0) (vi) (0, -3)
2. Draw thegraph of each of thefollowing linear equationsintwo variables:
(i()x+y=5 (ii)3x+2y=6
(iii)2x+y=6 (iv)5x+3y=4

5.7 SYSTEM OF LINEAR EQUATIONS IN TWO VARIABLES

Nehawent to market and purchased 2 pencilsand 3 pensfor I 19. Mary purchased 3
pencilsand 2 pensfor X 16. What isthe cost of 1 pencil and 1 pen? If the cost of one
pencil isT x and cost of one pen isX y, then the linear equation in case of Nehais
2x+ 3y =19andfor Mary itis3x + 2y = 16. Tofind the cost of 1 pencil and 1 pen, you
haveto find thosevaluesof x and y which satisfy both theequations, i.e.,
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2x+3y =19
3x+2y=16
Thesetwo equationstaken together are called system of linear equationsin two variables

andthevauesof x andy which satisfy both equationss multaneoudy iscalled thesolution. Notes

Therearedifferent methodsfor solving such equation. These are graphical method and
algebraic method. You will first learn about graphical method and then a gebraic method
for solving such equations.

5.7.1 Graphical method

Inthismethod, you haveto draw the graphsof both linear equations on the samegraph
sheet. The graphsof the equationsmay be

(i) Intersectinglines: Inthiscase, thepoint of intersection will be common solution of
both s multaneousequations. Thex-coordinatewill givethevaueof x andy-coordinate
will givenvaueof y. Inthiscase sysemwill haveaunique solution.

(i) Concident lines: Inthiscaseeach point on the common linewill givethesolution.
Hence, system of equationswill haveinfinitely many solutions.

(ii) Parallel lines: Inthiscase, no point will becommon to both equations. Hence, system
of equationswill have no solution.

Example5.17: Solvethefollowing system of equations:
x-2y=0 (1)
3x+4y =20 (2

Solution: Let usdraw the graphsof theseequations. For this, you need atleast two solutions
of each equation. Wegivethesevauesinthefollowing tables.

X—2y =0 3x +4y =20
X 0 2 —2 X 0 4 6
y 0 1 -1 y 5 2 12

Now plot these points on the same graph sheet asgiven below:

Thetwo graphsintersect at the point Pwhose coordinatesare (4, 2). Thusx =4,y =2is
thesolution.

You can verify that x =4, y = 2 satisfiesboth the equations.
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vY'
Fig.5.7
Example5.18: Solvethefollowing system of equations:
X +y=8 (1)
x-y=1 (2

Solution: To draw the graph of these equation, make thefollowing by selecting some
solutionsof each of theequation.

X+y=8 2xX-y=1
X 3 4 5 X 0 1 2
y 5 4 3 y -1 1 3

Now, plot the points (3, 5), (4, 4) and (5, 3) to get the graph of x + y =8 and (0, -1),
(1, 1) and (2, 3) to get the graph of 2x —y = 1 on the same graph sheet. Thetwo lines
intersect at the point Pwhose coordinatesare (3, 5). Thusx = 3,y =5, isthe solution of
the system of equations. You can verify that x = 3, y = 5 satisfies both equations
smultaneoudy.
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Fig.5.8
Example5.19: Solvethefollowing system of equations:
X+y=2 (1)
2X+2y=4 -(2)
Solution: First maketablesfor some solutionsof each of the equation.
X+y=2 2X+2y=4
X 0 2 1 0 2
y 2 0 1 2 0
Now draw the graph of these AY
equations by plotting the .,
corresponding points.
2%+
You can seethat graph of both the 3 ¥y .
equations is the same. Hence, SN
system of equationshasinfinitely X , 7 R
many solutions. For example, ol 1 >
Xx=0,y=2;x=1y=1,x=2, =37
y = 0 etc. You can also observe 241
that these two equations are
essentialy the sameequation. 11
vyY'
Fig.5.9
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Example5.20: Solvethefollowing system of equations:
2X-y=4 ..(1)
Ix -2y =6 -(2)

Solution: Let usdraw thegraph of both equations by taking some solutions of each of the
equation.

2X-y=4 4x -2y =6
X 0 2 -1 X 0 15| 2
y —4 0 -6 y -3 0 1

You can observethat thesegraphsare paralld lines. Since, they do not have any common
point, the system of equations, therefore, hasno solution.

AX

Fig. 5.10

CHECK YOUR PROGRESS 5.7

Solvethefollowing system of equationsgraphically. Also, tell whether these have unique
solution, infinitely many solutionsor no solution.
1. x-y=3
X+y=5
2. 2x+3y=1
X-y=7
3. Xx+2y=6
2X+4y =12
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4, 3x+2y=6
6x +4y =18
5 2x+y=5
3X+2y=8 Notes

5.7.2 Algebraic Method

Thereare severd methods of solving system of two linear equationsintwo variables. You
havelearnt one method which isknown asgraphical method. We shall now discusshere
two more methods, called algebraic methods. They are

(i) Substitution Method.
(i) Elimination method.
Note: These methodsare useful in casethe system of equations hasaunique solution.

Substitution Method: Inthismethod, wefind the value of oneof the variablefrom one
equation and substituteit in the second equation. Thisway, the second equation will be
reduced to linear equaionin onevariable which we haveaready solved. Weexplainthis
method through some examples.

Example5.21: Solvethefollowing system of equations by substitution method.

5x+2y=8 (1)
3Xx-5y=11 (2
Solution: From (1), we get
2y =8-5x
1
or y= E(8—5x) (3)

Subgtituting thevaueof y in (2), weget

3x —§(8—5x):11
2
or 6x—5(8—-5x) =22  [multiplying both sidesby 2]
or 6x —40 + 25x = 22
or 31x =40+ 22

62

:EZZ

or X
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Subgtituting thevalueof x =2in(3), weget
_1 8-5%x2) = 1 8-10
y_ 2( - )_ 2( - )

o2,
or =-5=-

So, the solution to the system of equationsisx =2,y =—1.
Example5.22: Solvethefollowing system of equations by substitution method:
2X+3y=7 (1)
X+y=14 (2
Solution: From equation (2), weget
y=14-3x (3
Subgtituting thevaueof y in (1), weget
2X+3(14-3x)=7
or 2X+42-9x=7
or 2X—9x=7-42
or —-7x=-35

-35

Therefore X = 7 = 5

Substituting thevaueof x in (3), weget
y=14-3x=14-3x%x5
o y=14-15=-1
Hence, x =5,y =—1isthesolution.

Check: You can verify that x =5, y =— 1 satisfies both the equations.

CHECK YOUR PROGRESS 5.8

Solvethefollowing system of equationsby substitution method:
1 x+y=14 2.2x+3y=11
X—-y=2 2X —4y =24
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3. X+2y=11 4.7x-2y=1
2x+3y=4 3X+4y =15

Elimination M ethod: Inthismethod, weeiminateoneof thevariableby multiplyingboth | NOtes
equations by suitable non-zero contantsto make the coefficients of one of thevariable
numerically equal. Then weadd or subtract one equation to or from the other so that one
variablegetseliminated and we get an equation in onevariable. We now consider some
examplestoillustratethismethod.

Example5.23: Solvethefollowing system of equationsusing €limination method.
3x—-5y=4 (1)
X—-2y=7 -(2)

Solution: Toeminatex, multiply equation (1) by 3 to make coefficient of x equal. You get
theequations.

Ox — 15y = 12 (3
X—-2y=7 ..(4)
Subtracting (4) from (3), we get
OX — 15y —(9x —2y) =127
or X —-15y—-9x +2y =5
or -13y=5

5

or y:—1—3

5
Subgtitutingy = 13 inequation (1), weget

_o)_
3X—5x 13 =4

25

X+—=4
or 13
25 27
x=4-2-=l
or 13 13
_9
or X_13
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Therefore, x = 13 andy=-— 13 istherequired solution of the given system of equations.
Example5.24: Solvethefollowing system of equationsusing €limination method.
Notes X + 3y =13 (1)
5x -7y =-11 ..(2)
Solution: Toeiminatey, multiply equation (1) by 7 and equation (2) by 3, we get
14x + 21y =91 -(3)
15x —21y =-33 (4
Adding (3) and (4), we get
29 x =58
8,
or X=g =

Subgtitutingx =2in (1), weget
2x2+3y=13
or y=13-4=9

or y:§:3

Therefore, x =2 andy = 3isthe solution of the given system of equations.

CHECK YOUR PROGRESS 5.9

Solvethefollowing systemsof equations by €limination method:

1 3x+4y=-6 2. Xx+2y=5
3X-y=9 2x+3y=8

3. x=2y=7 4. 3x+4y=15
3X+y=35 x-2y=1

5. 2x+3y=4 6. 3x—-5y =23
Xx+2y=11 2Xx—4y =16
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5.8 WORD PROBLEMS

Exampleb5.25: The perimeter of arectangular gardenis20 m. If thelengthis4 mmore
than the breadth, find the length and breadth of the garden.

Solution: Let thelength of the garden bex m. Therefore, breadth of garden = (x —4) m.
Since, perimeteris20m, so

2[x+(x4)]=20
or 2(2x-4)=20
or 2x—-4=10
or 2x=10+4=14

Linear Equations

or X=7

Hence, length=7 mand breadth=7 —4=3m.

Alter natively, you can solvethe problem using two variables. Proceed asfollows:
Let thelength of garden=xm

and  widthof garden=ym

Therefore X=y+4 ..(1)
Also, perimeter is20 m, therefore
2(x+y)=20
or x+y=10 (2

Solving (1) and (2), wegetx =7,y =3
Hence, length =7 mand breadth =3m

Exampleb5.26: Ashaisfiveyearsolder than Robert. Fiveyearsago, Ashawastwiceas
old asRobert wasthen. Find their present ages.

Solution: L et present age of Ashabex years
and  present age of Robert bey years
Therefore, X=y+5
or X—-y=5 (1)
5yearsago, Ashawasx —5 years and Robert was (y —5) yearsold.
Therefore, x—5=2(y-5)
or X—2y=-5 (2
Solving (1) and (2), wegety =10and x =15
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Hence, present age of Asha= 15 yearsand present age of Robert = 10 years.

Example5.27: Two placesA and B are 100 km gpart. One car startsfrom A and another
from B at thesametime. If they travel inthesamedirection, they meet after 5hours. If they
travel towards each other, they meet in 1 hour. What are the speeds of the two cars.
Assumethat the speed of car at A ismorethan the speed of car at B.

Solution: Let speed of the car starting fromA bex km/h

and speed of the car starting from B bey km/h
Therefore, thedistancetravelled by car at A in5hours=5x km
and  thedistancetravelled by car at B in 5 hours=5y km

Since they meet after 5 hours when they travel in the same direction, the car at A has
travelled 100 km morethanthecar at B. Therefore,

5x —5y =100
or Xx—-y=20 (1)

When they travel towards each other, they meet after 1 hour. It means, total distance
travelled by car at A and car at B in 1 hour is100 km

Therefore x+y=100 (2

Solving (1) and (2), weget x =60andy =40

Therefore, the speed of car at A = 60 km/h and
the speed of car at B =40 km/h.

CHECK YOUR PROGRESS 5.10

1. Rahim'sfatheristhreetimesasold asRahim. If sumof their agesis56 years, find their
ages.

2. Ritahas18m of cloth. Shecut it intotwo piecesin such away that one pieceis4 m
longer than the other. What isthelength of shorter piece.

3. Atotd of Rs50000isto bedistributed among 200 personsasprizes. A prizeiseither
Rs500 or Rs 100. Find the number of each type of prizes.

4. A pursecontain Rs 2500 in notesof denominationsof 100 and 50. If the number of
100 rupee notesisone morethan that of 50 rupee notes, find the number of notes of
each denomination.
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e Anequationinonevariableof degreeoneiscalled alinear equationinvariable.

Notes
e Thegenera formof alinear equationinonevariableisax+b =0, a=0,aandbare

real numbers.
e Thevaueof thevariablewhich satisfiesthelinear equationiscalleditssolution or root.
e Tosolveaword problem, itisfirst trandatedinto algebriac satementsand then solved.

e Thegenera formof alinear equationintwo variablesisax + by + c=0, wherea, b, c
arerea numbersand atleast oneof aor bisnon zero.

e Theequation ax + ¢ = 0 can be expressed as linear equation in two variables as
ax+0y+c=0.

e Todraw thegraph of alinear equationintwo variables, wefind atleast two pointsin
planewhose coordinates are solutions of the equation and plot them.

e Thegraphof alinear equaionintwo variablesisaline.

e Tosolvetwo simultaneousequationsintwo variables, wedraw their graphsonthe
same graph paper.
(1) if graphisintersecting lines, point of intersection givesuniquesolution.
(ii) If graphisthesameline, system hasinfinitely many solutions
(iii) If graphisparald lines, system of equation hasno solution
e Algebraic methodsof solving system of linear equationsare
(1) Substitution method
(i) Elimination method
e Tosolveword problems, wetranlatethegiveninformation (data) into linear equations
and solvethem.

E‘J TERMINAL EXERCISE

1. Choosethe correct option:

(i) Whichoneof thefollowingisalinear equationin onevariable?

(A)2x+1=y-3 B)3t—-1=2t+5
(C)2x—-1=x2 (D) x?—=x+1=0
(i) Whichoneof thefollowingisnot alinear equation?
(A) 5+4x=y+3 (B)x+2y=y—x
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(C)3—x=y?+4 (D)x+y=0
(iii) Which of thefollowing numbersisthe solution of the equation 2(x + 3) = 18?
(A) 6 (B) 12

(C) 13 (D) 21

(iv) Thevalueof x, for which theequation 2x — (4—x) =5—x issatisfied, is.
(A) 45 (B)3
(C) 2.25 (D) 0.5

(v) Theequationx —4y =5 has
(A) nosolution (B) uniquesolution
(C) two solutions (D) infinitely many solutions

. Solveeach of thefollowing equations
()2z+5=15 (ii)isz=—2
(iii) 4_32y+y7+1=1 (iv) 2.56x —3=0.5x +1

. Acertain number increased by 8 equals 26. Find the number.
. Present agesof Reenaand Meenaareintheration 4 : 5. After 8 years, theratio of their

ageswill be5: 6. Find thelr present ages.

. The denominator of arationa number is greater than its numerator by 8. If the

denominaor isdecreased by 1 and numerator isincreased by 17, the number obtained

3
is PE Find therationa number

. Solvethefollowing system of equationsgraphicaly:

() x-2y=7 (i) 4x+3y=24
X+y==2 y—2x=6

(i) x+3y=6 (iv) 2x-y=1
2X—-y=5 X+y =8

. Solvethefollowing system of equations:

() x+2y-3=0 (i) 2x+3y=3
X—2y+1=0 X+2y=2

(i) x—-y=7 (iv) 5x -2y =—7
4x -5y =2 2x+3y =-18

Mathematics Secondary Course




Linear Equations

8. Thesumof thedigitsof atwo-digit number is11. If thedigitsarereversed, thenew
number is27 lessthan the original number. Find the original number.

9. ThreeyearsagoAtul'sagewasfour timesParul'sage. After 5 yearsfrom now, Atul's
agewill betwotimesParul'sage. Find their present ages.

10. The perimeter of arectangular plot of landis32 m. If thelengthisincreased by 2mand
breadthisdecreased by 1 m, theareaof the plot remainsthesame. Find thelength and
breadth of theplot.

[
-‘ ANSWERS TO CHECK YOUR PROGRESS

5.1

1. () 2.(i)

5.2

1. 15-2x=7

2. 0.1x=10

3. 6y=96

4. t+15=4t

5.3

1. x=13 2.y=12 3.2z=0
4, y=9 5.x=5
54

1. 39,46

2. 15years, 50years

3. 22cm,11cm

4. 25

5.5

1. () 2(x+y)=98
(i) y=2x+ 10, whereageof son=x years, age of father =y years
(i) x+10=y
(iv) 2x + 3y =120

2. True 3.Fdse
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5.7

1. x=4,y=1,uniquesolution

2. x=2,y=-1,uniquesolution

3. Infinitdly many solutions

4. Nosolution

5. x=2,y=1, uniquesolution

5.8

1. x=8,y=6 2.X=-2,y=5
3. x=5y==2 4.x=1y=3
5.9

1 x=2,y=-3 2.x=1y=2
3. x=11,y=2 4.x=1y=3
5. Xx=5y=-2 6.x=6,y=-1
5.10

1. l4years, 42years

2. 7Tm

3. 75prizesRs 500 and 125 prizesof Rs100 each.
4. 17 of Rs 100 each and 16 of Rs 50 each.

A
ﬂ ANSWERS TO TERMINAL EXERCISE

L ®He MO (i) (A) (iv) (©) V) (D)

2. (i)z=5 (ii)x=-8 (ii)y=5 (iv)x=2
3. 18
4. Ageof Reena= 32 years, age of Meena=40years
=
21
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6. () x=1,y=-3 (i)x=3,y=4
(i) x=3,y=1 (iv)x=3,y=5
7. () x=14,y=1 (i)x=0,y=1 Noles
(i) x=3,y=2 (ivyx=-3,y=-4
8. 74

9. Atul: 19years, Parul: 7 years
10. 10m, 6m
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QUADRATIC EQUATIONS

Inthislesson, youwill study about quadratic equations. You will learnto identify quadratic
equationsfrom acollection of given equationsand writethemin standard form. Youwill
asolearnto solvequadrati c equationsand trand ate and solveword problemsusing quadratic
equations.

After studying thislesson, youwill beableto

e identify a quadratic equation from a given collection of equations,
e write quadratic equations in standard form;
e solvequadratic equationsby (i) factorization and (ii) using the quadratic formula;

e solve word problems using quadratic equations.

EXPECTED BACKGROUND KNOWLEDGE

e Polynomids
e Zeroesof apolynomid
e Linear equationsandtheir solutions

e Factorisation of apolynomia

6.1 QUADRATIC EQUATIONS

You aredready familiar with apolynomial of degreetwo. A polynomial of degreetwois
called aquadratic polynomid. When aquadratic polynomia isequated to zero, itiscalled
aquadratic equation. Inthislesson, youwill learn about quadratic equationsin one
variable only. Let us consider some examplesto identify aquadratic equation from a
collection of equations
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Example6.1: Which of thefollowing equations are quadratic equations?
() 3x2=5 (i x?+2x+3=0
(i) x3+1=3x? (iV)(x+1) (x+3)=2x+1
Notes
1 5
V) X+>=5 V) x2+/x +1=0

Solution:

(i) Itisaquadratic equation since 3x*>=5 canbewrittenas3x*—5=0and 3x*-5 isa
quadratic polynomidl.

(i) x2+2x+3=0isaquadratic equation asx?+ 2x + 3, isapolynomial of degree 2.

(iii) x®+ 1 = 3x? can bewritten asx®—3x? + 1 = 0. LHS is not a quadratic polynomial
since highest exponent of x is3. So, theequation isnot aquadr atic equation.

(iv) (x+1) (x +3) =2x + 1lisaquadratic equation, since(x + 1) (x + 3) =2x + 1 can be
writtenas

X2+4x+3=2x+1
or X2+2x+2=0

Now, LHSisapolynomial of degree2, hence(x + 1) (x + 3) =2x + 1lisaquadratic
equation.

1 5
(v) X +; =5 isnot aquadratic equation.

However, it can be reduced to quadratic equation as shown bel ow:

1 5
X+—==
X 2
x’+1 5
or =—,x#0
X

or 2(x?+1)=5x,x=#0

or 2x2-5x+2=0,x%0

(Vi) x2++/x +1=0 is not a quadratic equation as x2 4 ./x +1 IS not a quadratic
polynomia (Why?)
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CHECK YOUR PROGRESS 6.1

1. Which of thefollowing equationsare quadratic equations?
(i) X2+ 5=x3+X (i) /3X2+5x+2=0

x?+1 5

Xx+1 2

@i)by+1) By-1)=y+1 (iv)

(V) 3x+2x?=5x -4

6.2 STANDARD FORM OF A QUADRATIC EQUATION

A quadratic equation of theformax?+ bx + c=0,a>0wherea, b, c, are constantsand
x isavariableiscaled aquadratic equation inthe standard form. Every quadratic equation
can dwaysbewritteninthe standard form.

Example6.2: Which of thefollowing quadratic equationsarein standard form? Those
which arenot in standard form, expressthem in standard form.

(i)2+3x+5x2=0 (i) 3x2=bx+2=0
(iii) 7y2=5y =2y +3 (iv)(z+1)(z+2)=3z+1

Solution: (i) Itisnot inthe standard form. Itsstandard formis5x?+3x +2=0

(i) Itisinstandardform

(iii) Itisnotinthestandard form. It can bewritten as
7y?-5y=2y+3
or 7y?-5y—-2y-3=0
or 7y>—7y—-3=0
whichisnow inthestandard form.
(iv) Itisnot standard form. It can berewritten as
z+1)(z+2)=3z+1
or 22+3z2+2=3z+1
or 22+3z2-3z2+2-1=0
or 22+1=0
orz2+0z+1=0

whichisnow inthestandard form.
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CHECK YOUR PROGRESS 6.2

1. Which of thefollowing quadratic equationsarein standard form? Those, which are
not in standard form, rewritethem in standard form:

()3y2—2=y+1 (i) 5-3x —2x2=0
(i) (3t —=1) (3t+1)=0 (iv) 5—x = 3x2

6.3 SOLUTION OF A QUADRATIC EQUATION

You have learnt about the zeroes of apolynomial. A zero of apolynomial isthat red
number, whichwhen substituted for the variable makesthevaueof thepolynomia zero. In
case of aquadratic equation, the value of the variable for which LHS and RHS of the
equation becomeequa iscalled aroot or solution of the quadratic equation. You havea so
learnt that if ocisazero of apolynomia p(x), then (x —o) isafactor fo p(x) and conversely,
if (x—o) isafactor of apolynomial, then o isazero of the polynomia. Youwill usethese
resultsinfinding the solution of aquadratic equation. Therearetwo a gebraic methodsfor
finding the solution of aquadratic equation. Theseare (i) Factor Method and (ii) Using the
Quadratic Formula.

Factor M ethod

Let usnow learnto find the solutions of aquadratic equation by factorizing it into linear
factors. Themethod isillustrated through examples.

Example6.3: Solvetheequation (x—4)(x +3) =0
Solution: Since, (x —4)(x + 3) =0, therefore,
dther x—-4=0, or x+3=0
or X=4 or X=-3
Therefore, x =4 and x = — 3 are solutions of the equation.
Example 6.4: Solvethe equation 6x2 + 7x —3 =0 by factorisation.
Solution: Given6x?+ 7x—-3=0
By breaking middleterm, we get
6x2+9x —2x—3=0[since, 6 x (-3)=—18and—18=9x (-2) and9—-2=7]
or X(2x+3)-1(2x+3)=0
or (2x+3)(3x-1)=0
Thisgives2x+3=00r3x—-1=0

P ox=-3 Fx==
o 2 ortT3
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3 1
Therefore, X = 5 and X = 3 aresolutionsof the given equation.

Example6.5: Solvex?+2x+1=0
Solution: Wehave  x*+2x+1=0
or (x+1)?=0
or x+1=0
whichgives x=-1
Therefore, x =—1istheonly solution.

Note: In Examples6.3 and 6.4, you saw that equationshad two distinct solutions. However,
in Example 6.5, you got only one solution. We say that it hastwo solutionsand theseare
coincident.

CHECK YOUR PROGRESS 6.3

1. Solvethefollowing equationsusing factor method.

H(2x+3)(x+2)=0 (i) x*+3x—-18=0
(iii) 3x2—4x—-7=0 (iv) x>*-5x—-6=0
(V) 25x>—-10x+1=0 (vi)4x2—8x+3=0

QuadraticFormula

Now youwill learnto find aformulato find the solution of aquadratic equation. For this,
wewill rewritethe general quadratic equation ax? + bx + ¢ =0 by completing the square.

Wehaveax?+bx+c=0

Multiplying both sides by '4a to makethe coefficient of x2 aperfect square, of an even
number, we get

422x2 + dabx + 4dac =0
or (2ax)? + 2(2ax)b + (b)> +4ac=b?  [adding b?to both sides)
or (2ax)? + 2(2ax)b + (b)> = b? — 4ac

o (2ax+b) = {t\/ b? —46\;:}2
or 2ax +b=++/b* —4ac
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_ —b++/b*—4ac

2a

or X

Thisgivestwo solutions of the quadratic equation ax?+ bx + ¢ = 0. The solutions (roots)
ae

—b++/b*-4ac ad —b—+/b*-4ac

2a 2a

Here, the expression (b? — 4ac), denoted by D, is called Discriminant, because it
determinesthe number of solutionsor nature of roots of aquadratic equation.

For aquadratic equation ax®>+ bx + c=0, a= 0, if

—b++/b*-4ac

(i) D=b*>-4ac>0, theequation hastworeal distinct roots, which are 28

—b-+b?—4ac

2a

and

-b
(i) D =Db?—4ac=0,thenequation hastwo real equal roots, each equal to oa

(iii) D = b?—4ac < 0, the equation will not have any real root, since square root of a
negativerea number isnot areal number.

Thus, aquadratic equation will have at the most two roots.

Example6.6: Without determining theroots, comment on the nature (number of solutions)
of rootsof thefollowing equations:

() 3x2—5x—-2=0
(i)2x2+x+1=0
(i) x*+2x+1=0

Solution: (i) Thegiven equationis3x?—5x —2=0. Comparingit withax?+bx + c=0,
wegeta=3,b=—5andc=-2.

NowD=b2—4dac =(-5)2-4x3x(-2)
=25+ 24 =49
Since, D >0, theequation hastwo real distinct roots.
(i) Comparingtheequation2x?+x+1=0withax?+bx+c=0,
wegeta=2,b=1c=1
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NowD=bh*-4ac=(1)?-4%x2x1=1-8=-7
Since, D = b?-4ac < 0, the equation does not have any real root.
iii) Comparing theequationx?+ 2x + 1 =0withax?+bx + c=0,
Notes| (1) Comparingtheeq

wegeta=1,b=2c=1
Now D=b?—4ac=(2)2-4x1x1=0
Since, D =0, the equation hastwo equal roots.
Example6.7: Using quadratic formula, find theroots of the equation 6x>—19x + 15=0
Solution: Comparing thegiven equationwithax?+bx+c=0
Weget,a=6,b=-19,c=15
Now D=b*-4ac =(-19)2—4x6x15
=361-360=1
Therefore, rootsaregiven by

_ —btyb?-dac 19441 19+1
2a

12 12

X

19+1_5  ,19-1_3
2

an =
12 3 12

So, roots are

5 3
Thus, thetwo rootsare§ and >

Example6.8: Find the value of m sothat the equation 3x? + mx —5= 0 hasequal roots.
Solution: Comparing thegiven equationwithax?+bx +c=0
Wehave,a=3,b=m,c=-5
For equal roots
D=bk’—4ac =0
o m—4x3x(-5)=0

or m?=60
Thisgives m= +2./15

Hence, form= +2./15, theequation will have equal roots.
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CHECK YOUR PROGRESS 6.4

1. Without determining theroots, comment on nature of rootsof following equations:

2.

w

()3x2=7x+2=0 (i) 4x2=12x+9=0 (iii) 25x2+20x +4=0
(iv)x2=x+1

Solvethefollowing equationsusing quadratic formula

(hy?—14y-12=0 (i) x>=5x=0 (iii)x?=15x +50=0
Find theva ue of m so that thefollowing equations have equa roots:

() 22—mx+1=0 (iymx?2+3x-5=0

(iii) 3x*—6x+m=0 (iv)2x2+mx—-1=0

6.4 WORD PROBLEMS

Wewill now solve some problemswhichinvolvethe use of quadratic equations.

Example6.9: Thesum of squaresof two consecutive odd natural numbersis74. Findthe
numbers.

Solution: Let two consecutive odd natural numbersbex and x + 2. Since, sum of their
squaresis 74. we have

X2+ (X+2)=74
or X2+ X2+4AX+4=T4
or 2X2+4x—-70=0
or x?+2x-35=0
or X2+ 7x—-5x—-35=0
or X(X+7)=5x+7)=0
or x+7) (x=5=0
Thereforex+7=00rx—-5=0

or X==70rx=5

Now, X can not be negative asit isanatural number. Hencex =5

So, thenumbersare5and 7.

Example6.10: Thesum of theareas of two squarefieldsis468 m?. If thedifference of
their perimeter is24 m, find the sides of thetwo squares.

Solution: Let thesidesof the bigger square bex and that of the smaller squarebey.
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Hence, perimeter of bigger square=4x
and perimeter of smaller square=4y
Notes Therefore, ax -4y =24
or X—y=6
or X=Y+6 (D)

Also, since sum of areas of two squaresis468 m?
Therefore, X2+Y2=468 ....cccveve (2
Subgtituting value of x from (1) into (2), weget
(y + 6)2 + y2 = 468
or y?+ 12y + 36 + y? = 468
or 2y?+ 12y —-432=0
or y?+6y—-216=0

_ —6++436+864 —-6++/900

Therefore y =
2 2
-6+30
or y="—">
-6+30 -6-30
Therefore, y= or

2 2
or y=120r-18
Since, side of square can not be negative, soy =12
Therefore, X=y+6=12+6=18
Hence, sidesof squaresare18 mand 12 m.

Example6.11: Theproduct of digitsof atwo digit number is12. When 9isadded to the
number, thedigitsinterchangetheir places. Determinethe number.

Solution: Letthedigit at ten'splace bex
anddigit at unit'splacebey
Therefore, number =10x +y
When digitsareinterchanged, the number becomes 10y + x
Therefore 10x +y +9=10y + X
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or 10X —x+y—-10y=-9
or 9x -9y =-9
or X—-y=-1
or x=y-1
Also, product of digitsis12
Hence, Xy =12

Subgtituting value of x from (1) into (2), weget

(y-Dy=12
or y2—y—-12=0
o (y-4(y+3=0
Hence, y=4ory=-3
Since, digit can not be negative, y = 4
Hence x=y—-1=4-1=3
Therefore, the number is34.

Example6.12: Thesum of two natural numbersis12. If sum of their reciprocalsis

findthe numbers.
Solution: Let one number bex

Therefore, other number =12 —x

4
Since, sum of their reciprocalsis — , weget

9
i L =ﬂ,x¢0, 12-x#0
X 12-x 9
12—-x+x 4

o x(12-x) 9

12 4
or 12x—x> 9
or 12:9=12x— 5

or 27 =12x — x?
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or xX2—=12x+27=0
or x=3)(x=9) =0

ltgivesx=30rx=9

When first number X is 3, other number is12 —3 =9 and when first number x is9, other
numberis12—-9=3.

Therefore, therequired numbersare 3and 9.

CHECK YOUR PROGRESS 6.5

1.

The sum of the squares of two consecutive even natural numbersis 164. Find the
numbers.

Thelength of arectangular gardenis7 mmorethanitsbreadth. If areaof the garden
is144 m?, find thelength and breadth of the garden.

Thesum of digitsof atwo digit number is13. If sum of their squaresis 89, find the
number.

Thedigit at ten's place of atwo digit number is2 morethan twicethedigit at unit's
place. If product of digitsis 24, find thetwo digit number.

3
Thesum of two numbersis 5. If sumof their reciprocalsis 10 find thetwo numbers.

@hm

Anequation of theformax?+bx +c=0,a#0and a, b, carerea numbersiscalled
aquadratic equationin standard form.

Thevalue(s) of the variablewhich satisfy aquadratic equation are called it rootsor
solutions.

The zerosof aquadratic polynomial aretherootsor solutions of the corresponding
quadratic equation.

If you can factorise ax? + bx + ¢ =0, a= 0, into product of linear factors, then the
roots of the quadratic equation ax® + bx + ¢ = 0, can be obtained by equating each
factor to zero.

Roots of the quadratic equation ax? + bx + ¢ =0, a= 0 aregiven by

—b++/b?-4ac

2a
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b?>—4aciscalled discriminant of the quadratic equation. ax? + bx +c=0,a=0l1tis
usually denoted by D.

() If D >0, thenthe quadratic equation hastwo real unequal (distinct) roots.
(i1) If D =0, then the quadratic equation hastwo equal (coincident) roots.
(iii) If D <0, then the quadratic equation hasno real root.

|

1.

2.

o >~ w

© N

TERMINAL EXERCISE

Which of thefollowing are quadratic equations?

(i) y(vBy-3)=0 (i1) 5x2 ~3/x +8=0

1 .

(iii) 3X—;=5 (iv) X(2x +5) =x?>+5x + 7
Solvethefollowing equations by factorisation method:

(i) x=8)(x+4)=13 (i) 3y>—7y=0

(i) x2+3x—-18=0 (iv)6x?+x—-15=0

Find the value of mfor which 5x2—3x + m =0 hasequal roots.
Find thevaue of mfor whichx?—mx —1=0hasequa roots.
Solvethefollowing quadratic equationsusing quadratic formula
(i) 6x2—19x + 15=0 (i) x*+x-=1=0
(i) 21 +x=2x2 (iv) 2x3—=x-6=0
Thesidesof aright angled trianglearex —1, x and x + 1. Find the value of x and hence
thesidesof thetriangle.
the sum of squares of two consecutive odd integersis290. Find theintegers.

Thehypotenuse of aright angled triangleis 13 cm. If thedifference of remaining two
sidesis7 cm, find theremaining two sides.

Thesum of theareas of two squaresis41 cm?. If thesum of their perimetersis 36 cm,
find the sides of thetwo sgquares.

10. A right angledisoscelestriangleisinscribed inacircleof radius5 cm. Find thesidesof

thetriangle.
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[ ]
. l ANSWERS TO CHECK YOUR PROGRESS

6.1

1. (i), (iii), (v)

6.2

1. (i) No,3y?~y—-3=0
(iii) No, 62 +t—1=0

6.3

.3 .

1. ()=, —2 (ii)3,—-6
2

2.3 L1
6.4
1. (i) Tworedl ditinct roots

(i) Twored equa roots

(iii) Twored equa roots

(iv) Noreal roots
2. () 7++/37 (ii)0,5

: 9
3. ()+2y2 (i) 59
6.5
1. 8 10 2.16m, 9m
4. 83 (v) 5,10

(i) No, 2x*+ 2x—-5=0
(iv) No,3x*+x-5=0

(iii)%, -1

N w
N

(Vi)

(iii) 5,10

(ii)3 (iv) Fornovalueof m

3. 85,58

[ ]
. = ANSWERS TO TERMINAL EXERCISE

1. (), (iv)

2. (i)8,4 (ii) O,

!
3

.3 5
(iii) 3,—6 (iv) 573
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3.

4.

5

6
7
8.
9

9
20

For novalueof m

35 . —1%+5
. (|)§.§ (i) >
. 3,4,5
. 11,13 0r-13,-11
5cm, 12cm
. 5cm,4cm

10. 5,/2 cm, 5,/2 cm,10cm
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ARITHMETIC PROGRESSIONS

Inyour daily lifeyou must have observed that in nature, many thingsfollow patternssuch
aspetals of flowers, the holes of ahoney-comb, the spiralson apine appleetc. Inthis
lesson, you will study one special type of number pattern called Arithmetic Progression
(AP). Youwill alsolearntofind genera term and the sumof first ntermsof anarithmetic
progression.

After studying thislesson, youwill beableto

e identify arithmetic progression from a given list of numbers;
e determine the general term of an arithmetic progression,;

e find the sum of first n terms of an arithmetic progression.

PREVIOUS BACKGROUND KNOWLEDGE

e Knowledgeof number system
e  Operationson number system

7.1 SOME NUMBER PATTERNS

L et usconsider someexamples.

(i) RitadepositsT 1000inabank at thesimpleinterest of 10% per annum. Theamount
at theend of first, second, third and fourth years, in rupeeswill berespectively

1100, 1200, 1300, 1400

Do you observe any pattern?You can seethat amount increasesevery year by afixed
amount of ¥ 100.
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(i) Thenumber of unit squaresinasquarewithsides1, 2, 3, 4, ... unitsarerespectively
1,4,9 16, ...

[l

Canyou seeany patterninthelist of these numbers?You can observethat
1=12,4=22,9=3%16=4% ..

i.e., theseare squaresof natural numbers.
Now consider somemorelistsof numbersandtry to recogniseapatternif possible:

1,3,57,9.... )
2,4,6,8, 10 ... @)
1,4,7,10,13 .... ©
5,3, 1,1, —3... (4
1,3,9, 27,81, ... (5)
2,3,5,7,11, 13... (6)

You can observethat numbersinthelist (1) are odd natural numbers. Thefirst number is
1, second number is 3, third number is 5, etc. All these numbersfollow a pattern. The
patternisthat al these numbers, except thefirst isobtained by adding 2 to its previous
number.

Inlists(2), (3) and (4), each number except thefirst isobtained by adding 2, 3, and -2
respectively toitspreviousnumber.

In(5), each number, except thefirst isobtained by multiplying 3toitspreviousnumber. In
thelist (6), you can seethat it isthelist of primenumbersand itisnot possibleto giveany
ruletill date, which givesthe next prime number.

Thenumbersinalist aregenerally denoted by
a,a, a, ., a, ..

ottt ..t

ny ot

which arerespectively calledfirst, second, third and nth termin thelist of numbers. We
sometimes call each of theselistsas sequence or pattern of numbers.

7.2 ARITHMETIC PROGRESSION

You have seen different typeof patterns. Some patternsfollow definite mathematical rules
to generate next termin the pattern. You will now study one particular type of pattern of
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numbers.Recdl thefollowing patterns.

1,3,57,9, ... )
2,4,6,8, 10, ... @
1, 4,7, 10, 13,... 3)

You haveobservedthat in (1) and (2), each term except first isobtained by adding 2toits
previousnumber (term). In (3), each term except first isobtained by adding 3toitsprevious
term. The numbersappearing in anumber pattern are called itsterms. Asalready stated
thesetermsare usually denoted by

a,a,a, .. a, ..
ottty .t .. el

n

Thesuffix denotesthe position of theterminthe pattern. Thus, a ort_denotes*n’thterm
of the pattern.

A particular type of patterninwhich each term except thefirst isobtained by adding a
fixed number (positive or negetive) to the previoustermiscalled anArithmetic Progression
(A.P). Thefirgt termisusudly denoted by ‘a’ and the common differenceisdenoted by d.
Thus, standard form of an Arithmetic Progressionwould be:

aa+d a+2d a+3d, ...

Example7.1: Inthefollowing list of numbers, find which areArithmetic Progressions. In
caseof AP, find their respectivefirst termsand common differences.

0) 27,12 17,22, ....
(i) 4,0,—4,-8,-12 ...
(i) 3,7,12,18,25 ...
(iv) 2, 6, 18, 54, 162 ...
Solution:
(i) Itisanarithmeticprogression (AP).
Since7-2=5,12-7=517-12=5and22-17=5

Thus, each term except first isobtained by adding 5to itspreviousterm. Hence, first
terma=2 and common differenced =5.

(i) Weobservethat
0-4=—4,-4-0=-4,-8—(4)=—4,-12—(-8)=—4
Thus, itisanAPwithfirstterma=4

and common differenced =—4.
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(iii) Youcanseethatinthelist
3,7,12, 18, 25, ...
71-3=4,12-7=5,18-12=6,25-18=7
Thus, difference of two consecutivetermsisnot thesame. Hence, itisnot an AP, Notes

(iv) Inthelist of numbers
2, 6,18, 54, 162, ...
6-2=4,18-6=12

Therefore, differenceof two consecutivetermsisnot the same. Hence, itisnot anAP.

CHECK YOUR PROGRESS 7.1

Whichof thefollowingareAP?If they arein AR, find their first termsand common differences:
1. -5,-1,3,7, 11, ...

2. 67,8910, ..

3. 1,4,6,7,6,4, ..

4. -6,-3,0,3,6,9, ....

7.3 GENERAL (nth) TERM OF AN AP

Let usconsder anAPwhosefirsttermis’a’ and common differencein’d’. Let usdenote
thetermsof APast ,t,,t,,....t ,wheret denotesthenthtermof theAP. Sincefirst term
isa, second termisobtained by adding dtoai.e., a+d, thethird termwill be obtained by
adding ‘d’ toa+d. So, third term will be (a+d) + d=a+ 2d and soon.

Withthis
Firstterm,t, =a za+(1-1)d
Second term, t,=a+d —a+(2-1d
Thirdterm,t, =a+2d =a+(3-1)d
Fourthterm,t, =a+3d —a+(4-1)d

Canyou seeany pattern?\Weobservethat each termisa+ (term number — 1) d. What will
be 10th term, say:

t,=a+(10-1)d=a+9d
Canyou now say “what will bethenth term or genera term?”’

Clearlyt =a+(n-1)d
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Example7.2: Find the 15th and nth termsof the AP
16,11,6,1,-4,-9, ...
Solution: Herea=16andd=11-16=-5
Thus, t, =a+(15-1)d=a+14d

=16 + 14(-5) =16 — 70

Therefore, 15thtermi.e, t ,=—-54

Now t =a+(n-1d
=16+ (n—1)x (-5)=16-5n+5
=21-5n

Thus, nthterm, i.e.,t ==21-5n

Example7.3: Thefirst term of anAPis—3and 12th termis41. Determinethe common
difference.

Solution: Letfirst term of APbeaand commong differencebed.
Therefore, t,=a+(12-1)d=41

or —-3+11d=41 [Sincea=-3]
or 11d=44
or d=4

Therefore, common differenceis4.

Example 7.4: Thecommon difference of an APis5 and 10th term is43. Find itsfirst
term.

Solution: Wehave:
t,=a+(10-1)d
So, 43=a+9x5 [Sinced=5]
or 43=a+45
Hence, a=-2

Therefore, first termis—2.
Example7.5: Thefirsttermof anAPis—2 and 11thtermis18. Find its 15thterm.
Solution: Tofind 15thterm, you need tofind d.

Now t ,=a+(11-1)d
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So, 18=-2+10d
or 10d = 20
or d=2
Now t.=a+ 14d Notes
=—2+14%x2=26

Therefore, t,.=26.

Example7.6: If ptimesthe pth term of an APisequal to gtimesthegthterm, provethat
its(p + g)thtermiszero, provided p# Q.

Solution: Wehave:

t,= a+(p—1)d
t,= a+(q-1)d
Since pt =aqt, therefore,
plat (p—1)d] = gla+ (q—1)d]
o patp(p-1)d-ga-q(q-1)d=0
o (p-Qga+(p’-g)d-pd+qd=0
o (p-ga+(P’-)d—(p-o)d=0
o (p-ga+(p-q)(p+gd-(p-gd=0
o (p-g[at(p+a)d-d =0
or at(p+qd-d=0 [asp—-q=0]
or a+(p+qgq-1)d=0
Since, LHSisnothing but (p + g)thterm, therefore,

t. =0
p+q

CHECK YOUR PROGRESS 7.2

1.
2.
3.

Thefirst term of an APis4 and common differenceis—3, findits 12th term.
Thefirstterm of an APis2 and 9thtermis 26, find thecommon difference.

The 12th term of anAPis—28 and 18th termis—46. Find itsfirst term and common
difference.

Whichterm of theAP5, 2,1, ....is—227?
If the pth, gthand rthtermsof anAParex, y and z respectively, provethat:

x(@-n+y(r-p)+z(p-0q)=0

Mathematics Secondary Course 189




MODULE - 1
Algebra

Notes

190

Arithmetic Progressions

74 SUM OF FIRST n TERMS OF AN AP

Carl Friedrich Gauss, the great German mathematician, wasin elementary school, when
histeacher asked the classto find the sum of first 100 natural numbers. Whiletherest of
the classwas struggling with the problem, Gauss found the answer within no time. How
Gaussgot theanswer? Probably, hedid asfollows:

S=1+2+3+..+99+100 1)

Writing these numbersin reverse order, we get

S=100+99+98+..+2+1 )

Adding (1) and (2), term by term, we get

25=101+101+ 101 + ... + 101 + 101 (100 times)
=100 x 101

_100x101

S= 5 = 5050

We shall usethe samemethod to find thesum of first ‘n’ termsof an AP,

Thefirst‘n’ termsof anAPare

aatda+t+2d ..,at+(n-2)d a+(n-21)d
L et usdenotethesum of ntermsby S . Therefore,

S =a+(a+d)+(a+2d)+..+[a+(n-2)d] +[a+ (n—-1)d] 3
Writing thesetermsin reverse order, we get

S =[a+(n-1d +[a+(n-2)d] +..+(a+d) +a 4

We now add (3) and (4), term by term. We can seethat the sum of any termin (3) and the
corresponding termin (4) is2a+ (n—1)d. We get

2S =[2a+(n—1)d] +[2a+ (n—1)d] +...+[2a+ (n—1)d] +[2a+ (n—1)d] , ntimes
or 2S =n[2a+ (n—1)d]

orSn:2[2a+(n—1)d],

which givesgenera formulafor finding thesum of first* n’ termsof anAP.

Thiscan berewritten as
n
S=5 [a+{a+ (n—1)d}]

n
:E(a+tn), [asn"termt =a+ (n—1)d]
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Sometimes, nthtermisnamed aslast term andisdenoted by ‘I’. Thus:

s =+
= 2+ @

Example7.7: Findthesumof thefirst 12 termsof thefollowing AP
(i) 11, 16, 21, 26 ....
(i) — 151, — 148, — 145, — 142
Solution: (i) ThegivenAPis
11, 16, 21, 26 ....
Here, a=11,d=16—-11=5andn=12.

You know that sum of first ntermsof anAPisgiven by

s= g[2a+ (n=1)d

12
Therefore, S,= > [2x11+(12-1)5]

=6[22+55] =6 x 77 = 462
Hence, required sumis462.
(i) ThegivenAPis
— 151, — 148, — 145, - 142
Here, a=-151,d=-148—-(-151) =3andn=12.
Weknow that

n
S = 5 [2a+ (n—1)d]
Hence, sum of first 12 termsis
12
S,= ?[2 x (—151) + (12-1)3]

= 6[— 302 + 33] = 6 x (— 269)
=-1614
Therefore, required sumis—1614.
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Example 7.8: How may termsof theAP 2,4, 6, 8, 10 .... are needed to get sum 210?
Solution: ForthegivenAP, a=2,d=2and S =210.
Wehave S = 2[2a+(n—1)d]
Notes ' 2

n
or 21025[2><2+(n—1)2]

or 420 =n[2n + 2]
or 420=2n*+2n
or 2n?+2n-420=0
or n?+n-210=0
or N+ 15n—-14n-210=0
or n(n+15)—-14(n+15)=0
or (n+15(n-14)=0
or n=-150orn=14
Since, n cannot be negative, so, n=14
Therefore, first 14 terms are needed to get the sum 210.
Example7.9: Findthefollowingsum
2+5+8+11+...+59
Solution: Here2,5, 8,11, ...aeinAPanda=2,d=3andt =59.
Tofindthesum, you need to find thevalueof n.
Now, t =a+(n-1)d
So, 59=2+(n-1)3
or 59=3n-1
or 60=3n
Therefore, n=20

n
Now, S = 5 [2a+ (n—1)d]

20
or S, = 7[2><2+(20—1)3]
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or S,, = 10[4 + 57] =610
Therefore, required sumis610.

Example7.10: Findthesumof al natural numbersbetween 1 and 1000whicharedivisble
by 7.

Solution: Here, thefirst number whichisdivisibleby 7is7 andlast number, whichis
divisbleby 7is994. Therefore, thetermsto be added are

7,14, 21, ...., 994
Hee a=7,d=7,t =994
Now t =a+(n-1)d
or 994 =7+ (n-1)7
or 994 ="7n
Thisgivesn=142.

Now, S, =g[a+l]

= % [7+994] = 71x1001

=71071
Therefore, required sumis71071.

Example7.11: Thesum of first threetermsof an APis36 and their product is1620. Find
theAP.

Solution: We cantakethreetermsof theAPasa, a+ dand a+ 2d. However, the product
will berather difficult and solving thetwo equationss multaneoul sy will betime consuming.
Theeegant way isto assumethefirst threetermsasa—d, aand a+ d, so that the sum of
threetermsbecomes 3a

Let first threetermsof theAPba—d,aanda+d
Therefore, a—d+a+a+d=36
or 3a = 36,
whichgives a=12
Now, since product is 1620, we have:
(a—d)a(a+d)=1620
or (12-d) 12 (12 + d) = 1620
or 122 —d* =135
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or 144 — d? = 135

or d*=9

Therefore, d=3o0r-3
If d=3, thenumbersare12-3,12and 12+ 3
i.e.9,12,15(Sincea=12)
If d=-3, thenumbersarel5, 12 and 9
Therefore, thefirst threetermsof theAP 9,12, 15and 15, 12, 9
satisfy thegiven conditions.

CHECK YOUR PROGRESS 7.3

Findthesum of first 15 termsof thefollowing APs:

()11,6,1,—-4,-9...

(i) 7,12,17, 22, 27 ...

How many terms of theAP 25, 28, 31, 34, .... are needed to give the sum 1070?
Find thefollowing sum:

1+4+7+10+....+118

Find thesum of al natural numbersupto 100 which aredivisbleby 3.

Thesum of any three consecutivetermsof anAPis21 and their productis231. Find
thethreetermsof theAP.

Of thel, a,n,dand S, determinethe onesthat are missing for each of thefollowing
arithmetic progression

()a=-2,d=5,S =568,
(i)l=8n=85=-20
(iii) a=—3030, | =— 1530, n =5

(iv)d==,1=10,n=20

wIiN
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A progressioninwhich eachterm, except thefirst, isobtained by adding aconstant to
theprevioustermiscaledan AP,

Thefirst term of an APisdenoted by aand common difference by d.
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The'n'thtermof anAPisgivenbyt =a+(n—-1)d.

n
Thesumof first ntermsof anAPisgivenby S = B [2a+ (n—1)d]

Thesum of anAPwhosefirst termisaand last termis| and number of termsisnis

n
givenby S = E(a+ )]

H TERMINAL EXERCISE

1.

Which of thefollowing patternsare arithmetic progressions?
()25, 8 12,15, ...
(i)-3,0,3,6,9.....
(i) 1,2,4,8, 16, .....
Writethenth term of each of thefollowing arithmetic progressions:
(i) 509,13,17, ...
(i)—7,-11,-15,-19
Thefourthterm of an APisequal to threetimesitsfirst term and seventh term exceeds
twicethethirdterm by 1. Find thefirst term and common difference.

The 5th term of an APis23 and 12th term is 37. Find the first term and common
difference.

Theanglesof atrianglearein AP, If thesmallest angleisone-third thelargest angle,
findtheanglesof thetriangle.

Whichtermof AP
(i) 100, 95, 90, 85, ....,is—25?

Thenthtermof anAPisgivenbyt =a+bn. ShowthatitisanAP. Finditsfirstterm
and common difference.

If 7 timesthe 7th term of an APisequal to 11 timesthe 11th term, show that the 18th
termiszero.

Eachterm of anAPwhosefirst termisaand common differenceisd, isdoubled. Isthe
resulting pattern an AP?If so, find itsfirst term and common difference.

10. If k + 2, 4k — 6 and 3k — 2 are three consecutive terms of an AP, find k.
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11. How many termsof theAP:

() 1,4,7,10, .... are needed to get the sum 715?

(i) -10,-7,-4,-1, ..... are needed to get the sum 1047
12. Find thesum of first 100 odd natural numbers.

13. Inan AP, a= 2 and sum of thefirst fivetermsisone-fourth the sum of the next five
terms. Show that its20thtermis—12.

5
[Hint: If APisa, a+d,a+2d, ..., then S, = 5 [a+ (a+4d)]

Inthenext fiveterms, thefirsttermisa+ 5d and last termisa+ 9d.
14. If sumof first ntermsof anAPis2n + 3r?, find rthtermof theA.P.[Hintt =S —-S ]
15. Findthesum of al 3-digit numberswhich leavetheremainder 1, when divided by 4.
[Hint: Firstterm =101, last term = 997]

[ ]
‘ l ANSWERS TO CHECK YOUR PROGRESS

7.1

1 a=-5d=4
2. a=6,d=1
3. NotanAP

4. a=-6,d=3

1. -29 2. 3 3.5 -3 4. 10" term

1. (i)—360 (ii) 630
2. 20

3. 2380
4. 1689

5 3,7 110r11,7,3

6. (i)n=16,1=73 (iya=-3,d=3

. 3 220
(iif) d =375, S =-11400 (ivia= —g,Sn=?
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ﬂ ANSWERS TO TERMINAL EXERCISE
(i)
()t =4n+1 (i)t = —4n—3 Notes
3,2
15,2
30°, 60°, 90°
(i) 26" term (i) 25" term
a+b,b
Yes, first term = 2a, common difference = 2d
10. 3 11. (i) 22 terms (i) 13terms
12. 10,000 14.6r-1 15. 123525

© N o g~ w DN
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Mathematics

Practice Work-Algebra

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1. Answer all the questions on a separate sheet of paper.
2. Give the following informations on your answer sheet
Name
Enrolment number
Subject
Topic of practice work
Address

3. Getyour practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

Do not send practice work to National Institute of Open Schooling

1. The value of a if (x —a) is a factor of x®* —ax’ + x*—ax* + 3x —a+2, is 1
Aa=1
B)a=-1
(C)a=2
(D)a=-2
1
2. Thereciprocal of W is 1

(A) (‘ %jz
(3]
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(©) (-5/3)*

3 -2
o3

Notes
3. InanA.P, the sum of three numbersis 15 and their product is45. Then the three
numbersare 1

(A) 1,3, 15
(B) 2,4,9
(©)1,5,9
(D)0,5,9

x-1 1
. 2y——
4. Ify X+1,then y 2y isequal to 1

3x*-10x-3

® ")

3x* —10x+1
x? -1

(B)

3x? +10x+3

© by

3x* —10x+3

© g

4x*-25

5. Thelowest form of theexpresson ———— = is
PO e+ 11x =15

2X-5
X+3

(A)

2X+5
X+3

(B)

2X-5
X—3

(©)
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D 2X—5
D) <3

7 -3 8 -11 7 X
. T o8] (7).
Find x, sothat (8) (7] (8) : 2
Find threeirrational numbersbetween /3 and /8. 2
The HCF of two polynomialsis (x—2) and their LCM isx*+ 2x*—8x — 16. If one of
the polynomidsisx®—8, find the other polynomial. 2

. . .90

The sum of anumber anditsreciprocd is = find the number. 2

10. Thelength of arectangleis5 cmlessthantwiceitsbreadth. If the perimeter is110 cm,

find theareaof therectangle. 2

11. Show that thesum of an APwhosefirst termisa, thesecondtermisb and thelast term

o (a+c)(b+c-2a)
isc, isequal to 2(b—a) : 4

12. Had Ajay scored 10 more marksin histest out of 30 marks, 9 times these marks

would have been the square of hisactual marks. How many marksdid heget inthe
test? 6
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Commercial Mathematics

It is a common saying by elders keep your expenditure, less than your income. The
latent meaning of this is to save something for difficult times. You must have seen
birds and animals saving eatables for rainy season, in their nests or caves. Taking
the lead from this, the students have been told about the importance and need of
savings in this module

Many Indian mathematicians have worked on the topic of commercial Mathematics.
Yodoksu (370 B.C.) worked on fractions and ratio and proportion. In the reigns of
Ashoka and Chandragupta, there is a description of levying taxes. There is a
description of many mathematicians working on practice and proportion (like
Aryabhatt, Mahavira, Brahmgupta, Sridharacharya). In 900 A.D., Bakhshali
Manuscript was discovered which had a number of problems on Commercial
mathematics.

To keep your savings safeisanother tough task. Banksand other financial institutions
keep the money of their customers and on the expiry of the period pay extra money,
called interest, in addition to the money deposited. This encourages citizensto save
and keep the money safe. Thisis why calculation of interest on depositsin banksis
included for teaching.

The Government provides a number of facilities to the citizens. For that they levy
certain taxes on citizens. One of these taxes is sales tax to which the learners are
introduced in this “ module. Financial transactions about buying and selling are
generally donefor profit. Dueto greater supply of goods or sub-standard goods they
are to be sold on loss. The learners are, therefore, introduced to percentage and
profit and loss. Sometimes we have to buy articles on instalments because of non-
availability of adequate funds. Dueto thisthe students aretaught to calcul ate interest
when they buy articles on instalment plan. Sometimes when we are not ableto return
loaned money on time, the financer starts charging interest on interest also, which is
called compound interest. Due to this the study of compound interest has been
included in this module. The formulae of compound interest is also used in finding
increase or decreasein prices of things. Thisisalso taught under “ Appreciation and
Depreciation” of value.




N
211en08

PERCENTAGE AND ITS APPLICATIONS

You must have seen advertisements in newspapers, television and hoardings etc of the
following type:

“Sale, up to 60% oft™.

“Voters turnout in the poll was over 70%”.

“Ramesh got 93% aggregate in class XII examination™.

“Banks have lowered the rate of interest on fixed deposits from 8.5% to 7%”.

In all the above statements, the important word is ‘percent’. The word ‘percent” has been
derived from the Latin word ‘percentum’ meaning per hundred or out of hundred.

In this lesson, we shall study percent as a fraction or a decimal and shall also study its
applications in solving problems of profit and loss, discount, simple interest, compound
interest, rate of growth and depreciation etc.

After studying this lesson, you will be able to

e jllustrate the concept of percentage;

e calculate specified percent of a given number or a quantity;
e solve problems based on percentage;

e solve problems based on profit and loss;

e calculate the discount and the selling price of an article, given marked price of
the article and the rate of discount;

e solve inverse problems pertaining to discount;

e calculate simple interest and the amount, when a given sum of money is invested
for a specified time period on a given rate of interest;
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illustrate the concept of compound interest vis-a-vis simple interest;

calculate compound interest, the amount and the difference between compound
and simple interest on a given sum of money at a given rate and for a given time
period; and

solve real life problems pertaining to rate of growth and decay, using the formula
of compound interest, given a uniform or variable rate.

EXPECTED BACKGROUND KNOWLEDGE

e Four fundamental operations on whole numbers, fractions and decimals.

e Comparison of two fractions.

8.1 PERCENT

3 7
Recall that a fraction 4 means 3 out of 4 equal parts. 13 means 7 out of 13 equal parts

and oo Means 23 out of 100 equal parts.

A fraction whose denominator is 100 is read as percent, for example 12% is read as
twenty three percent.

The symbol ‘%’ is used for the term percent.

A ratio whose second term is 100 is also called a percent,

So, 33:100 isequivalentto 33%.

3
Recall that while comparing two fractions, g and 5 , we first convert them to equivalent

fractions with common denominator (L.C.M. of the denominators).

b 3326
S s s 2 100 ™
1 1.5 5
=X —=—
2 2 5 10
5
Now, because —~>— .. —>—

10 10 5 2
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We could have changed these fractions with common denominator 100 as

é:EXQ:ﬂ or 60%
5 5 20 100
l=l><ﬂ=ﬂ or 50%
2 2 50 100

3.1
and so, 5 > 5 as 60% is greater than 50%.

8.2 CONVERSION OF A FRACTION INTO PERCENT AND

VICE VERSA

In the above section, we have learnt that, to convert a fraction into percent, we change the
fraction into an equivalent fraction with denominator 100 and then attach the symbol %
with the changed numerator of the fraction. For example,

3 3 25 75 1
_:_x_:—:75><—:75(7
44725 100 100 07 and
4 44 16l en

25 254 100 100

Note: To write a fraction as percent, we may multiply the fraction by 100, simplify
it and attach % symbol. For example,

4 i><100% =16%
25 25
Conversely,

To write a percent as a fraction, we drop the % sign, multiply the number by

1
100 (or divide the number by 100) and simplify it. For example,

47%:47XL:4_7, 17%:17XL:1_7’ 3%:i
100 100 100 100 100

45% =45 =P 9 51020 21 gl X
100 100 20 100 10 100

Mathematics Secondary Course

MODULE - 2

Commercial
Mathematics

Notes

205



MODULE - 2

Commercial
Mathematics

206

Notes

Percentage and Its Applications

8.3 CONVERSION OF DECIMAL INTO A PERCENT AND
VICE VERSA

Let us consider the following examples:

0.35= Eal 35><L =35%
100 100

L _47_470

47_410 s
10 100

470 =470%
100

459 459 1

0.459 = = X
1000 10 100

=45.9%

63 63 1
X

0.0063 = =
10000 100 100

=0.63%

Thus, to write a decimal as a percent, we move the decimal point two places to the
right and put the % sign

Conversely,

To write a percent as a decimal, we drop the %sign and insert or move the decimal
point two places to the left. For example,

43% =0.43 75% = 0.75 12% = 0.12
9% = 0.09 115% =1.15 327% = 3.27
0.75% = 0.0075 4.5% = 0.045 0.2% = 0.002

Let us take a few more examples:

Example 8.1: Shweta obtained 18 marks in a test of 25 marks. What was her percentage
of marks?

Solution: Total marks =25

Marks obtained = 18

18
.. Fraction of marks obtained = 2—5
*. Marks obtained i Ei—7—272‘7
.. Marks obtained in percent = 25 ><4 0= 2%

Alternatively:

18
Marks obtained in percent = 05 X 100% = 72%
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Example 8.2: One-fourth of the total number of shoes in a shop were on discount sale.
What percent of the shoes were there on normal price?
1
Solution: Fraction of the total number of shoes on sale = 1
Notes
1 3
.. Fraction of the total number of shoes on normal price = 1 — 1 = 1
_ 3B 959, o 2x100% = 75%
4 25 100 4

Example 8.3: Out of 40 students in a class, 32 opted to go for a picnic. What percent of
students opted for picnic?

Solution: Total number of students in a class =40
Number of students, who opted for picnic =32

.. Number of students, in percent, who opted for picnic

= 2><100% =80%
40

Example 8.4: In the word ARITHMETIC, what percent of the letters are I's?
Solution: Total number of letters = 10

Number of I’'s=2

2
.. Percent of I’'s = EXlOO% =20%

Example 8.5: A mixture of 80 litres, of acid and water, contains 20 litres of acid. What
percent of water is in the mixture?

Solution: Total volume of the mixture = 80 litres
Volume of acid =20 litres

.. Volume of water = 60 litres

60
.. Percentage of water in the mixture = 20 x100% =T75%

CHECK YOUR PROGRESS 8.1

1. Convert each of the following fractions into a percent:
125

12 9 5 6
(a) 75 (b) 20 (© 0 (d 5 (e 5
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3 o8 18T 1231
® 10 @) 300 ®) 150 @ 25 0 1250
Write each of the following percents as a fraction:

7

(a) 53% (b) 85% (c) 16§ % (d)3.425%  (e) 6.25%

3 . .
() 70% (g)15 1 % (h)0.0025% (1) 47.35% () 0.525%
Write each of the following decimals as a percent:
(a) 0.97 (b) 0.735 (c) 0.03 (d)2.07 (e) 0.8
(f)1.75 (g)0.0250 (h) 3.2575 (1) 0.152 (j) 3.0015
Write each of the following percents as a decimal:
(a) 72% (b) 41% (c) 4% (d) 125% () 9%
(f)410% (g) 350% (h)102.5% (1) 0.025% (G) 10.25%

Gurpreet got half the answers correct, in an examination. What percent of her answers
were correct?

Prakhar obtained 18 marks in a test of total 20 marks. What was his percentage of
marks?
Harish saves % 900 out of a total monthly salary of I 14400. Find his percentage of
saving.

A candidate got 47500 votes in an election and was defeated by his opponent by a
margin of 5000 votes. If there were only two candidates and no votes were declared
invalid, find the percentage of votes obtained by the winning candidate.

In the word PERCENTAGE, what percent of the letters are E’s?

10. In aclass of 40 students, 10 secured first division, 15 secured second division and 13

just qualified. What percent of students failed.

8.4 CALCULATION OF PERCENT OF A QUANTITY OR A

NUMBER

To determine a specified percent of a number or quantity, we first change the percent to a
fraction or a decimal and then multiply it with the number or the quantity. For example:

or

25
25% of 90 = 100 % 90 =22.50

25% of 90 = 0.25 x 90 = 22.50
60% of Rs. 120 = 0.60 x Rs. 120 = Rs. 72.00
120% of 80 kg = 1.20 x 80 kg =96 kg
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Let us take some examples from daily life:

Example 8.6: In an examination, Neetu scored 62% marks. If the total marks in the
examination are 600, then what are the marks obtained by Neetu?

Solution: Here we have to find 62% of 600
. 62% of 600 marks = 0.62 x 600 marks = 372 marks
.. Marks obtained by Neetu = 372

Example 8.7: Naresh earns ¥ 30800 per month. He keeps 50% for household expenses,
15% for his personal expenses, 20% for expenditure on his children and the rest he saves.
What amount does he save per month?

Solution: Expenditure on Household = 50%
Expenditure on self = 15%
Expenditure on children =20%
Total expenditure = (50 + 15 + 20)% = 85%
-~ Savings (100 — 85)% = 15%
= 15% of 30800 =% (0.15 x 30800)

=% 4620
Example 8.8: What percent of 360 is 144?
Solution: Let x% of 360 = 144

%360 =144
100

144
_ 1% 100 = 40%
Or =30 ‘

144

Alternatively, 144 out of 360 is equal to the fraction %

144
. = —x100% = 40%
.. Percent 360 0 0

Example 8.9: If 120 is reduced to 96, what is the reduction percent?
Solution: Here, reduction = 120 - 96 = 24

24
.. Reduction percent = EX 100% =20%
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Example 8.10: The cost of an article has increased from ¥ 450 to ¥ 495. By what percent
did the cost increased?

Solution: The increase in Cost Price =3 (495 — 450)
=345

45
= ——x100=10%
Increase percent 150 4

Example 8.11: 60% of the students in a school are girls. If the total number of girls in the
school is 690, find the total number of students in the school. Also, find the number of boys
in the school.

Solution: Let the total number of students in the school be x

Then, 60% of x = 690

60 ~690x100

So—Xx=6090 or x =1150
100

.. Total number of students in the school = 1150
.. Hence number of boys = 1150 — 690 = 460

Example 8.12: A’s income is 25% more than that of B. B’s income is 8% more than that
of C. If A’s income is % 20250, then find the income of C.

Solution: Let income of C be T x
Incomeof B  =x+ 8% of x
8x 108
= X+t—=—"X
100 100
108x 108x
= +25% of
Income of A 100 0 100
B 108x><£
~ 100 100
.-.@xxxE:ZO%O
100 100
100 100

or X =20250X—x——=15000
108 125

.. Income of C is T 15000.
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Example 8.13: Areduction of 10% in the price of tea enables a dealer to purchase 25 kg
more tea for ¥ 22500. What is the reduced price per kg of tea? Also, find the original price
per kg.

10
Solution: 10% of T 22500 = @X 22500 = ¥ 2250

. Reduced price of 25 kg tea =3 2250

, 2250
.. Reduced price per kg =% 55 = % 90 per kg.
Since, the reduction was 10% so the original price =% 100 per kg.

Example 8.14: A student got 45% marks in the first paper and 70% in the second paper.
How much percent should he get in the third paper so as to get 60% as overall score?

Solution: Let each paper be of 100 marks.
.. Marks obtained in first paper = 45% of 100 =45
Marks obtained in second paper = 70% of 100 =70

Total marks (in three papers) he wants to obtain = 60% of 300

= ﬂ><300 =180
100

.. Marks to be obtained in third paper = 180 — (45 + 70)
=180-115=65
Example 8.15: Find the sum which when increased by 15% becomes % 19320.

Solution: Let the sum be3 x

oo x+ 15% of x = 19320

x+15—x =19320 or 15x =19320
100 100

= 19320100 — 16800

Hence, the required sum = 16800.

CHECK YOUR PROGRESS 8.2

1. Find: (i) 16% of 1250 (1) 47% of 1200

2. A family spends 35% of its monthly budget of ¥ 7500 on food. How much does the
family spend on food?
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3. Inagarden, there are 500 plants of which 35% are trees, 20% are shrubs, 25% are

a

10.

I1.

12.

13.

herbs and the rest are creepers. Find out the number of each type of plants.
60 is reduced to 45. What percent is the reduction?
If 80 is increased to 125, what is the increase percent?

Raman has to score a minimum 40% marks for passing the examination. He gets 178
marks and fails by 22 marks. Find the maximum marks.

It takes me 45 minutes to go to school and I spend 80% of the time travelling by bus.
How long does the bus journey last?

In an election, between 2 candidates 25% voters did not cast their votes. A candidate
scored 40% of the votes polled and was defeated by 900 votes. Find the total number
of voters.

A rise of 25% in the price of sugar compels a person to buy 1.5 kg of sugar less for
% 240. Find the increased price as well as the original price per kg of sugar.

A number is first increased by 20% and then decreased by 20%. What is the net
increase or decrease percent?

‘A’ scored 12 marks, while B scored 10 marks, in the first terminal examination. If in
the second terminal examination (with same total number of marks) ‘A’ scored 14
marks and ‘B’ scored 12 marks, which student showed more improvement?

30,000 students appeared in a contest. Of them 40% were girls and the remaining
boys. If 10% boys and 12% girls won the contest with prizes, find the percentage of
students who won prizes.

Sunil earns 10% more than Shailesh and Shailesh earns 20% more than Swami. If
Swami earns ¥ 3200 less than Sunil, find the earnings of each.

8.5 APPLICATION OF PERCENTAGE

In our day to day life, we come across a number of situations wherein we use the concept
of percent. In the following section, we discuss the application of percentage in different
fields, like problems in profit and loss, discount, simple interest, compound interest, rate of
growth and depreciation.

8.5.1 Profit and Loss

Let us recall the terms and formulae related to profit and loss.

Cost Price (C.P.): The Price at which an article is purchased, is called its cost price.

Selling Price (S.P.): The Price at which an article is sold, is called its selling price.
Profit (Gain): When S.P. > C.P,, then there is profit, and

Profit=S.P.— C.P.
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Loss: When C.P. > S.P., then there is loss, and arremanes
Loss=C.P.-S.P.
Profit Loss
O — x100 |%, Loss% = x100 (%
Formulae Profit % ( CP. j ( CPp. j Notes

op - (C.P.)x(100+ Profit%) _(C.P.)(100—Loss%)

100 100
SP.x100 _ (S.P.)x100
CP.= 1100+ Profit%) _ (100— Loss%)

Note: Gain % or loss % is always calculated on C.P.

Let us take some examples to illustrate the applications of these formulae in solving problems
related to profit and loss:

Example 8.16: A shopkeeper buys an article for Rs. 360 and sells it for Rs. 270. Find his
gain or loss percent.

Solution: Here C.P. =Rs. 360, and S.P.=Rs. 270
Since C.P. > S.P.,, .. thereisaloss.

Loss = C.P. — S.P. =Rs (360 — 270) = Rs. 90

Loss
Loss % = CP

xlOOj%

= 2><100 =25%
360

Example 8.17: Sudha purchased a house for ¥ 4,52,000 and spent ¥ 28,000 on its
repairs. She had to sell it for I 4,92,000. Find her gain or loss percent.

Solution: Here C.P. = Cost price + Overhead charges
=< (452000 + 28000) =X 4,80,000
S.P. =34,92,000
Since, S.P. > C.P,, .. Gain =% (492000 — 480000) =% 12000

12000100 5
%= ————— =2 % =2.5%
Gain % =" 80000 2 ‘

Example 8.18: By selling a book for X 258, a publisher gains 20%. For how much should
he sell it to gain 30%?
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Solution: S.P. =Rs. 258
Profit=20%
cp S.P.x100 * 258 %100 2515
Notes 7 100+ Profit% 120

Now, if Profit = 30% and C.P. =Rs. 215, then,

C.P.x (100 + Profit% ) ?215><13o % 27050
N 100 - 100 '

S.P.
Example 8.19: A man bought oranges at 25 for ¥ 100 and sold them at 20 for I 100.
Find his gain or loss percent.
Solution: C.P. of 25 oranges =X 100

100
. C.P. of 1 orange =% 5 = 4

100
and S.P. of 1 orange =% o0 = %5

. Profiton 1 orange =% (5-4)=% 1
1

Profit % = leOO =25%
Example 8.20: A man sold two horses for ¥ 29700 each. On one he lost 10% while he
gained 10% on the other. Find his total gain or loss percent in the transaction.
Solution: S.P. of first horse =X 29700

Loss =10%
29700x100
90

S.P. of 2nd horse =% 29700,
Profit=10%

=% 33,000

29700x100
CP. =% T=?27,000

Total CP =3 (33000 + 27000) =X 60,000
Total SP =% (2 x 29700) =< 59400
Net Loss =X (60000 — 59400) =X 600
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600
=—x100 =
Loss % 60000 1%
Example 8.21: The cost price of 15 articles is equal to the selling price of 12 articles. Find
the gain percent. Notes

Solution: Let the C.P. of 15 articles be ¥ 15
then S.P.of 12 articles=% 15

S.P. of 15 articl 54 —15><15 ?—75
P.o articles = 12 = 4
75 15
in=F| —=15| =F =
Gam-?(4 j— 2
15/4

Gain % = —15 x100=25%

Example 8.22: A watch was sold at a profit of 12%. Had it been sold for ¥ 33 more, the
profit would have been 14%. Find the cost price of the watch.

Solution: Let the cost price of the watch be T x

P — xx112  112x
100 100

112x
If the watch is sold for Rs. 33 more then S.P. = 100 +33

New profit = 14%
H2x 23100
100

114

SCP.=x=

or 114x =112 x + 3300 or 2x =3300
x=1650 .. C.P.=%1650

CHECK YOUR PROGRESS 8.3

1. A shopkeeper bought an almirah from a wholesale dealer for ¥ 4500 and sold it for
% 6000. Find his profit or loss percent.
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2. Aretailer buys a cooler for I 3800 but had to spend % 200 on its transport and repair.
If he sells the cooler for X 4400, determine, his profit percent.

3. A vendor buys lemons at the rate of 5 for I 7 and sells them at < 1.75 per lemon. Find
his gain percent.

4. A man purchased a certain number of oranges at the rate of 2 for I 5 and sold them at
the rate of 3 for ¥ 8. In the process, he gained X 20. Find the number of oranges he
bought.

5. By selling a bi-cycle for I 2024, the shopkeeper loses 12%. If he wishes to make a
gain of 12% what should be the selling price of the bi-cycle?

6. By selling 45 oranges for ¥ 160, a woman loses 20%. How many oranges should she
sell for¥ 112 to gain 20% on the whole?

7. A dealer sold two machines at I 2400 each. On selling one machine, he gained 20%
and on selling the other, he lost 20%. Find the dealer’s net gain or loss percent.

8. Harish bought a table for ¥ 960 and sold it to Raman at a profit of 5%. Raman sold it
to Mukul at a profit of 10%. Find the money paid by Mukul for the table.

9. A man buys bananas at 6 for ¥ 5 and an equal number at ¥ 15 per dozen. He mixes the
two lots and sells them at X 14 per dozen. Find his gain or loss percent, in the transaction.

10. If the selling price of 20 articles is equal to the cost price of 23 articles, find the loss or
gain percent.

8.5.2 Discount

You must have seen advertisements of the following types, especially during the festival
season.

SALE } DIWALI BONANZA

discount upto 50% 20% discount on all items.

A discount is areduction in the marked (or list) price of an article. “20% discount”means
areduction of 20% in the marked price of an article. For example, if the marked price of
an article is ¥ 100, it is sold for ¥ 80, i.e. T 20 less than the marked price. Let us define the
terms, we shall use:

Marked Price (or List price): The marked price (M.P.) of an article is the price at which
the article is listed for sale. Since this price is written (marked) on the article, so it is called
the marked price.

Discount: The discount is the reduction from the marked price of the article.

Net selling price (S.P.): In case of discount selling, the price of the article obtained by
subtracting discount from the marked price is called the Net Selling price or Selling price
(S.P.). Let us take the following examples, to illustrate:
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Example 8.23: A coat is marked at ¥ 2400. Find its selling price if a discount of 12% is
offered.

Solution: Here, Marked Price (M.P.) of the coat =3 2400
Discount=12%
Net selling price (S.P.) = M.P. — Discount
=3 2400 — 12% of T 2400

12
_ _F | —x2400
=3 2400 ?(100 j
=3 (2400 - 288)

=3 2112

Thus, the net selling price of coatisI2112.

Example 8.24: A machine listed at ¥ 8400 is available for ¥ 6300. Find the rate of
discount offered.

Solution: Here, Marked Price (M.P.) =3 8400
Net selling price (S.P.) =3 6300

Discount offered =3 (8400 - 6300)
=3 2100
2100
Discount % x100% =25%

~ 8400
Note: Discount is always calculated on Marked Price.

Example 8.25: A wholesaler’s list price of a fan is T 1250 and is available to a retailer at
a discount of 20%. For how much should the retailer sell it, to earn a profit of 15%.

Solution: M.P. =% 1250
Discount =20% of T 1250

20
=¥ —x1250 =
3 100 3250
.. Cost Price of the retailer =3 (1250 — 250)

=% 1000
Profit =15%
Sp o C.P.(100 + Profit%) _s 1000x115
T 100 - 100
=% 1150
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Example 8.26: A shopkeeper marks his goods 25% more than their cost price and allows
a discount of 10%. Find his gain or loss percent.

Solution: Let the C.P. of an article =% 100
.. Marked Price (M.P.) =% 100 + 25% of ¥ 100
=3 125
Discount offered = 10%
- Netselling Price =3 125 - 10% of I 125

10
_ _F | —xI25
=%125-% (100 j

=3 (125-12.50) =% 112.50
-~ Gain =3 (112.50 - 100) =% 12.50

12.50

i = x100=12.5%
Gain % 100 0

Example 8.27: An article listed at I 5400 is offered at a discount of 15%. Due to festival
season, the shopkeeper allows a further discount of 5%. Find the selling price of the
article.

Solution: M.P. =3 5400, Discount=15%
- SP =% 5400 - 15% of ¥ 5400
=3 5400 -% £>< 5400
100
=3 (5400 — 810) =% 4590
Festival discount=5%

- Netselling Price =3 4590 — 5% of I 4590

5
=34590-% 100 x 4590

=73 (4590 — 229.50)
=% 4360.50
.~ Net selling price of article =% 4360.50.

Example 8.28: A retailer buys books from a wholesaler at the rate of ¥ 300 per book and
marked them at ¥ 400 each. He allows some discount and gets a profit of 30% on the cost
price. What percent discount does he allow to his customers?
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Solution: C.P. of one book =< 300
M.P. =% 400
Profit=30%
op C.P.(100 + Profit%) . 300x130 % 200 Notes
T 100 B 100
.. Discount offered =3 (400 - 390) =X 10
Di o7 10 x100=2.5%
= —_ = 4Z.0970
1scount % 400
CHECK YOUR PROGRESS 84

1. A shirt with marked price ¥ 375/- is sold at a discount of 15%. Find its net selling

price.
2. A pair of socks marked at ¥ 60 is being offered for ¥ 48. Find the discount percent

being offered.
3. Awashing machine is sold at a discount of 10% on its marked price. A further discount

of 5% is offered for cash payment. Find the selling price of the washing machine if its

marked price is ¥ 18000.
4. A man pays < 2100 for a machine listed at ¥ 2800. Find the rate of discount offered.
5. Thelist price of a table fan is ¥ 840 and it is available to a retailer at a discount of 25%.

For how much should the retailer sell it to earn a profit of 15%.
6. A shopkeeper marks his goods 50% more than their cost price and allows a discount

of 40%, find his gain or loss percent.
7. A dealer buys a table listed at ¥ 2500 and gets a discount of 28%. He spends I 100

on transportation and sells it at a profit of 15%. Find the selling price of the table.
8. Aretailer buys shirts from a manufacturer at the rate of ¥ 175 per shirt and marked

them at ¥ 250 each. He allows some discount and earns a profit of 28% on the cost

price. What percent discount does he allow to his customers?
8.5.3 Simple Interest
When a person has to borrow some money as a loan from his friends. relatives, bank etc.
he promises to return it after a specified time period along with some extra money for using
the money of the lender.
The money borrowed is called the Principal, usually denoted by P, and the extra money
paid is called the Interest, usually denoted by I.
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The total money paid back, that is, the sum of Principal and the Interest is called the
Amount, and is usually denoted by A.
Thus, A=P+1
Not The interest is mostly expresed as a rate percent per year (per annum).
otes

Interest depends on, how much money (P) has been borrowed and the duraton of time (T)
for which itis used. Interest is calculated according to a mutually agreed rate percent, per

) r
annum (R). [i.e. R=r% = 100 ]

Thus, Interest=(Principal) x (Rate % per annum) X time
S I=PxRxT

Interest calculated as above, is called simple interest. Let us take some examples, involving
simple interest.

Example 8.29: Find the simple interest in each of the following cases

P R T
(a) < 8000 5% 2 yrs
1
(b) < 20,000 15% 1 o yrs
Solution: (a) I=P.R. T

5
=7 |8000x—x2 | =
=X [ 100 } =% 800

15 3
— 20000 X —x— | —
(b) I_?{ 100 2} =3 4500

Example 8.30: Find at what rate of simple interest per annum will ¥ 5000 amount to
6050 in 3 years.

Solution: Here A =% 6050, P=35000, T=3yrs
- I=% (6050 — 5000) =% 1050

[=PxRxT o 1 r I1x100
= 0=—— Sr=
xR xLor PxT PxT
 =1050x100 _ R = 79
5000%3 R
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1
Example 8.31: A sum amounts to I 4875 at 12 5 % simple interest per annum after 4

years. Find the sum.
. 1 25
Solution: Here A =3 4875, R= 125% = 7%, T=4yrs
[=PxRxT

25 p
- Px—x4 | -7 —
I‘?[ 200 J‘? 2

P 3p
. _ P+—| 3 ——
..A_?( Zj_? >

3P
Thus, 5= I 4875 or 3P =% 9750 or P =3 3250

Example 8.32: In how many years will a sum of T 2000 yield an interest (Simple) of
% 560 at the rate of 14% per annum?

Solution: Here P =3 2000, I1=3 560 R=14%

14
= 560 =2000x —XxT
I=PxRxTor 100

T 560100 _
200014

Thus, in 2 years, a sum of X 2000 will yield an interest of ¥ 560 at 14% per annum.

Example 8.33: A certain sum of money at simple interest amounts to < 1300 in 4 years
and to ¥ 1525 in 7 years. Find the sum and rate percent.

PxR x4 .
Solution: Here 1300=———+P ..(1)
100
an =100 ..(i1)
PxRx3 PxR
ine (i i) 225= or =75
Subtracting (i) from (ii) 100 100

Putting in (i) we get
1300 =75x4 +Por P=% (1300 -300) = 1000
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PxR 75%100 _ 75%100

: =750rR = =7.5%
Again, we have 100 P 1000 0

.. Principal =X 1000 and rate = 7.5%

Notes | Alternatively:
Amount after 4 years =3 1300
Amount after 7 years =3 1525
.. Interest for 3 years =3 [1525 — 1300] =% 225

225
.. Interest for 1 year =% 3 = 75

. 1300 = P + Interest for 4 yrs =P + 4 x 75 or P =% (1300 — 300) =< 1000

75%100

= =75q
R=000x1 ’

Example 8.34: A certain sum of money doubles itself in 10 years. In how many years will

1
itbecome 2 times at the same rate of simple interest.

2
Solution: LetP=X 100, T=10yrs, A=3200, .. 1=%100
=-.100 = Mor R =10%
Now P =% 100, R =10% and A =% 250 1= 150

=150 = 1OOX£XT or T=15yrs
100

1
Thus, in 15 yrs, the sum will become 2 E times.

Example 8.35: Out of ¥ 70,000 to invest for one year, a man invests ¥ 30,000 at 4% and
< 20,000 at 3% per annum simple interest. At what rate percent, should he lend the
remaining money, so that he gets 5% interest on the total amount he has?

Solution: Interest on total amount at 5% for one year

5
= 70,000)(—)(1 =
3 100 < 3500

4
Interest on ¥ 30,000 at 4% for 1 year =% 3OOOO><E><1
=3 1200
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3
Interest on ¥ 20,000 at 3% for 1 year =% 20000><@><1

=3 600
.~ Interest on remaining < 20,000 for 1 yr =3 [3500 — 1200 — 600]
=3 1700
~.1700 = 20000><£><1 orR = 1700100 =8.5%
100 20000

.. The remaining amount should be invested at 8.5% per annum.

CHECK YOUR PROGRESS 8.5

1.

10.

Rama borrowed X 14000 from her friend at 8% per annum simple interest. She returned
the money after 2 years. How much did she pay back altogether?

Ramesh deposited X 15600 in a financial company, which pays simple interest at 8%
per annum. Find the interest he will receive at the end of 3 years.

Naveen lent I 25000 to his two friends. He gave I 10,000 at 10% per annum to one
of his friend and the remaining to other at 12% per annum. How much interest did he
receive after 2 years.

Shalini deposited I 29000 in a finance company for 3 years and received X 38570 in
all. What was the rate of simple interest per annum?

2
In how much time will simple interest on a sum of money be 5 th of the sum, at the rate

of 10% per annum.
At what rate of interest will simple interest be half the principal in 5 years.

A sum of money amounts to I 1265 in 3 years and to I 1430 in 6 years, at simple
interest. Find the sum and the rate percent.

Out of T 75000 to invest for one year, a man invested ¥ 30000 at 5% per annum and
% 24000 at 4% per annum. At what percent per annum, should he invest the remaining
money to get 6% interest on the whole money.

A certain sum of money doubles itself in 8 years. In how much time will it become 4
times of itself at the same rate of interest?

In which case, is the interest earned more:
(a) ¥ 5000 deposited for 5 years at 4% per annum, or
(b) T 4000 deposited for 6 years at 5% per annum?
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8.5.4 Compound Interest

In the previous section, you have studied about simple interest. When the interest is calculated
on the Principal for the entire period of loan, the interest is called simple interest and is
given by

I=PxRxT

But if this interest is due (not paid) after the decided time period, then it becomes a part of
the principal and so is added to the principal for the next time preiod, and the interest is
calculated for the next time period on this new principal. Interest calculated, this way is
called compound interest.

The time period after which the interest is added to the principal for the next time period is
called the Conversion Period.

The conversion period may be one year, six months or three months and the interest is said
to compounded, annually, semi-annually or quarterly, respectively. Let us take an example:

Example 8.36: Find the compound interest on a sum of Rs. 2000, for two years when the
interest is compounded annually at 10% per annum.

Solution: Here P=3 2000 and R = 10%

.. Interest for the first conversion time period (i.e. first year)

10
=3 2000 x ﬁ x 1 =3200

.. Principal for the second year (or 2nd conversion period)
=% (2000 + 200) = 2200

10
. Interest for the 2nd time period =< 2200 x —— x 1 =220

100
.. Amount payable at the end of two years =% (2200 + 220)
=3 2420
-~ Total interest paid at the end of two years =< (2420 — 2000)
=3 420

or [¥ (200 + 220) =% 420]
.. Compound interest =< 420

Thus, for calculating the compound interest, the interest due after every coversion period
is added to the principal and then interest is calculated for the next period.

8.5.4.1 Formula for Compound Interest

Let a sum P be borrowed for n years at the rate of r% per annum, then
Pr

: r
Interest for the first year = P x 100 x1= 100
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Amount after one year = Principal for 2nd year= P+ 100
_ P(l + Lj
100 Notes

P1+rj r Pr(1+rj
Interest for 2nd year = 100 ) % 100 % 1= 1001 T 100

P 1+— +Pr I+ — =P 1+— | 1+—
Amount after 2 years = 100 ) 100 100 100 100
r 2
100

3
r
Similarly, amount after 3 years = P| 1+ ﬁj and so on.

A t aft Pl 1+——
mount a ernyears— 1 OO

r
Thus, if Arepresents the amount and R represents r% or 100° then

r n
_ no Pl 1+ ——
A=P(1 +R) ( 100)

and compound interest =A—-P=P (1 +R)"-P

r n
=P[(1 +R)y" 1] or P{(”ﬁ} —1}

Note: Simple interest and compound interest are equal for first year (first conversion period)
Example 8.37: Calculate the compound interest on ¥ 20,000 for 3 years at 5% per
annum, when the interest is compounded annually.

Solution: Here P =3 20,000, R =5% and n =3
S Cl =Pl +R)"-1]

5 3
— I+—| -1
=3 20000 {( IOOJ }

3
21 92618000
_z || = | ~1| 27 20000x| 2221 =00
?Kzoj } < { 8000 }
=% 3152.50
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1
Example 8.38: Calculate the compound interest on < 20,000 for 1 o years at the rate of

10% per annum, when the interest is compounded semi-annually.

Notes Solution: Here P =% 20,000, R =10% per annum
= 5% per half year

1
andn=1 5 ys= 3 half years

5 3
. _ n _=z 20,000 | 1+——| —1
L Cl =P[(1 +R)"-1]1=X {( 100) }

9261
=7 20,000x| ——-1| =
=X {8000 } 3 3152.50

Example 8.39: Calculate the compound interest on ¥ 20,000 for 9 months at the rate of
4% per annum, when the interest is compounded quarterly.

Solution: Here P =% 20,000, R =4% per annum
= 1% per quarter of year

and n = 3/4 yrs =3 quarters

1 3
. 3 n_11-% 20,000 | 1+— | -1
. CI =P[(1+R)-11=X% {( +1()0) }

—xa0000x |[M1) 1| _¢ 2000030301
—TELI00) 17T 100x100x100

=% 606.02

1
Example 8.40: calculate the amount and compound interest on < 12000 for 1 o years at

the rate of 10% per annum compounded annually.

1
Solution: Here P=3 12000, R = 10% and n =1 o years

Since interest is compounded, annually, so, amount at the end of 1 year is given by
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1 1
A=P 1+£ =3 12000 x 1+£
100 100

11
=3 IZOOOXB =3 13200

.. Principal for next 6 months =3 13200

10
and Rate R = ?% =5%

5 21
L A=F 132000 1+——| =% 13200x—
- A=Z ( moj . 2

=% 13860

1
. Amount after 1 - years= 313860

Compound interest =3 [13860 — 12000]
=% 1860

1
Note: We can calculate the amount for 1 5 YIS as

10 5
=F 12000| 1+— || 1+—
A=X ( 100)( 100)

Example 8.41: At what rate percent per annum, will a sum of ¥ 15,625 become
% 17576 in three years, when the interest is compounded annually?

Solution: Here A= 17576, P=% 15,625 andn=3

Let R =1% per annum

3
17576 =15625| 1+ ——
100
) 17576 _(26Y
U100 15625 \ 25

r 26 r 26 1
Sl — === 0or —==""—"1=—
100 25 100 25 25
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100

=——=4
25

or r

.. Rate = 4% per annum.

Example 8.42: In how much time will a sum of ¥ 8000 amount to X 9261 at 10% per
annum, compounded semi-annually?

Solution: Here A= 9261, P=3 8000 and n = x semi yrs

R =10% per annum = 5% semi annually

~.9261=28000 1+i
100

9261 (21}" (21)3 (21}‘
or =| — or{ — | =| — Sx=3
8000 | 20 20 20

1
. Time =3 halfyears =1 o years

Example 8.43: Find the difference between simple interest and compound interest for

1
1 o years at 4% per annum, for a sum of I 24000, when the interest is compounded semi-

annually..
Solution: Here P =% 24000, R = 4% per annum

T = years R =2% per semi-annually

N | W

1
n=1 5 years= 7 years= 3 semi years

4 3
i = =3 24000X —x —
Simple Interest=P xR x T 3 1003

=% 1440.

For compound interest, A = P[(l + %) }

2 3
_ > 24000| [ 14—
A=R {( 100”
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51 51 51 51}
=3 24000 | — | | =7 24000| —x—x—
A= [(50” X [50 50 50

24x51x51x51
=X 125 =% 25468.99 or X 25469

.. CI1=%[25469 — 24000] =3 1469
Difference=CI-SI =3 [1469 — 1440]
=329

1
Example 8.44: A sum of money is invested at compound interest for 1 )

compounded annually. If the interests were compounded semi-annually, it would have

fetched ¥ 20.40 more than in the previous case. Find the sum.
Solution: Let the sum be ¥ x.

Here R =4% annually, or 2% semi-annually

T=1 5 yrsor 3 semi years

In first case
4 1 2 1
= I+— || 1+—
A=% x[ 100“ 100}
s x(2_6j(ﬂ] _g 1326x
- 25 \50) 1250
In 2nd case
e o) 2]
B 100) 50

- 132651
~ 125000

132651 1326 }

.. Difference =% {125000 * 250"

51x
125000

=X
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51x 2040 2040 125000
= r x=% X

= 0
125000 100 100 51

=3 5000

. Sum =3 50,000

CHECK YOUR PROGRESS 8.6

1.

10.

Calculate the compound interest on% 15625 for 3 years at 4% per annum, compounded
annually.

1
Calculate the compound interest on ¥ 15625 for 15 years at 8% per annum,

compounded semi-annually.

Calculate the compound interest on ¥ 16000 for 9 months at 20% per annum,
compounded quarterly

Find the sum of money which will amount to ¥ 27783 in 3 years at 5% per annum, the
interest being compounded annually.

Find the difference between simple interest and compound interest for 3 years at 10%
per annum, when the interest is compounded annually on ¥ 30,000.

The difference between simple interest and compound interest for a certain sum of

1
money at 8% per annum for 1 o years, when the interest is compounded half-yearly

is¥ 228. Find the sum.

A sum of money is invested at compound interest for 9 months at 20% per annum,
when the interest is compounded half yearly. If the interest were compounded quarterly,
it would have fetched % 210 more than in the previous case. Find the sum.

A sum of T 15625 amounts to X 17576 at 8% per annum, compounded semi-annually.
Find the time.

Find the rate at which I 4000 will give ¥ 630.50 as compound interest in 9 months,
interest being compounded quarterly.

A sum of money becomes X 17640 in two years and X 18522 in 3 years at the same
rate of interest, compounded annually. Find the sum and the rate of interest per annum.

8.5.5 Rate of Growth and Depreciation

In our daily life, we come across the terms like growth of population, plants, viruses etc
and depreciation in the value of articles like machinery, crops, motor cycles etc.

The problems of growth and depreciation can be solved using the formula of compound
interest derived in the previous section.
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If V_is the value of an article in the beginning and V_is its value after ‘n’ conversion
periods and the rate of growth/depreciation for the period be denoted by 1%, then we can
write

r n
V. =V |[I+—| i
n o( 0 Oj in case of growth, and

r n
V.=V | 1-—| i iati
n o( 10 Oj in case of depreciation.

If the rate of growth/depreciation varies for each conversion period, then

T T I
V.=V [ I+ 1+—= 1+ ..
! ‘{ 100)( 100)( 100) for growth, and

I, r I
V.=V [l-——— | 1-—2 | 1-—|. iati
n = Vo ( 100 ]( 100 j( 1 OOJ for depreciation.

Let us take some examples to illustrate the above concepts.

Example 8.45: The population of a city is 9765625. What will be its population after 3
years, if the rate of growth of population is 4% per year?

Solution: Here V_ =9765625,r=4% andn =3

3
. 'V, =9765625 1+i
100

3
=9765625 % (2—6]
25

= 10985000.
Hence, the population of that city after 3 years will be = 10985000.

Example 8.46: The cost of a car was % 3,50,000 in January 2005. If the rate of depreciation
is 15% for the first year and 10% for the subsequent years, find its value after 3 years.

Solution: Here V_ =% 3,50,000
r,=15%,r,=10% and r, = 10%

:.V3=\g(1— d j(l— 2 j(r— 5 J
100 " 100 A" 100
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_ 7 350000 1— 2> [ 1= 19 ;- 10
100 100" 100

17_9_9
=3 350000X —X—X— = :
3 201010 32,40,975/

.. The value of car after 3 years =3 240975.

Example 8.47: A plant gains its height at the rate of 2% per month of what was its height
in the beginning of the month. If its height was 1.2 m in the beginning of January 2008, find
its height in the beginning of April 2008, correct upto 3 places of decimal.

Solution: Here V. =1.2m, r=2%,n=3

AV, =V 1+ —
100

3 3
= 1.2(1 +i) =1 2(2J =1.2734m
100 50

=1.273 m
Hence, height of plant in the beginning of April =1.273 m.

Example 8.48: The virus of a culture decreases at the rate of 5% per hour due to a
medicine. If the virus count in the culture at 11.00 AM was 2.3 x 107, find the virus count
at 1.00 PM on the same day.

Solution: V,=23%x10",r=5%,n=2

2
Vv, =2.3x10’ 1=} —23x10° x(0.95)
100
=2.076 x 10’
Hence, the virus count at 1.00 PM is 2.076 x 10’.

CHECK YOUR PROGRESS 8.7

1. The population of a town is 281250. What will be its population after 3 years, if the
rate of growth of population is 4% per year?

2. The cost of a car was X 4,36,000 in January 2005. Its value depreciates at the rate of
15% in the first year and then at the rate of 10% in the subsequent years. Find the
value of the car in January 2008.
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3. The cost of machinery is ¥ 360000 today. In the first year the value depreciates by

12% and subsequently, the value depreciates by 8% each year. By how much, the
value of machinery has depreciated at the end of 3 years?

. The application of manure increases the output of a crop by 10% in the first year, 5%
in the second year and 4% in the third year. If the production of crop in the year 2005
was 3.5 tons per hectare, find the production of crop per hectare in 2008.

. The virus of a culture decreases at the rate of 4% per hour due to a medicine. If the
virus count in the culture at 9.00 AM was 3.5 x 103, find the virus count at 11.00 AM
on the same day.

. Three years back, the population of a village was 50000. After that, in the first year,
the rate of growth of population was 5%. In the second year, due to some epidemic,
the population decreased by 10% and in the third year, the population growth rate
was noticed as 4%. Find the population of the town now.

@m

Percent means ‘per hundred’.
Percents can be written as fractions as well as decimals and vice-versa.
To write a percent as a fraction, we drop the % sign and divide the number by 100.

To write a fraction as a percent, we multiply the fraction by 100, simplify it and suffix
the % sign.

To determine the specific percent of a number or quantity, we change the percent to a
fraction or a decimal and then multiply.

When the selling price is more than the cost price of the goods, there is a profit (or
gain).

When the selling price is less than the cost price of the goods, there is a loss.

Profit (Gain) =S.P.— C.P. ; Loss=C.P.-S.P.

Gain% = 23100 C Loss% =2 5100
C.P. P.

gp - 100+Gain% ., : sp, =100-Loss% - p
100 ’ 100

The simple interest (I.) on a principal (P) at the rate of R% for a time T years, is
calculated, using the formula

.=PxRxT
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e Discountis areduction in the list price of goods.
e Discountis always calculated on the marked price of the goods

e (Marked price — discount), gives the price, which a customer has to pay while buying
an article.

e Two or more successive discounts are said to form a discount series.
e Adiscount series can be reduced to a single discount.
e Sales tax is charged on the sale price of goods.
e Aninstalment plan enables a person to buy costlier goods.
e Inthe case of compound interest
Amount (A) =P (1 + R)", where P is the Principal, R =rate% and n = time.
e Compount interest is greater than simple interest, except for the first conversion period.

e If'V isthe value of an article in the beginning and V _is its value after ‘n’ conversion
periods and ‘r’ be the rate of growth/depreciation per period, then

r n
V =V [1+—| i
n 0( 10 Oj in case of growth, and

r n
V.=V |[l-—] i iati
n O( 0 OJ in case of depreciation.

e Ifthe rate of growth/depreciation varies for each conversion period, then

T T I
V, =V [T T+ 2 1+
n o( 100)( 100)( 100) for growth, and

T, r r
V.=V [l-——— | 1-—2 | 1-——|. iati
n = Vo [ 100 ]( 100 j( 1 OO) for depreciation.

E‘J TERMINAL EXERCISE

1. Write each of the following as a percent

9 7
(a) 20 (b) 10 (c)0.34 (d) 0.06

2. Write each of the following as a decimal:
(a) 36% (b) 410% (c)2% (d) 0.35%
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3. Write each of the following as fraction:
(a) 0.12% (b) 2.5% (c) 25.5% (d) 255%

4. Find each of the following:

(a) 23% of 500  (b) 2.5% of 800 (c) 0.4% of 1000 (d) 115% of 400 || Notes
What percent of 700 is 2947

By what percent is 60 more than 45?7

What number increased by 10% of itself is 3527

Find the number whose 15% is 270.

What number decreased by 7% of itself is 16.74?

A S B AN

10. If three fourth of the students of a class wear glasses, what percent of the students of
the class do not wear glasses?

11. There are 20 eggs in a fridge and 6 of them are brown. What percent of eggs are not
brown?

12. 44% of the students of a class are girls. If the number of girls is 6 less than the number
of boys, how many students are there in the class?

13. During an election, 70% of the population voted. If 70,000 people cast their votes,
what is the population of the town?

14. A man donated 5% of his monthly income to a charity and deposited 12% of the rest
in a Bank. If he has Rs. 11704 left with him, what is his monthly income?

15. Ratan stores has a sale of ¥ 12000 on Saturday, while Seema stores had a sale of
< 15000 on that day. Next day, they had respective sales of T 15000 and I 17500.
Which store showed more improvement in Sales?

16. A candidate has to secure 45% marks in aggregate of three papers of 100 marks each
to get through. He got 35% marks in the first paper and 50% marks in the second
paper. At least how many marks should he get in third paper to pass the examination?

17. The price of sugar rises by 25%. By how much percent should a householder reduce
his consumption of sugar, so as not to increase his expenditure on sugar?

18. By selling 90 ball pens for X 160, a person loses 20%. How many ball pens should he
sell for Rs. 96, so as to have a gain of 20%?

19. A vendor bought bananas at 6 for 5 rupees and sold them at 4 for 3 rupees. Find his
gain or loss percent.

20. A man bought two consignments of eggs, first at ¥ 18 per dozen and an equal number
at ¥ 20 per dozen. He sold the mixed egges at I 23.75 per dozen. Find his gain
percent.
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21. A man sells an article at a gain of 10%. If he had bought it for 10% less and sold it for

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

% 10 more, he would have gained 25%. Find the cost price of the article.

A pair of socks is marked at I 80 and is being offered at ¥ 64. Find the discount
percent being offered.

A dealer buys a table listed at ¥ 1800 and gets a discount of 25%. He spends I 150
on transportation and sells it at a profit of 10%. Find the selling price of the table.

AT.V. set was purchased by paying ¥ 18750. If the discount offered by the dealer
was 25%, what was the marked price of the TV set?

A certain sum of money was deposited for 5 years. Simple interest at the rate of 12%
was paid. Calculate the sum deposited if the simple interest received by the depositor
is X 1200.

1
Simple intrest on a sum of money is 3 rd of the sum itself and the number of years is

thrice the rate percent. Find the rate of interest.

In what time will ¥ 2700 yield the same interest at 4% per annum as < 2250 in 4 years
at 3% per annum?

The difference between simple interest on a sum of money for 3 years and for 2 years
at 10% per annum is ¥ 300. Find the sum.

Find the sum which when invested at 4% per annum for 3 years will becomes
% 70304, when the interest is compounded annually.

the difference between compound interest and simple interest at 10% per annum in 2
years (compounded annually) is ¥ 50. Find the sum.

A sum of money becomes X 18522 in three years and ¥ 19448.10 in 4 years at the
same rate of interest, compounded annually. Find the sum and the rate of interest per
annum.

Find the sum of money which will amount to I 26460 in six months at 20% per annum,
when the interest is compounded quarterly.

At what rate percent per annum will a sum of ¥ 12000 amount to X 15972 in three
years, when the interest is compounded annually?

The price of a scooter depreciates at the rate of 20% in the first year, 15% in the
second year and 10% afterwards, what will be the value of a scooter now costing
< 25000, after 3 years.

The population of a village was 20,000, two years ago. It increased by 10% during
first year but decreased by 10% in the second year. Find the population at the end of
2 years.
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t ) :
{ ANSWERS TO CHECK YOUR PROGRESS

8.1
2
1. (a)48% (b)45% (c)41§%
030% (g)36% (h) 126%
53 17 27
2. @715 ®5y © 60
7 63 1
® 0 ©® 400 M 5000
3. @97% (b)73.5% (c) 3%
0 175% (g)2.5% (h) 325.75%
4. (0)0.72 (b)0.41 (c) 0.04
(HH4.1 (g)3.5 (h) 1.025
5. 50% 6. 90% 7.6.25%
10. 5%
8.2
1. (a)200 (b) 564
2. Rs. 2625 3. 175, 100, 125, 100
5. 56.25%
8. 6000 9.Rs. 40, Rs. 32
11.B 12. 10.8%
13. Rs. 13200, Rs. 12000, Rs. 10000
8.3
1. 33% % profit
5.Rs. 2576
9. 12% gain 10. 15% gain
8.4
1. Rs.318.75
5. Rs.724.50 6. 10% loss
8.5
1. Rs. 16240 2.Rs. 3744
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(d) 40%

(i) 288%

(d) 207%
(i) 15.2%
(d)1.25
(i) 0.00025
8. 47.5%

4.25%

(e) 20%

() 98.48%

1
(e 6

21
D 2000
(e) 80%

(G) 300.15%
(e) 0.09

(i) 0.1025
9. 30%

7.36 minutes
10. 4% decrease

3.25%

7.4% loss

3. Rs. 15390

7.Rs. 2185

3. Rs. 5600

4. 120

8. Rs. 1108.80

4.25%
8.10.4%

4. 11%
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5. 4years

9. 24years
8.6
1. Rs. 1951

5. Rs. 630

9. 20%
8.7
1. 316368

4. 4.2042 tons/hectare

Percentage and Its Applications

6. 10%

10. b

2.Rs. 1951

6. Rs. 46875

10. Rs. 1600, 5%

2. Rs. 300186
5. 3.2256x108

7.Rs. 1100, 5%

3.Rs. 2522

7. Rs. 80000

3. Rs. 291456

6. 49140

5
8. 97%

4. Rs. 24000

1
8. 15 years

A
ANSWERS TO TERMINAL EXERCISE

1. (a)45%
2. (a)0.36

3 @ 5500

4. (a)115
5. 2%

9. 18

13. 1 Lakh
17. 20%
21. Rs. 400

25. Rs. 2000

29. Rs. 62500
33. 10%

(b) 70%
(b)4.10

1
(b) 10
(b) 20
6. 25%
10. 25%
14. Rs. 14000

18. 36
22.20%

1
26. 35%

30. Rs. 5000
34.Rs. 13500

(c) 34%
(c) 0.02

51
© 500
(©)4
7. 320
11.70%
15. Ratan Stores
19. 60% gain

23.Rs. 1650

1
27. 25 years

31. Rs. 16000, 5%
35. 19800

(d) 6%
(d) 0.0035

51
(d) 20
(d) 460
8. 1800
12. 50
16. 50

20. 25%
24. Rs. 25000

28. Rs. 3000

32. Rs. 24000
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N
211en09

You must have seen advertisementslike, “ Pay just I 500 and take homeacolor TV, rest
ineasy instalments’, or “buy acar of your choice by paying 50,000 and the balancein
easy instalments’. Such plansattract customers, specially the common man, who could
not buy some costly articleslikecar, scooter, fridge, colour TV, etc. dueto cash congtraints.
Under these plans, afixed amount is paid at the time of purchase and the rest of the
amount isto be paidininstaments, which may bemonthly, quarterly, haf yearly or yearly,
asper the agreement signed between the customer and the sdller.

I nstal ment purchase scheme, thus, enablesaperson to buy costly goods, on convenient
termsof payment. Under thisscheme, the customer, after making apartial paymentinthe
beginning, takesaway the articlefor use after signing the agreement to pay the balance
amount iningtalments. Such aschemea so encouragesthebuyer to saveat regular intervas,
so asto pay theinstalments.

Inthislesson, weshdl study different typesof instament plansand shall find out how much
easy they are, by calculating theinterest charged under these plans.

After studying thislesson, youwill beableto

e explain the advantages/disadvantages of buying a commodity under instalment
plan;

e determine the amount of each instalment, when goods are purchased under
instalment plan at a given rate of interest (simple interest);

e determine the rate of interest when the amount of each (equal) instalment and
the number of instalments is given,

e determine the amount of each instalment under instalment plan when compound
interest is charged yearly, half yearly or quarterly;

e solve problems pertaining to instalment plan.
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I nstalment Buying

EXPECTED BACKGROUND KNOWLEDGE

e Simpleinterest and compound interest.

e Cdculation of interest whentheinterest isca culated yearly, half yearly, quarterly or
monthly..

9.1 INSTALMENT BUYING SCHEME-SOME DEFINITIONS

Cash Price: Thecash priceof anarticleisthe amount which acustomer hasto pay infull
for thearticleat thetime of purchase.

Cash Down Payment: Theamount to be paid (in cash) under aninstalment plan at the
time of purchase of acommodity, is called the cash down payment. It isthe partial
payment made by the customer at thetime of signing the agreement and taking away the
articlefor use.

Instalments: Itistheamount whichispaid by the customer at regular intervalstowards
theremaining part of thesdlling price of thearticle.

Interest under thelnstalment Plan: Inaninstalment plan only part payment of thetotal
costispaid by the customer at thetime of purchase. Theremaining part of costispaid on
subsequent dates; and therefore the seller charges some extra amount for deferred
payments. Thisextraamount isactually theinterest charged on the amount of money
whichthe customer owstothe sdller at different timesof payment of instalments.

9.2 TO FIND THE INTEREST IN AN INSTALMENT PLAN

Let ussolveafew examplestoillustrate the process.

Example 9.1: A Television set is sold for I 20000 cash or for ¥ 6000 as cash down
payment followed by I 16800 after sx months. Find therate of interest charged under the
ingament plan.

Solution: The cash price of theteevision =3 20000
Cash down payment =3 6000
Balanceto be paid = 14000
.. Thepresent value of Rs. 16800 to be paid after 6 months= Rs. 14000
If therate of interest per annum under instal ment planisr%, then

14000+ 14000 " »-® —16800
100 12

T _ .
OrE: 28 j.e, r=40,i.e rate = 40%
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Example9.2: Atablefanissoldfor 450 cash or % 210 cash down payment followed by I
two monthly insta mentsof I 125 each. Find therate of interest charged under theinstalment
plan.
Solution: Cash priceof thetablefan =3 450
Notes

Cash down payment =% 210
Balanceto be paid =3 (450 — 210) =% 240
Let therateof interest charged under instalment plan ber% p.a. then

r 2
T 240 at theend of two monthswill become =% (240+ 240><E><Ej
2r
=3 [240+€j %0,

< 125 paid after 1 month will amount to (after another 1 month)
31254125~ x T =Rs [125+ 2| i
100 12 48
Amount for ¥ 125 paid after two months =% 125 (1))
240+£ :125+i+125i.e., 2.5 r=10
5 48 5 48

2400
=r= T =338 (approx)

Hence, rate of interest = 33.8%
Alternativemethod:
Cash price of thefan =3 450
Cash down payment =% 210
Payment in 2 instalments=3 (125 x 2) =% 250
Total amount paid under instalment plan =3 (210 + 250)
=3 460
. Interest paid = T (460 — 450) =¥ 10
ThePrincipal for thefirst month =3 (450—-210) =% 240
Principal for the 2nd month =% (240-125) =% 115
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.~ Total Principal (for 1 month) =% (240 +115) =% 355

Thuswehave
355% 1 x - =10, or, =12 100x12
100" 12 355
_ 20 338
71

Hence, rate of interest = 33.8% p.a

Example9.3: A microwave ovenisavailablefor I 9600 cash or for I 4000 cash down
payment and 3 monthly instalments of I 2000 each. Find therate of interest charged under
theinstalment plan.

Solution: Cash price of microwave oven =< 9600

Cash down payment =3 4000

Payment in 3instalments=< (3 x 2000) = 6000

Total amount paid under instalment plan =< (4000 + 6000)
=3 10000

. Interest paid =¥ (10000 — 9600) = 400

Principd for 1st month =¥ (9600 — 4000) =¥ 5600

Principa for 2nd month = I (5600 — 2000) =¥ 3600

Principal for 3rd month = (3600 — 2000) =¥ 1600

.~. Total Principal (for 1 month) =3 (5600 + 3600 + 1600)

=% 10800
Thus, wehave

10800% " x -~ = 400 9r = 400 or r="P _ 44.4%
100 12 9

So, rate of interest charged = 44.4%

Example9.4: A computer issold for I 30,000 cash or I 18000 cash down payment and
6 monthly instalmentsof I 2150 each. Find therate of interest charged under theinstal ment

plan.
Solution: Cash price of the computer =3 30000
Cash down payment =% 18000
Paymentin6instalments =3 (6 x 2150) =¥ 12900
.~. Total amount paid under instalment plan =3 (18000 + 12900)
=3 30900
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. Interest paid =¥ (30900 — 30000) =< 900

Principal for 1 month =¥ (30000 — 18000) =¥ 12000
Principal for 2nd month = ¥ (12000 — 2150) =3 9850
Principa for 3rd month = (9850 — 2150) =% 7700
Principa for 4thmonth =3 (7700 — 2150) =X 5550
Principa for 5Sthmonth =3 (5550 — 2150) =¥ 3400
Principa for 6thmonth = (3400 — 2150) =< 1250

.. Total Principal for one month =3 (12000 + 9850 + 7700 + 5550 + 3400 + 1250)

=% 39750

.. We have

Note: In Examples 2 to 4, observethat the Principal for the last month islessthan the

_ 900x12x100 _ 1440
39750 53

=27.17%

39750% " x- =900 = r
100" 12

Thus, therate of interest = 27.17% per annum.

amount of theinstalment. If interest isadded to thelast Principal, the sumwill beequa to
theamount of monthly instalment.

CHECK YOUR PROGRESS 9.1

1.

A tableis sold for I 2000 cash or for ¥ 600 as cash down payment, followed by
< 1500 paid after 2 months. Find therate of interest charged under theinstalment plan.

A cycleis sold for ¥ 2700 cash or ¥ 600 as cash down payment, followed by 3
monthly instalmentsof ¥ 750 each. Find therate of interest charged under theinsta ment
plan.

AT.V. setisavailablefor I 21000 cash or for I 4000 cash down payment and 6 equal

monthly instalments of I 3000 each. Cal cul atetherate of interest charged under the

instament plan.

Anil purchased acomputer monitor priced at ¥ 6800 cash, under theinstalment plan
by making acash down payment of ¥ 2000 and 5 monthly instalmentsof ¥ 1000 each.
Find therate of interest charged under theinstalment plan.

A scooter can be purchased for ¥ 28000 cash or for ¥ 7400 as cash down payment
followed by 4 equal monthly instalments of ¥ 5200 each. Find the rate of interest
charged under instalment plan.

Mathematics Secondary Course

MODULE - 2

Commercial
Mathematics

Notes




MODULE - 2

Commercial
Mathematics

Notes

I nstalment Buying

6. Anair conditioner issoldfor ¥ 20,000 cash or ¥ 12000 cash down payment followed
by 4 monthly instalmentsof ¥ 2200 each. Find therate of interest under theinstalment

plan correct upto onedecimal place.

7. Anarticleisavailablefor I 25000 cash or 20% cash down payment followed by 6
monthly instalments of ¥ 3750 each. Calcul ate therate of interest charged under the

ingament plan.

9.3 TO FIND THE AMOUNT OF INSTALMENT

Now, let usthink the problem with the shopkeeper’sangle. A shopkeeper purchasesan
article at some priceand wantsto offer aninstalment plan to hiscustomers, ashe knows
that moreitemscan be sold in thisway. Now hewishesto chargeinterest at aparticul ar
rate and wantsto decide the cash down payment, theamount of equal instalmentsand the

number of instalments.

L et ustake someexamplestoillustrate the process.

Example9.5: A celling fanismarked at ¥ 1940 cash or for I 420 cash down payment
followed by three equal monthly instalments. If the rate of interest charged under the

instalment planis 16% per annum, find themonthly instalment.

Solution:

Cash priceof cellingfan=3 1940

Cash down payment =3 420

Leteachinstalment =X x

. Amount paid ininstalment plan =3 [420 + 3X]

. Interest paid =3 (420 + 3x —1940) =¥ (3x — 1520)
Thebuyer owesto the seller for first month =% 1520
Thebuyer owesto the seller for 2nd month =3 (1520 —x)
Thebuyer owesto the seller for 3rd month =3 (1520 —2x)
.~. Totol principal for onemonth =3 [4560— 3x]

Rate of interest = 16%

. (3x—1520) = (4560 - 3x)£ =
10012

25(3x —1520) = (1520—x)

i.e., 76x =39520
or x =520

So, theamount of each instalment =3 520
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Example9.6: A computer isavailablefor I 34000 cash or ¥ 20000 cash down payment
together with 5 equal monthly instalments. If therate of interest charged under theinsta ment
planis30% per annum, cal cul ate the amount of each instal ment.

Solution: Cash price =3 34000
Cash down payment =< 20000
Balancetobepaidin5equa instalments=3 14000
L et eachinstalment be x
So, interest charged under instalment plan =3 (5x —14000)
Thebuyer owestotheseller for
1stmonth  2nd month 3rdmonth 4thmonth Sthmonth
314000 < (14000—x) T (14000-2x) T (14000-3x) < (14000-4x)
Therefore, total principal for one month =3 [70000—10x]

(70000—10x)><£><i
100" 12

So, (5x —14000)

40 (5x — 14000) = 10(7000 — x)

20x — 56000 = 7000 — x

or 21x = 63000

or x = 3000

Thus, theamount of each instalment =3 3000

Example9.7: Thecost of awashing machineis 12000. The company asksfor I 5200
inadvance and therest to be paid in equal monthly instalments. Therate of interest to be
chargedis 12% per annum. If acustomer can pay I 1400 each month, then how many
ingtalmentshewill haveto pay?

Solution: Let number of instalmentsbe‘n’
Cash price of washing machine=3 12000
Priceunder instalment plan =< (5200 + 1400n)
- Interestcharged =3 (5200 + 1400n — 12000)
=Y (1400n — 6800)

Principa owed eachmonthis
First month =% 6800
2nd month =% 5400
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I nstalment Buying

3rd month =3 4000
4th month =% 2600
5thmonth =% 1200
6thmonth=nil

Total for one month =3 20000

12 1
20000x —x— = (1400n— 6800
=0, 100 12 ( )

1400n=7000i.en=5
Thus, the number of instalments=5

CHECK YOUR PROGRESS 9.2

1.

A scooter isavailable for ¥ 30000 cash or for I 15000 cash down payment and 4
equal monthly instalments. If therate of interest charged under theinstalment planis

1
335 %, find theamount of each instal ment.

A microwaveovenisavailablefor I 9600 cash or for ¥ 4000 cash down payment and

2
3equa monthly instalments. If therate of interest charged i522§ % per annum, find
theamount of eachinstalment.

Anarticleissold for ¥ 5000 cash or for ¥1500 cash down payment followed by 5
equal monthly instalments. If therate of interest charged is18% p.a., computethe
amount of each monthly instalment.

Anarticleissold for ¥ 500 cash or ¥ 150 cash down payment followed by 5 equal
monthly instalments. If therate of interest charged is 18% per annum, computethe
monthly ingta ment.

9.4 TO FIND CASH PRICE

L et usnow take problemswherewe areto find the cash price of an articlewheninthe
instalment scheme, amount of each equal instalment, therate of interest, the number of
instalmentsand theamount of cashdown payment, aregiven.

Example9.8: A bicycleissoldfor I 500 cash down payment and< 610 after one month.
If therate of interest being charged is20% p.a., find the cash price of thebicycle.
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Solution: Cash down payment =3 500
Amount of instalment paid after onemonth =3 610
Rate of interest = 20%
Thuswehavetofind present value(i.e. Principal) of Rs. 610 paid after one month.

So, 610= [(Princi pal )x%x%+ Principal }

610x1200
1220
=3 600

.. The cash price of bicycle=% (500 + 600) =% 1100

Example 9.9: A camerais sold for I 2500 as cash down payment and X 2100 after 3
months. If therate of interest charged is20% p.a., find the cash price of the camera.

Solution: Cash down payment =3 2500
Instalment paid after 3 months =3 2100

= 610 = Principal 1+£ or Principal = ¥
1200

Rate of interest =20%p.a.
S0, Principa amount for I 2100
2100x100 2100x1200

T 100420x 2 1260
12

=3 2000
Therefore, cash price =3 (2500 + 2000) =< 4500
Alternative M ethod:
Let cash pricebeX x.
Cash down payment =% 2500
Instalment paid =% 2100
. Interest =3 (4600 —Xx)
Principal for theinstalment =< (x —2500)

. (4600 - x) = (x — 2500)x 3,20 _x=2500
12”100 20

20(4600 —x) = x — 2500
or 21x = 92000 + 2500
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or 21x = 94500
or X = 4500
Hence, cash price =3 4500

Example9.10: A mixi was purchased by paying < 360 as cash down payment followed
by three equal monthly instal ments of I 390 each. If therate of interest charged under
instalment planis 16% p.a., find the cash price of the mixi.

Solution: L et the cash price of the mixi be3 x

Cash down payment =3 360
Amount paidin 3instalments=3 (3 x 390) =X 1170
Total paid =% (360 + 1170) =X 1530

-~ Interest =% (1530 —x)
Principal for 1st month =3 (x —360)
Principal for 2nd month =3 (x —360—390) =X (x — 750)
Principal for 3rd month =3 (x — 750 —390) =3 (x — 1140)
Tota principa foronemonth =3 [x — 360 + x — 750 + x — 1140]

=% [3x—2250]

1_16 (x—750)
So, (1530 -x)=(3x—2250)x — =
. x)= (3 s 12100 25

25(1530—-x) =x—750
or 26x = 38250 + 750 = 39000

39000
X =———=1500
or 26

Thus, the cash price of mixi =3 1500

CHECK YOUR PROGRESS 9.3

1.

2.

A tablewas purchased by paying acash down payment of I 750 followed by I 436
after aperiod of 6 months. If therate of interest charged is18% p.a., what isthecash
priceof thetable?

A refrigerator was purchased for acashdown payment of ¥ 7000 followed by asum
of ¥ 3180 after 3months. If therate of interest charged is24% p.a., find the cash price
of therefrigerator.
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3. A cooking range is available for ¥ 520 cash down payment followed by 4 equal
monthly instalments of ¥ 520 each. If therate of interest charged is25% per annum,
find the cash priceof the cookingrange.

4. A celing fanwaspurchased for < 210 as cash down payment followed by threeequal
instalments of ¥ 260 each. If therate of interest charged under theinstalment planis
16% p.a., then find the cash price of the ceiling fan.

5. Aneélectrical ovenwas purchased for I 1500 cash down payment, followed by five
equal monthly instalments of ¥ 440 each. If therate of interest charged per annum
under theinstalment planis24%, find the cash price of theoven

9.5 PROBLEMS INVOLVING COMPOUND INTEREST

Ininstalment buying whichinvolved monthly instalmentswith thetotal time period being
lessthan ayear, smpleinterest was used.

Sometimestheindividuastakelong-termloans, for purposeslike, buying ahouse, acar or
setting up afactory etc. Inthat case, the instalments are to be paid annually for along
period and thereforeinvolvesthe use of compoundinterest. Evenininsta ment buying for
aperiod less than a year, sometimes the seller charges compound interest when the
instamentsare semi annually or quarterly.

Now, we shall take some problemsinvolving compound interest.

Example9.11: Arefrigerator isavailablefor I 12000 cash or ¥ 3600 cash down payment
alongwith 2 equal half yearly instalments. If the dealer chargesaninterest of 20% p.a.
compounded semi-annually, under theinstament plan, find theamount of eachinstal ment.

Solution: Cash priceof refrigerator =3 12000
Cash down payment =3 3600
Balance =3 8400
Rate of interest = 20% p.a. or 10% semi-annually

L et each monthly instalment beX x, then we shall find the present value (or the
Principd) for eachinstadment.

Let P, P, bethe present valuesof first, 2nd conversion period respectively.
1 2
. X= Pl[1+ Ej and x= P2(1+ ﬂj
100 100

10 10\’
P="—xand P,=| — | X
Therefore, R 11 b ( 11)

10 100
— X+ —x=28400
Thus, we have, 11 121
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. 8400x121
210

=4840

Thus, theamount of each instalment =3 4840.

Example9.12: A washing machinewasavailablefor I 15000 cash but was purchased
under an instalment plan after paying ¥ 2250 as cash down payment followed by two
equal haf yearly instalments. If interest charged was 8% per annum compounded semi-

annuadly, findthevaueof eachinstalment.

Solution:

Example9.13: Ajuicerisavailablefor ¥ 3500 cash but was sold under instalment plan
wherethe purchaser agreed to pay I 1500 cash down and 3 equal quarterly instalments.
If thedealer chargesinterest at 12% p.a. compounded quarterly, find theamount of each

Cash price of thewashing machine =3 15000

Cash down payment =% 2250

Balanceto be paid =% [15000 — 2250] =% 12750

Rate of interest = 8% p.a. = 4% semi-annually

L et each instalment be x (semi-annually) and

P,, P, bethe present val uesrespectively of thetwo instalments, then

1 2
SoX= Pl(1+ ij and x= P2(1+ i)
100 100

25 25)*
isgves P, =—x and P,=| —| X
Thisgives B 6 2 (26)

25 (25 25 25\ 25 51
12750 = — X+| — | X=—X 1+— |= .
Hence, 26 [26j 26 ( 26) 26 26

26 26

= X=12750x —x—=6760
25 51

Thus, eachinstalment =3 6760.

instal ment to the nearest rupee.

Solution:

Cash priceof thejuicer =% 3500
Cash down payment =% 1500
Balanceto be paid = (3500 — 1500) =< 2000

12
Rateof interest =12%p.a. = i 3% quarterly
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L et theamount of eachinstalment beRs. xand P, P,, P, respectively betheir
present vaues, then

2 3
Xx=P, 1+i , X=P, 1+i and x=P, 1+i
100 100 100
100 100" 100’
P=—X P==—7|x and P,=|—| X
103 103 103

2 3 2
%x+(looj x+(100) x=2000= @x{l+@+(@) ]=2000

103 103 103 103 (103
2
X= ZOOOX@X (103) =3 707
100" 30909

.. Eachinstalment =% 707

Example 9.14: A television set is sold for ¥ 7110 cash down payment along with
2 equa monthly instalments of ¥ 5581.50 each. If thedealer chargesinterest at 20% p.a.
compounded monthly under theinstalment plan, find the cash price of thetelevision set.

Solution: Cash down payment =X 7110

_ 11163
Amount of each monthly instalment =¥ 5581.50=X% S

20
Rateof interest=20%p.a = 7] monthly

Let P, P, bethePrincipalsfor 1st and 2nd instalment respectively

2
11163 _((, 20 ) 11163 () 20
2 1200 2 1200
11163 60 11163 60 60
isgives P = =2 x> —Rs5490 and P, = > x 2% > _ Rs 5400
Thisgives i =541 2775 "6l 6l

Thus, cash Price = [7110 + 5490 + 5400] =< 18000

Example9.15: A dealer offeresamicro-oven for I 5800 cash. A customer agreesto pay
< 1800 cash down and 3 equal annual instalments. If thedealer chargesinterest at 12%
p.a. compounded annually, what istheamount of each instalment.

Solution: Cash price of the micro-oven =3 5800
Cash down payment =% 1800
Balanceto be paid =% 4000
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Rateof interest = 12% p.a. compounded annually

. LetRs. x betheamount of eachinstament and P,, P,, P, be the principalsfor
eachingtal ment respectively.

2 3
SoX= Pl(1+ Ej x=P, (1+ EJ and x= P3(1+ EJ
100 100 100

2 3
:>Pl:§x, PZ:E x and Pszé X
28 28 28

2 3
. 25x+(25j x+(§j X = 4000
28

28" (28
or é 1+ é + @ = 4000
28 28 784
28 784
X =4000x —x =
or 252109 T 1665.40

Henceeachinstalment =¥ 1665.40

Example9.16: Aflat isavailablefor ¥ 1600000 cash or ¥ 585500 cash down payment
and three equal half yearly instaments. If the interest charged is 16% per annum
compounded haf yearly, ca culatetheva ue of eachinstament. Find dsothetota interest
charged.

Solution: Cash price of theflat =3 1600000
Cash down payment =3 585500
Balanceto be paid = 1014500
Rate of interest = 16% per annum = 8% semi annually

L et the amount of each instalment be< x and Let P, P, and P, bethe Principals
for eachinstalment respectively.

8 27 25
X=P|1+— |orx=RB| — | orP, =X —
o, 1( 100) 1(25) 1 X(27j

25\ 25\°

<. P+ P,+ P, = 1014500
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2 3
2 + 2 + x(ﬁJ =1014500
27 27 27
25\ 25 (25}’
— 1+ —=+| — =1014500
{27){ 27 [27) } Notes
%22 2929 _ 1014500
27 729
. _ 1014500 27x 729
25x% 2029
=¥ 393660

Interestpaid = [393660 x 3 — 1014500]
=% [1180980 — 1014500]
=T 166480.

CHECK YOUR PROGRESS 9.4

1. AbicycleisavailableforI 1661 cash or by paying I 400 cash down and balancein
threeequa haf yearly instalments. If theinterest charged is10% per annum compounded
semi-annudly, find theinsta ment.

2. A washing machineisavailablefor ¥ 15000 cash or ¥ 2000 cash down with two equal
half yearly instalments. If therate of interest charged is 16% per annum compounded
haf yearly, find theinsta ment.

3. Kamal purchased acomputer in instalment plan by paying ¥ 5612.50 cash down
followed by three equal quarterly instalments of ¥ 8788 each. If therate of interest
charged was 16% per annum, compounded quarterly, find the cash price of the
computer. Also find thetotal interest charged.

4. A car wasavailablefor I 70000 cash or by paying I 21200 cash down along with
three equal annual instalments. If the dealer charges interest of 25% per annum,
compounded annually, find theamount of each instalment.

5. A microwave oven was purchased by paying acash down payment of ¥ 2800 along
with 2 equal annual instalments of ¥ 2420 each. If therate of interest charged under
theinstalment plan was 10% p.a. compounded annually, find the cash price of the
atide.
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Under an instalment scheme, the customer, after making a partial payment in the
beginning takesaway thearticlefor use, after signing the agreement to pay the balance
amountininsaments.

Under instalment plan, the buyer pays some extraamount, whichisinter est onthe
deferred payments.

I nstalment scheme encouragesthe buyer to saveat regular intervals, so asto pay the
ingaments.

Thepriceat whichthearticleisavailable, if full paymentismadein cash, iscalled the
cash priceof thearticle.

Thepartid payment madeat thetime of purchaseunder ingtalment planiscalled Cash
down payment.

The payments, which thebuyer hasto makeat regular intervals, arecalledinstaments.

E‘J TERMINAL EXERCISE

1.

A sawing machineisavailablefor I 2600 cash payment or under aninstalment planfor
< 1000 cash down payment and 3 equa monthly instalments of ¥ 550 each. Find the
rate of interest charged under theinstalment plan.

Anil purchased atypewriter priced at ¥ 8000 cash payment under theinstalment plan
by making acashdown payment of ¥ 3200 and 5 equal monthly instalmentsof I 1000
each. Find therate of interest charged under theinstalment plan.

A tableissold for ¥ 2000 cash or I 500 as cash payment followed by 4 equal monthly
instalmentsof ¥ 400 each. Find therate of interest charged under theinstalment plan.

AT.V. set hasacash price of ¥ 7500 or ¥ 2000 as cash down payment followed by
6 monthly instamentsof I 1000 each. Find therate of interest charged under instalment

plan.

Anarticleisavailablefor ¥ 7000 cash or for I 1900 cash down payment and six equa
monthly instalments. If therate of interest charged isZ% % per month, determineeach
ingament.

Anarticleissold for ¥ 1000 cash or Rs. 650 cash down payment followed by 5 equal
monthly instalments. If therate of interest charged is 18% per annum, computethe
monthly insta ment.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

The sdlling price of awashing machineis3 14000. The company asksforI 7200in
advanceand therest to be paid in equa monthly instalmentsof I 1400 each. If therate
of interest is12% per annum, find the number of instalments.

A scooter isavailable for ¥ 30000 cash or for I 15000 cash down payment and 4
equal monthly instalments. If therate of interest charged under theinstalment planis

33% %, find theamount of each instalment.

A plot of landisavailablefor ¥ 200000 cash or ¥ 100000 cash down payment and 5
monthly instalments of ¥ 21000 each. Find the rate of interest charged under the
ingament plan.

A steel almirah is marked for ¥ 3575 cash or I 1600 as cash down payment and
< 420 per month for 5 months. Find therate of interest under theinstalment plan.

A watchissoldfor I 1000 cash or for ¥ 300 cash down payment followed by 5 equa
monthly instalments. If therate of interest charged is18% p.a., compute the monthly
ingadment.

A computer isavailablefor I 34000 cash or I 20000 cash down payment, together
with 5 equa monthly instaments. If therateof interest charged under instadment planis
30% per annum, cal cul ate the amount of eachinstalment.

Ritapurchased awashing machinefor I 4000 cash down payment and 4 equa monthly
ingtalments. Thewashing machinewasa so availablefor I 15000 cash payment. If the
rateof interest charged under theinstalment planis 18% per annum, find theamount of
eachinstalment.

A celling fanismarked at ¥ 970 cash or ¥ 210 cash down payment followed by three
equal monthly instalments. If therate of interest charged under theinstament planis
16% p.a., find themonthly instalment.

A watchisavailablefor ¥ 970 cash or for ¥ 350 as cash down payment followed by
3equa monthly instalments. If therate of interest is 24% per annum, find themonthly
ingament.

A DVD player was purchsed by the customer with acash down payment of I 2750
and agreed to pay 3 equal half yearly instalmentsof ¥ 331 each. If theinterest charged
was 20% p.a. compounded half yearly, then find the cash price of the DVD player.

A flat can be purchased for ¥ 200000 cash from ahousing society or onthetermsthat
< 67600 be paid in the beginning as cash down payment followed by three equal half
yearly instalments. If the society charges interest at the rate of 20% per annum
compounded semi-annually. If theflat is purchased under instalment plan, find each
ingament.

A scooter was sold by ashopkeeper for cash down payment of ¥ 11000 alongwith 2
equa annual instalmentsof I 6250 each. If therate of interest charged was 25% per
annum compounded annually, find the cash price of the scooter.
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19. A computer isavailable for I 78600 cash or for I 25640 cash down payment and

threeequa quarterly instaments. If thedealer chargesinterest at therate of 20% per
annum compounded quarterly, find theval ue of eachinstament.

20. A builder announces sale of flatseach for ¥ 3000000 cash or T 1031600 cash down

Notes payment and threeequal quarterly instalments. If therate of interest charged is10%
per annum compounded quarterly, compute the value of each instalment under the
ingtalment scheme. Alsofind thetotal interest.

A
ANSWERS TO CHECK YOUR PROGRESS

9.1
4 1 1

1. 4287% 2. 445 3. 21E% 4. 177 % 5. 4.69%
6. 51.1% 7. 47.06%
9.2
1. %4000 2. % 3.3 775.77
4. 31934.55 4.3 77.6 approx.
9.3
1. T1150 2.3 10,000 3.3 2500
4. 970 5.3 3580
9.4
1. ¥463.05 2.3 7290 3.3 30,000, ¥ 1976.50
4. ¥ 25000 5.3 7000

A

{ ANSWERS TO TERMINAL EXERCISE
1 1 1 1

1. lgz% 2. 177% 3. 33§ 4, 33§
5. 3920 6.3 63.35 7.5 8.3 4000
9. 20.7% 10. 26.43% 11.% 146.12 12.% 3000
13.% 2850.86 14.% 366 (Approx)  15.% 220 16. ¥ 6060
17.% 53240 18.% 20,000 19.% 19448

20. % 689210, X 99230
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Practice Work-Commercial Mathematics Notes

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1. Answer all the questions on a separate sheet of paper.
2. Give the following informations on your answer sheet
Name
Enrolment number
Subject
Topic of practice work
Address

3. Getyour practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

Do not send practice work to National Institute of Open Schooling

1. Byselling a school bag to a customer for T 660, a shopkeeper makes a profit of 10%.
The cost price (in rupees) of the school bag is 1

(A) 625 (B) 600
(©)575 (D) 550

2. A customer purchases a radio set for ¥ 5400 after getting 10% discount on its list
price. The list price of the radio set is 1

(A) % 5050 (B) T 5800
(C) % 5950 (D) % 6000

3. Listprice ofabook is ¥ 300. A student purchases the book for X 234. Percentage of
discount is 1

(A) 25 (B) 24
©)22 (D) 20
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4. Theratio(inamplestform) of 35cmto2mis 1
(A)35:2 (B) 35:200
(©) 740 (D) 40:7
5. Thedifferencein simpleand compound interest for I 2000 at 10% per annumin 2
years, compounded annually is 1
(A)X 20 (B)X 200
(C)X 400 (D)0
6. Determinethevaueof kif 20: k:: 25: 450. 2
7. 1f 120isreduced to 96, what isthe percentage reduction? 2
8. Ifthecodt priceof 15articlesisthesameasthesdling priceof 12 articles, findthegain
or losspercent in thetransaction. 2
9. Findthesinglediscount equivalent to the discount series of 20%, 15% and 10%.
2
10. Find thethe sum of money which will amount to< 26010 in six monthsat the rate of
8% per annum, when interest iscompounded quarterly. 2
11. A sewing machineisavailablefor ¥ 2600 cash or under instalment plan for I 1000
cash down payment followed by 3 monthly instalmentsof ¥ 550 each. Find therate of
interest charged under theinstalment plan. 4
12. Atreegainsitsheght at therate of 2% of what it wasin the beginning of themonth. If

itsheight was 1.5 min the beginning of January 2010, find theheight at theend of April
2010.

Mathematics Secondary Course




211enl0

LINES AND ANGLES

Observe the top of your desk or table. Now move your hand on the top of your table. It
gives an idea of a plane. Its edges give an idea of a line, its corner, that of a point and the
edges meeting at a corner give an idea of an angle.

After studying this lesson, you will be able to

illustrate the concepts of point, line, plane, parallel lines and interesecting lines;
recognise pairs of angles made by a transversal with two or more lines;

verify that when a ray stands on a line, the sum of two angles so formed is 180°;
verify that when two lines intersect, vertically opposite angles are equal;

verify that if a transversal intersects two parallel lines then corresponding angles
in each pair are equal;

verify that if a transversal intersects two parallel lines then

(a) alternate angles in each pair are equal

(b) interior angles on the same side of the transversal are supplementary;
prove that the sum of angles of a triangle is 180°

verify that the exterior angle of a triangle is equal to the sum of two interior
opposite angles; and

explain the concept of locus and exemplify it through daily life situations.

find the locus of a point equidistent from (a) two given points, (b) two intersecting
lines.

solve problems based on starred result and direct numerical problems based on
unstarred results given in the curriculum.
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EXPECTED BACKGROUND KNOWLEDGE

e point, line, plane, intersecting lines, rays and angles.

e parrallel lines

10.1 POINT, LINE AND ANGLE

In earlier classes, you have studied about a point, a line, a plane and an angle. Let us
quickly recall these concepts.

Point : If we press the tip of a pen or pencil on a piece of paper, we get a fine dot, which
is called a point.

A C
Fig. 10.1

A point is used to show the location and is represented by capital letters A, B, C etc.
10.1.1 Line

Now mark two points A and B on your note book. Join them with the help of a ruler or a
scale and extend it on both sides. This gives us a straight line or simply a line.

A
v

Fig. 10.2

In geometry, a line is extended infinitely on both sides and is marked with arrows to give
this idea. A line is named using any two points on it, viz, AB or by a single small letter /, m
etc. (See fig. 10.3)

Fig. 10.3

The part of the line between two points A and B is called a line segment and will be named
AB.

Observe that a line segment is the shortest path between two points A and B. (See Fig.
10.4)
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A B

Fig. 10.4 Notes

10.1.2 Ray

If we mark a point X and draw a line, starting from it extending infinitely in one direction
only, then we getaray XY.

Fig. 10.5
Xis called the initial point of the ray XY.

10.1.3 Plane

If we move our palm on the top of a table, we get an idea of a plane.

H .

Fig. 10.6
Similarly, floor of a room also gives the idea of part of a plane.
Plane also extends infintely lengthwise and breadthwise.
Mark a point A on a sheet of paper.

How many lines can you draw passing though this point? As many as you wish.

N7
2N

Fig. 10.7
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In fact, we can draw an infinite number of lines through a point.

Take another point B, at some distance from A. We can again draw an infinite number of
lines passing through B.

A

Fig. 10.8

Out of these lines, how many pass through both the points A and B? Out of all the lines
passing through A, only one passes through B. Thus, only one line passes through both the
points A and B. We conclude that one and only one line can be drawn passing through
two given points.

Now we take three points in plane.

Fig. 10.9
We observe that a line may or may not pass through the three given points.

If a line can pass through three or more points, then these points are said to be collinear.
For example the points A, B and C in the Fig. 10.9 are collinear points.

If aline can not be drawn passing through all three points (or more points), then they are
said to be non-collinear. For example points P, Q and R, in the Fig. 10.9, are non-
collinear points.

Since two points always lie on a line, we talk of collinear points only when their number is
three or more.

Let us now take two distinct lines AB and CD in a plane.

C D i B C D
/ < >
A A B
Fig. 10.10

How many points can they have in common? We observe that these lines can have. either
(i) one point in common as in Fig. 10.10 (a) and (b). [In such a case they are called
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intersecting lines] or (ii) no points in common as in Fig. 10.10 (c). In such a case they are
called parrallel lines.

Now observe three (or more) distinct lines in plane.

4
y
Y
A
) 4

/ - ) Notes
>K; . N/ |
(a) /(b)

(©) (d)
Fig. 10.11
What are the possibilities ?
(1) They may interest in more than one point as in Fig. 10.11 (a) and 10.11 (b).

or (i) They may intesectin one pointonly as in Fig. 10.11 (c). In such a case they are
called concurrent lines.

or (i) Theymay be nonintersecting lines parrallel to each other as in Fig. 10.11 I(d).
10.1.4 Angle

Mark a point O and draw two rays OA and OB starting from O. The figure we get is
called an angle. Thus, an angle is a figure consisting of two rays starting from a common
point.

B

>

Fig. 10.11(A)

This angle may be named as angle AOB or angle BOA or simply angle O; and is written as
ZAOB or ZBOA or ZO. [see Fig. 10.11A]

An angle is measured in degrees. If we take any point O and draw two rays starting from
it in opposite directions then the measure of this angle is taken to be 180° degrees, written
as 180°.

\ 4

oe}
ek}
>0
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This measure divided into 180 equal parts is called one degree (written as 1°).
Angle obtained by two opposite rays is called a straight angle.

An angle of 90°is called a right angle, for example Z/BOA or ZBOC is a right angle in
Fig. 10.13.

sl $s

Noo gof -\900

Right angle c o A

>V

Fig. 10.13

Two lines or rays making a right angle with each other are called perpendicular lines. In
Fig. 10.13 we can say OA is perpendicular to OB or vice-versa.

An angle less than 90° is called an acute angle. For example ZPOQ is an acute angle in
Fig. 10.14(a).

An angle greater than 90° but less than 180° is called an obtuse angle. For example,
Z£XQY is an obtuse angle in Fig. 10.14(b).

/ \
32°
40° — .
o Q 0
(a)

Y
Fig. 10.14 ®)
10.2 PAIRS OF ANGLES
B A
1
2 ; ——
(o] C -
Fig. 10.15
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Observe the two angles £1 and £2 in each of the figures in Fig. 10.15. Each pair has a
common vertex O and a common side OA in between OB and OC. Such a pair of angles
is called a ‘pair of adjacent angles’.

1
/ | A 70°
(a)

20° >

(b)

Fig. 10.16

Observe the angles in each pair in Fig. 10.16[(a) and (b)]. They add up to make a total of
90°.

A pair of angles, whose sum is 90°, is called a pair of complementary angles. Each angle
is called the complement of the other.

Z \12. \QQ 80°
(@)

< >
< —>

a Fig. 10.17 (b)
Again observe the angles in each pair in Fig. 10.17[(a) and (b)].
These add up to make a total of 180°.
A pair of angles whose sum is 180", is called a pair of supplementary angles.
Each such angle is called the supplement of the other.

Draw aline AB. From a point C on it draw a ray CD making two angles ZX and £Y.
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If we measure £X and £Y and add, we will always find the sum to be 180°, whatever be
the position of the ray CD. We conclude
If a ray stands on a line then the sum of the two adjacent angles so formed
Notes is 180°.

The pair of angles so formed as in Fig. 10.18 is called a linear pair of angles.
Note that they also make a pair of supplementary angles.

Draw two intersecting lines AB and CD, intersecting each other at O.

Fig. 10.19

ZAOC and ZDOB are angles opposite to each other. These make a pair of vertically
oppposite angles. Measure them. You will always find that

ZAOC = ZDOB.

ZAQOD and ZBOC is another pair of vertically opposite angles. On measuring, you will
again find that

ZAOD = ZBOC
‘We conclude :

If two lines intersect each other, the pair of vertically opposite angles are
equal.

An activity for you.

Attach two strips with a nail or a pin as shown in the figure.

Fig. 10.20
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Rotate one of the strips, keeping the other in position and observe that the pairs of verti-
cally opposite angles thus formed are always equal.
A line which intersects two or more lines at distinct points is called a transversal. For
example line /in Fig. 10.21 is a transversal. Notes

Fig. 10.21

When a transversal intersects two lines, eight angles are formed.

Fig. 10.22

These angles in pairs are very important in the study of properties of parallel lines. Some of
the useful pairs are as follows :

(a) Z1 and 45 is a pair of corresponding angles. £2 and £6, /3 and £7 and £4 and
/8 are other pairs of corresponding angles.

(b) £3and £6is a pair of alternate angles. £4 and /5 is another pair of alternate angles.
(c) Z3and £S5 is apair of interior angles on the same side of the transversal.
Z4 and £6 is another pair of interior angles.

In Fig. 10.22 above, lines m and n are not parallel; as such, there may not exist any relation
between the angles of any of the above pairs. However, when lines are parallel, there are
some very useful relations in these pairs, which we study in the following:

When a transversal intersects two parallel lines, eight angles are formed, whatever be the
position of parallel lines or the transversal.

Mathematics Secondary Course 269




MODULE -

Geometry

Notes 5/ 6

Fig. 10.23
If we measure the angles, we shall alwys find that
L1 = /5, L2 = /6, £3=/Tand L4 = £8
that is, angles in each pair of corresponding angles are equal.
Also L3 =/6and L4 = L5
that is, angles in each pair of alternate angle are equal.
Also, Z3+ £5=180°and £4 + £6 = 180°.
Hence we conclude :
When a transversal intersects two parallel lines, then angles in
(i) each pair of corresponding angles are equal
(ii) each pair of alternate angles are equal

(iii) each pair of interior angles on the same side of the transversal are supple-
mentary,

You may also verify the truth of these results by drawing a pair of parallel lines (using
parallel edges of your scale) and a transversal and measuring angles in each of these pairs.

Converse of each of these results is also true. To verify the truth of the first converse, we
draw a line AB and mark two points C and D on it.

A
- CKSOO I
CE F
D/~\50° N
G H
B
Fig. 10.24

At C and D, we construct two angles ACF and CDH equal to each other, say 50°, as
shown in Fig. 10.24. On producing EF and GH on either side, we shall find that they do
not intersect each other, that is, they are parallel.
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In a similar way, we can verify the truth of the other two converses.

Hence we conclude that

When a transversal inersects two lines in such a way that angles in
(i) any pair of corresponding angles are equal

or (i) any pair of alternate angles are equal

or (ili) any pair of interior angles on the same side of transversal are supple-
mentary then the two lines are parallel.

Example 10.1 : Choose the correct answwer out of the alternative options in the follow-
ing multiple choice questions.

A
A
C
0N R
E o) F
D
B
v
Fig. 10.25
@i InFig. 10.25, ZFOD and ZBOD are
(A) supplementary angles (B) complementary angles

(C) vertically opposite angles (D) alinear pair of angles Ans. (B)
@) InFig. 10.25, ZCOE and ZBOE are

(A) complementary angles (B) supplementary angles

(C) alinear pair (D) adjacent angles Ans. (D)
@) InFig.10.25, ZBOD isequal to

(A)x° (B) (90 + x)°

(©) (90 —x)° (D) (180 —x)° Ans (C)
@iv) Anangleis 4 times its supplement; the angle is

(A)39° (B) 72°

(C) 108° (D) 144° Ans (D)
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(v) What value of x will make ACB a straight angle in Fig. 10.26
D E
2x°
Notes - » 30
A c B
Fig. 10.26
(A) 30° (B) 40°
(C) 50° (D) 60° Ans (C)

Fig. 10.27

In the above figure, / is parallel to m and p is parallel to q.

(vi) Z3and £5 form a pair of

(A) Alternate angles (B) interior angles
(C) vertically opposite (D) corresponding angles Ans (D)
(vi)) In Fig. 10.27, if £1 =80°, then £6 is equal to
(A) 80° (B) 90°
(C) 100° (D) 110° Ans (C)
A
B
A Cc
90°
L o M
Fig. 10.28

(viii) In Fig. 10.28, OA bisects £ZLLOB, OC bisects ZMOB and ZAOC =90°. Show that
the points L, O and M are collinear.
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Solution : Z/BOL=2 ZBOA ..(i)
and ZBOM =2 ZBOC ..(i)
Adding (i) and (ii), ZBOL + ZBOM =2 ZBOA +2/BOC
Notes

- ZLOM = 2[£BOA + £ZBOC]
=2 x90°
= 180° = a straight angle

.. L, O and M are collinear.

CHECK YOUR PROGRESS 10.1.

1. Choose the correct answer out of the given alternatives in the following multiple
choice questions :

Fig. 10.29
In Fig. 10.29, AB Il CD and PQ intersects them at R and S respectively.
i ZARSand ZBRS form

(A) apair of alternate angles

(B) alinear pair

(C) apair of corresponding angles

(D) apair of vertically opposite angles
(i) ZARS and ZRSD form a pair of

(A) Alternate angles (B) Vertically opposite angles
(C) Corresponding angles (D) Interior angles

i) If ZPRB =60°, then ZQSCis
(A) 120° (B) 60°
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(C) 30° (D) 90°
D
Notes
720 .
A 0 B
c
Fig. 10.30
@v) InFig.10.30 above, AB and CD intersect at O. ZCOB is equal to

(A)36° (B) 72°
(C) 108° (D) 144°

-
-

AQY
G o
A 0 B
Fig. 10.31
2. InFig.10.31 above, AB is a straight line. Find x

3.  InFig. 10.32 below, [ is parallel to m. Find angles 1 to 7.

1/74 N
2
5

6

> |

3

4
—m
/TVI

Fig. 10.32

<
<
il
<&

10.3 TRIANGLE, ITS TYPES AND PROPERTIES

Triangle is the simplest polygon of all the closed figures formed in a plane by three line
segments.
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Fig. 10.33
Itis a closed figure formed by three line segments having six elements, namely three angles

(i) ZABC or /B (i) ZACB or ZC (iii) ZCAB or ZA and three sides : (iv) AB (v) BC
(vi) CA

Itis named as A ABC or ABAC or A CBA and read as triangle ABC or triangle BAC or
triangle CBA.

10.3.1 Types of Triangles

Triangles can be classified into different types in two ways.

(a)  Onthe basis of sides

NN A

(1) (ii1)
Fig. 10.34

(i)  Equilateral triangle : a triangle in which all the three sides are equal is called an
equilateral trangle. [A ABC in Fig. 10.34(1)]

(i) Isosceles triangle : A triangle in which two sides are equal is called an isosceles
triangle. [ADEF in Fig. 10.34(ii)]

(i) Scalene triangle : A triangle in which all sides are of different lengths, is called a
sclene triangle [A LMN in Fig. 10.34(iii)]

(b) On the basis of angles :

Q u \
) (i) (ii1)
Fig. 10.35
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(i)  Obtuse angled triangle : A triangle in which one of the angles is an obtuse angle is
called an obtuse angled triangle or simply obtuse triangle [A PQR is Fig. 10.35(1)]

(i) Rightangled triangle : A triangle in which one of the angles is a right angle is called
aright angled triangle or right triangle. [A UVW in Fig. 10.35(ii)]

(i) Acute angled triangle : A triangle in which all the three angles are acute is called an
acute angled triangle or acute triangle [A XYZ in Fig. 10.35(iii)

Now we shall study some important properties of angles of a triangle.

10.3.2 Angle Sum Property of a Triangle

We draw two triangles and measure their angles.

B c Q R
Fig. 10.36

In Fig. 10.36 (a), LA =80°, /B =40°and £C =60°

ZA + £ZB + ZC = 80° + 40° + 60° = 180°
In Fig. 10.36(b), £P =30°, £Q =40°, ZR = 110°

P+ Z£Q+ ZR =30°+40°+ 110° = 180°
What do you observe? Sum of the angles of triangle in each case in 180°.
We will prove this result in a logical way naming it as a theorem.

Theorem : The sum of the three angles of triangle is 180°.

D A E

.

oy
¢ e

Fig. 10.37
Given : Atriangle ABC
To Prove : ZA+ /B + £ZC =180°
Construction : Through A, draw a line DE parallel to BC.

Proof : Since DE is parallel to BC and AB is a transversal.
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/B=/DAB (Pair of alternate angles)
Similarly ZC= ZEAC (Pair of alternate angles)
. ZB+ £ZC=ZDAB + ZEAC (1)
Notes

Now adding ZA to both sides of (1)
LA+ /B + £C=ZA + ZDAB + ZEAC
= 180° (Angles making a straight angle)

10.3.3 Exterior Angles of a Triangle

Let us produce the side BC of AABC to a point D.

A

C
Fig. 10.38

In Fig. 10.39, observe that there are six exterior angles of the AABC, namely £1, /2,
Z3, /4, /5 and £6.

Fig. 10.39
In Fig. 10.38, ZACD so obtained is called an exterior angle of the AABC. Thus,

The angle formed by a side of the triangle produced and another side of the
triangle is called an exterior angle of the triangle.

Corresponding to an exterior angle of a triangle, there are two interior opposite angles.

Interior opposite angles are the angles of the triangle not forming a linear
pair with the given exterior angle.

For example in Fig. 10.38, ZA and £B are the two interior opposite angles correspond-
ing to the exterior angle ACD of AABC. We measure these angles.

ZA =60°
ZB =50°
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and ZACD =110°
We observe that ZACD = ZA + ZB.
This observation is true in general.
Thus, we may conclude :

An exterior angle of a triangle is equal to the sum of the two interior
opposite angles.

Examples 10.3 : Choose the correct answer out of the given alternatives in the fol-
lowing multiple choice questions:

(1) Which of the following can be the angles of a triangle?

(A) 65°, 45° and 80° (B) 90°, 30° and 61°
(C) 60°, 60°and 59° (D) 60°, 60° and 60°. Ans (D)
A
105° ’50-
B C D
Fig. 10.40
(i) InFig. 10.40 ZA is equal to
(A) 30° (B) 35°
(C) 45° (D) 75° Ans (C)
(iii) In a triangle, one angle is twice the other and the third angle is 60°. Then the
largest angle is
(A) 60° (B) 80°
(C) 100° (D) 120° Ans (B)
Example 10.4:
P
GAH

Fig. 10.41
In Fig. 10.41, bisctors of ZPQR and ZPRQ intersect each other at O. Prove that

1
ZQOR =90° + 5 ZP.
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1
Solution : ZQOR = 180°— 5 [£ZPQR + ZPRQ)]

1

= 180°~  (£PQR + ZPRQ) Notes
1

= 180"~ 5 (180° - £P)

1 1
=180°-90° + ELP:90°+ ELP

CHECK YOUR PROGRESS 10.2

1.

2.
3.

Choose the correct answer out of given alternatives in the following multiple choice
questions:

(i) A triangle can have
(A) Tworight angles (B) Two obtuse angles
(C) At the most two acute angles (D) All three acute angles

(i) In a right triangle, one exterior angles is 120°, The smallest angle of the triangles is

(A)20° (B) 30°
(C) 40° (D) 60°
(iii) D A
65°
- 659
E C B
Fig. 10.42
InFig. 10.42, CD is parallel to BA. ZACB is equal to
(A) 55° (B) 60°
(C) 65° (D) 70°

The angles of a triangle are in the ratio 2 : 3 : 5, find the three angles.

Prove that the sum of the four angles of a quadrilateral is 360°.
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4. In Fig. 10.43, ABCD is a trapezium such that ABIIDC. Find ZD and ZC and
verify that sum of the four angles is 360°.

D 9

40° 70°

Fig. 10.43

5. Prove that if one angle of a triangle is equal to the sum of the other two angles,
then it is a right triangle.

6. InFig. 10.44, ABC is triangle such that ZABC = ZACB. Find the angles of the
triangle.
A

1350

o)
(9]
Q

Fig. 10.44

10.4 LOCUS

During the game of cricket, when a player hits the ball, it describes a path, before being
caught or touching the ground.

-----------

e -
-
.

Fig. 10.44
The path described is called Locus.

A figure in geometry is a result of the path traced by a point (or a very small particle)
moving under certain conditions.

For example:

(1) Giventwo parallel lines / and m, also a point P between them equidistant from both
the lines.
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p
([
< > m
Fig. 10.45 Notes

If the particle moves so that it is equidistant from both the lines, what will be its path?

A

Fig. 10.46

The path traced by P will be a line parallel to both the lines and exactly in the middle of
them as in Fig. 10.46.

(2) Given afixed point O and a point P at a fixed distance d.

v
O.
Fig. 10.47

If the point P moves in a plane so that it is always at a constant distance d from the
fixed point O, what will be its path?

The path of the moving point P will be a circle as shown in Fig. 10.48.

(3) Place a small piece of chalk stick or a pebble on top of a table. Strike it hard with a

pencil or a stick so that it leaves the table with a certain speed and observe its path
after it leaves the table.

Mathematics Secondary Course

281



MODULE -3

Geometry

Notes | }

Fig. 10.49

The path traced by the pebble will be a curve (part of what is known as a parabola) as
shown in Fig. 10.49.

Thus, locus of a point moving under certain conditions is the path or the geometrical figure,
every point of which satisfies the given conditon(s).

10.4.1 Locus of a point equidistant from two given points

Let A and B be the two given points.

A B
Fig. 10.50

We have to find the locus of a point P such that PA = PB.

Joint AB. Mark the mind point of AB as M. Clearly, M is a point which is equidistant from
Aand B. Mark another point P using compasses such that PA=PB. Join PM and extend
iton both sides. Using a pair of divider or a scale, it can easily be verified that every point
on PM is equidistant from the points A and B. Also, if we take any other point Q not lying
on line PM, then QA # QB.

Also ZAMP = ~/ZBMP =90°
That is, PM is the perpendicular bisector of AB.
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Thus, we may conclude the following:
The locus of a point equidistant from two given poitns is the perpendicular
bisector of the line segment joining the two points.
Activity foryou : Notes

Mark two points A and B on a sheet of paper and join them. Fold the paper along mid-
point of AB so that A coincides with B. Make a crease along the line of fold. This crease
is a straight line. This is the locus of the point equidistant from the given points A and B. It
can be easily checked that very point on it is equidistant from A and B.

10.4.2 Locus of a point equidistant from two lines intersecting at O

Let AB and CD be two given lines intersecting at O.

Fig. 10.52
We have to find the locus of a point P which is equidistant from both AB and CD.
Draw bisectors of ZBOD and ZBOC.

Fig. 10.53

If we take any point P on any bisector / or m, we will find perpendicular distances PL and
PM of P from the lines AB and CD are equal.

that is, PL =PM

If we take any other point, say Q, not lying on any bisector / or m, then QL will not be
equal to QM.

Thus, we may conclude :

The locus of a point equidistant from two intersecting lines is the pair of
lines, bisecting the angles formed by the given lines.
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Activity for you :

Draw two lines AB and CD intersecting at O, on a sheet of paper. Fold the paper through
O so that AO falls on CO and OD falls on OB and mark the crease along the fold. Take

Notes | apiontP on this crease which is the bisector of ZBOD and check using a set square that

PL=PM

Fig. 10.54

In a similar way find the other bisector by folding again and getting crease 2. Any point on
this crease 2 is also equidistant from both the lines.

Example 10.5 : Find the locus of the centre of a circle passing through two given points.

Solution : Let the two given points be A and B. We have to find the position or positions
of centre O of a circle passing through A and B.

0]

>
W

Fig. 10.55

Point O must be equidistant from both the points A and B. As we have already learnt, the
locus of the point O will be the perpendicular bisector of AB.

Fig. 10.56

284 Mathematics Secondary Course




MODULE - 3

Geometry
CHECK YOU PROGRESS 10.3

1. Find the locus of the centre of a circle passing through three given points A, B

and C which are non-collinear. Notes

N

There are two villages certain distance apart. A well is to be dug so that it is equidis-
tant from the two villages such that its distance from each village is not more than
the distance between the two villages. Representing the villages by points A and B
and the well by point P. show in a diagram the locus of the point P.

b

Two straight roads AB and CD are intersecting at a point O. An observation post
is to be constructred at a distance of 1 km from O and equidistant from the roads
AB and CD. Show in a diagram the possible locations of the post.

R

Find the locus of a point which is always at a distance 5 cm from a given line AB.

@Em

e A line extends to inifinity on both sides and a line segment is only a part of it
between two points.

e Two distinct lines in a plane may either be intersecting or parallel.
e [fthree or more lines intersect in one point only then they are called cocurrent lines.
e  Two rays starting from a common point form an angle.
e A pair of angles, whose sum is 90° is called a pair of complementary angles.
e A pair of angles whose sum is 180° is called a pair of supplementary angles.
e Ifaray stands on a line then the sum of the two adjacent angles, so formed is 180°
e [ftwo lines intersect each other the pairs of vertically opposite angles are equal
e  When a transversal intersects two parallel lines, then
(i) corresponding angles in a pair are equal.
(ii) alternate angles are equal.
(iii) interior angles on the same side of the transversal are supplementary.
e  The sum of the angles of a triangle is 180°
e  Anexterior angle of a triangle to equal to the sum of the two interior opposite angles

e Locus of a point equidistant from two given points is the perpendicular bisector
of the line segment joing the points.
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e  Thelocus of a point equidistant from the intersecting lines is the pair of lines, bisecting
the angle formed by the given lines.

Notes
H TERMINAL EXERCISE

1. InFig.10.57,if x =42, then determine (a) y (b) LAOD

C

in y
O »
\t;<
v

Fig. 10.58

In the above figure p, q and r are parallel lines intersected by a transversal / at A, B
and C respectively. Find Z1 and £2.

3. The sum of two angles of a triangle is equal to its third angle. Find the third angle.
What type of triangle is it?

Fig. 10.59

In Fig. 10.59, sides of A ABC have been produced as shown. Find the angles of the
triangle.
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5. F
A
Notes
c -E

] /é/
Fig. 10.60

In Fig. 10.60, sides AB, BC and CA of the triangle ABC have been produced as
shown. Show that the sum of the exterior angles so formed is 360°.

6. A
B C
Fig. 10.61
In Fig. 10.61 ABC s a triangle in which bisectors of ZB and ZC meet at O. Show
that ZBOC = 125°.
A
’ A
E F
B \v/>< c
D

Fig. 10.62
In Fig. 10.62 above, find the sum of the angles, ZA , ZF, ZC, /D, /B and ZE.

| m
60° 360
B ° C
D E

Fig. 10.63
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In Fig. 10.63 in A ABC, AD is perpendicular to BC and AE is bisector of ZBAC.
Find ZDAE,
9. P
Notes /\
Q - = 5

Fig. 10.64

In Fig. 10.64 above, in A PQR, PT is bisector of ZP and QR is produced to S.
Show that /PQR + ZPRS =2 /PTR.

10. Prove that the sum of the (interior) angles of a pentagon is 540°.

11. Find the locus of a point equidistant from two parallel lines / and m at a distance of 5
cm from each other.

12. Find the locus of a point equidistant from points A and B and also equidistant from
rays AB and AC of Fig. 10.65.

/
A L 4
C

Fig. 10.65

8-

ANSWERS TO CHECK YOUR PROGRESS

10.1
L-®H®B)  G)(A) (iii) (B) (iv) (©)
2. x=17"

3. L1=43=/LA=26=110°

and £2=/5=27="10.

10.2
L-®H®M)  G)(B) (iii) (B)
2. 36° 54°and 90° 4. £D = 140° and £C = 110°

6. LZABC =45°, ZACB =45° and ZA =90°
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10.3

1. Only a point, which is the point of intersection of perpendicular bisectors of AB
and BC.

2. Letthe villages be A and B, then locus will be the line segment PQ, perpendicular
bisector of AB such that

AP=BP=QA=QB=AB

Q

Fig. 10.65

3. Possible locations will be four points two points P and Q on the bisector of ZAOC
and two points R and S on the bisector of ZBOC.

7k R
c B
%o < 5%
D
A S
N4
Fig. 10.66

4. Two on either side of AB and lines parallel to AB at a distance of 5 cm from AB.

[
ﬂ ANSWERS TO TERMINAL EXERCISE

1. (a)y=27(b)=126° 2. /1 =48 and £2 = 132°
3. Third angle = 90°, Right triangle 4. ZA = 35°, /B = 75° /C = 70°
7. 360° 8. 120

11. A line parallel to locus / and m at a distance of 2.5 cm from each.

12. Point of intersection of the perpendicular bisector of AB and bisector of ZBAC.
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LINES AND ANGLES

Observe the top of your desk or table. Now move your hand on the top of your table. It
gives an idea of a plane. Its edges give an idea of a line, its corner, that of a point and the
edges meeting at a corner give an idea of an angle.

After studying this lesson, you will be able to

illustrate the concepts of point, line, plane, parallel lines and interesecting lines;
recognise pairs of angles made by a transversal with two or more lines;

verify that when a ray stands on a line, the sum of two angles so formed is 180°;
verify that when two lines intersect, vertically opposite angles are equal;

verify that if a transversal intersects two parallel lines then corresponding angles
in each pair are equal;

verify that if a transversal intersects two parallel lines then

(a) alternate angles in each pair are equal

(b) interior angles on the same side of the transversal are supplementary;
prove that the sum of angles of a triangle is 180°

verify that the exterior angle of a triangle is equal to the sum of two interior
opposite angles; and

explain the concept of locus and exemplify it through daily life situations.

find the locus of a point equidistent from (a) two given points, (b) two intersecting
lines.

solve problems based on starred result and direct numerical problems based on
unstarred results given in the curriculum.
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EXPECTED BACKGROUND KNOWLEDGE

e point, line, plane, intersecting lines, rays and angles.

e parrallel lines

10.1 POINT, LINE AND ANGLE

In earlier classes, you have studied about a point, a line, a plane and an angle. Let us
quickly recall these concepts.

Point : If we press the tip of a pen or pencil on a piece of paper, we get a fine dot, which
is called a point.

A C
Fig. 10.1

A point is used to show the location and is represented by capital letters A, B, C etc.
10.1.1 Line

Now mark two points A and B on your note book. Join them with the help of a ruler or a
scale and extend it on both sides. This gives us a straight line or simply a line.

A
v

Fig. 10.2

In geometry, a line is extended infinitely on both sides and is marked with arrows to give
this idea. A line is named using any two points on it, viz, AB or by a single small letter /, m
etc. (See fig. 10.3)

Fig. 10.3

The part of the line between two points A and B is called a line segment and will be named
AB.

Observe that a line segment is the shortest path between two points A and B. (See Fig.
10.4)
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A B

Fig. 10.4 Notes

10.1.2 Ray

If we mark a point X and draw a line, starting from it extending infinitely in one direction
only, then we getaray XY.

Fig. 10.5
Xis called the initial point of the ray XY.

10.1.3 Plane

If we move our palm on the top of a table, we get an idea of a plane.

H .

Fig. 10.6
Similarly, floor of a room also gives the idea of part of a plane.
Plane also extends infintely lengthwise and breadthwise.
Mark a point A on a sheet of paper.

How many lines can you draw passing though this point? As many as you wish.

N7
2N

Fig. 10.7
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In fact, we can draw an infinite number of lines through a point.

Take another point B, at some distance from A. We can again draw an infinite number of
lines passing through B.

A

Fig. 10.8

Out of these lines, how many pass through both the points A and B? Out of all the lines
passing through A, only one passes through B. Thus, only one line passes through both the
points A and B. We conclude that one and only one line can be drawn passing through
two given points.

Now we take three points in plane.

Fig. 10.9
We observe that a line may or may not pass through the three given points.

If a line can pass through three or more points, then these points are said to be collinear.
For example the points A, B and C in the Fig. 10.9 are collinear points.

If aline can not be drawn passing through all three points (or more points), then they are
said to be non-collinear. For example points P, Q and R, in the Fig. 10.9, are non-
collinear points.

Since two points always lie on a line, we talk of collinear points only when their number is
three or more.

Let us now take two distinct lines AB and CD in a plane.

C D i B C D
/ < >
A A B
Fig. 10.10

How many points can they have in common? We observe that these lines can have. either
(i) one point in common as in Fig. 10.10 (a) and (b). [In such a case they are called
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intersecting lines] or (ii) no points in common as in Fig. 10.10 (c). In such a case they are
called parrallel lines.

Now observe three (or more) distinct lines in plane.

4
y
Y
A
) 4

/ - ) Notes
>K; . N/ |
(a) /(b)

(©) (d)
Fig. 10.11
What are the possibilities ?
(1) They may interest in more than one point as in Fig. 10.11 (a) and 10.11 (b).

or (i) They may intesectin one pointonly as in Fig. 10.11 (c). In such a case they are
called concurrent lines.

or (i) Theymay be nonintersecting lines parrallel to each other as in Fig. 10.11 I(d).
10.1.4 Angle

Mark a point O and draw two rays OA and OB starting from O. The figure we get is
called an angle. Thus, an angle is a figure consisting of two rays starting from a common
point.

B

>

Fig. 10.11(A)

This angle may be named as angle AOB or angle BOA or simply angle O; and is written as
ZAOB or ZBOA or ZO. [see Fig. 10.11A]

An angle is measured in degrees. If we take any point O and draw two rays starting from
it in opposite directions then the measure of this angle is taken to be 180° degrees, written
as 180°.

\ 4

oe}
ek}
>0
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This measure divided into 180 equal parts is called one degree (written as 1°).
Angle obtained by two opposite rays is called a straight angle.

An angle of 90°is called a right angle, for example Z/BOA or ZBOC is a right angle in
Fig. 10.13.

sl $s

Noo gof -\900

Right angle c o A

>V

Fig. 10.13

Two lines or rays making a right angle with each other are called perpendicular lines. In
Fig. 10.13 we can say OA is perpendicular to OB or vice-versa.

An angle less than 90° is called an acute angle. For example ZPOQ is an acute angle in
Fig. 10.14(a).

An angle greater than 90° but less than 180° is called an obtuse angle. For example,
Z£XQY is an obtuse angle in Fig. 10.14(b).

/ \
32°
40° — .
o Q 0
(a)

Y
Fig. 10.14 ®)
10.2 PAIRS OF ANGLES
B A
1
2 ; ——
(o] C -
Fig. 10.15
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Observe the two angles £1 and £2 in each of the figures in Fig. 10.15. Each pair has a
common vertex O and a common side OA in between OB and OC. Such a pair of angles
is called a ‘pair of adjacent angles’.

1
/ | A 70°
(a)

20° >

(b)

Fig. 10.16

Observe the angles in each pair in Fig. 10.16[(a) and (b)]. They add up to make a total of
90°.

A pair of angles, whose sum is 90°, is called a pair of complementary angles. Each angle
is called the complement of the other.

Z \12. \QQ 80°
(@)

< >
< —>

a Fig. 10.17 (b)
Again observe the angles in each pair in Fig. 10.17[(a) and (b)].
These add up to make a total of 180°.
A pair of angles whose sum is 180", is called a pair of supplementary angles.
Each such angle is called the supplement of the other.

Draw aline AB. From a point C on it draw a ray CD making two angles ZX and £Y.
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If we measure £X and £Y and add, we will always find the sum to be 180°, whatever be
the position of the ray CD. We conclude
If a ray stands on a line then the sum of the two adjacent angles so formed
Notes is 180°.

The pair of angles so formed as in Fig. 10.18 is called a linear pair of angles.
Note that they also make a pair of supplementary angles.

Draw two intersecting lines AB and CD, intersecting each other at O.

Fig. 10.19

ZAOC and ZDOB are angles opposite to each other. These make a pair of vertically
oppposite angles. Measure them. You will always find that

ZAOC = ZDOB.

ZAQOD and ZBOC is another pair of vertically opposite angles. On measuring, you will
again find that

ZAOD = ZBOC
‘We conclude :

If two lines intersect each other, the pair of vertically opposite angles are
equal.

An activity for you.

Attach two strips with a nail or a pin as shown in the figure.

Fig. 10.20
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Rotate one of the strips, keeping the other in position and observe that the pairs of verti-
cally opposite angles thus formed are always equal.
A line which intersects two or more lines at distinct points is called a transversal. For
example line /in Fig. 10.21 is a transversal. Notes

Fig. 10.21

When a transversal intersects two lines, eight angles are formed.

Fig. 10.22

These angles in pairs are very important in the study of properties of parallel lines. Some of
the useful pairs are as follows :

(a) Z1 and 45 is a pair of corresponding angles. £2 and £6, /3 and £7 and £4 and
/8 are other pairs of corresponding angles.

(b) £3and £6is a pair of alternate angles. £4 and /5 is another pair of alternate angles.
(c) Z3and £S5 is apair of interior angles on the same side of the transversal.
Z4 and £6 is another pair of interior angles.

In Fig. 10.22 above, lines m and n are not parallel; as such, there may not exist any relation
between the angles of any of the above pairs. However, when lines are parallel, there are
some very useful relations in these pairs, which we study in the following:

When a transversal intersects two parallel lines, eight angles are formed, whatever be the
position of parallel lines or the transversal.
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Fig. 10.23
If we measure the angles, we shall alwys find that
L1 = /5, L2 = /6, £3=/Tand L4 = £8
that is, angles in each pair of corresponding angles are equal.
Also L3 =/6and L4 = L5
that is, angles in each pair of alternate angle are equal.
Also, Z3+ £5=180°and £4 + £6 = 180°.
Hence we conclude :
When a transversal intersects two parallel lines, then angles in
(i) each pair of corresponding angles are equal
(ii) each pair of alternate angles are equal

(iii) each pair of interior angles on the same side of the transversal are supple-
mentary,

You may also verify the truth of these results by drawing a pair of parallel lines (using
parallel edges of your scale) and a transversal and measuring angles in each of these pairs.

Converse of each of these results is also true. To verify the truth of the first converse, we
draw a line AB and mark two points C and D on it.

A
- CKSOO I
CE F
D/~\50° N
G H
B
Fig. 10.24

At C and D, we construct two angles ACF and CDH equal to each other, say 50°, as
shown in Fig. 10.24. On producing EF and GH on either side, we shall find that they do
not intersect each other, that is, they are parallel.
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In a similar way, we can verify the truth of the other two converses.

Hence we conclude that

When a transversal inersects two lines in such a way that angles in
(i) any pair of corresponding angles are equal

or (i) any pair of alternate angles are equal

or (ili) any pair of interior angles on the same side of transversal are supple-
mentary then the two lines are parallel.

Example 10.1 : Choose the correct answwer out of the alternative options in the follow-
ing multiple choice questions.

A
A
C
0N R
E o) F
D
B
v
Fig. 10.25
@i InFig. 10.25, ZFOD and ZBOD are
(A) supplementary angles (B) complementary angles

(C) vertically opposite angles (D) alinear pair of angles Ans. (B)
@) InFig. 10.25, ZCOE and ZBOE are

(A) complementary angles (B) supplementary angles

(C) alinear pair (D) adjacent angles Ans. (D)
@) InFig.10.25, ZBOD isequal to

(A)x° (B) (90 + x)°

(©) (90 —x)° (D) (180 —x)° Ans (C)
@iv) Anangleis 4 times its supplement; the angle is

(A)39° (B) 72°

(C) 108° (D) 144° Ans (D)
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(v) What value of x will make ACB a straight angle in Fig. 10.26
D E
2x°
Notes - » 30
A c B
Fig. 10.26
(A) 30° (B) 40°
(C) 50° (D) 60° Ans (C)

Fig. 10.27

In the above figure, / is parallel to m and p is parallel to q.

(vi) Z3and £5 form a pair of

(A) Alternate angles (B) interior angles
(C) vertically opposite (D) corresponding angles Ans (D)
(vi)) In Fig. 10.27, if £1 =80°, then £6 is equal to
(A) 80° (B) 90°
(C) 100° (D) 110° Ans (C)
A
B
A Cc
90°
L o M
Fig. 10.28

(viii) In Fig. 10.28, OA bisects £ZLLOB, OC bisects ZMOB and ZAOC =90°. Show that
the points L, O and M are collinear.

272 Mathematics Secondary Course




MODULE - 3

Geometry
Solution : Z/BOL=2 ZBOA ..(i)
and ZBOM =2 ZBOC ..(i)
Adding (i) and (ii), ZBOL + ZBOM =2 ZBOA +2/BOC
Notes

- ZLOM = 2[£BOA + £ZBOC]
=2 x90°
= 180° = a straight angle

.. L, O and M are collinear.

CHECK YOUR PROGRESS 10.1.

1. Choose the correct answer out of the given alternatives in the following multiple
choice questions :

Fig. 10.29
In Fig. 10.29, AB Il CD and PQ intersects them at R and S respectively.
i ZARSand ZBRS form

(A) apair of alternate angles

(B) alinear pair

(C) apair of corresponding angles

(D) apair of vertically opposite angles
(i) ZARS and ZRSD form a pair of

(A) Alternate angles (B) Vertically opposite angles
(C) Corresponding angles (D) Interior angles

i) If ZPRB =60°, then ZQSCis
(A) 120° (B) 60°
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(C) 30° (D) 90°
D
Notes
720 .
A 0 B
c
Fig. 10.30
@v) InFig.10.30 above, AB and CD intersect at O. ZCOB is equal to

(A)36° (B) 72°
(C) 108° (D) 144°

-
-

AQY
G o
A 0 B
Fig. 10.31
2. InFig.10.31 above, AB is a straight line. Find x

3.  InFig. 10.32 below, [ is parallel to m. Find angles 1 to 7.

1/74 N
2
5

6

> |

3

4
—m
/TVI

Fig. 10.32

<
<
il
<&

10.3 TRIANGLE, ITS TYPES AND PROPERTIES

Triangle is the simplest polygon of all the closed figures formed in a plane by three line
segments.
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Fig. 10.33
Itis a closed figure formed by three line segments having six elements, namely three angles

(i) ZABC or /B (i) ZACB or ZC (iii) ZCAB or ZA and three sides : (iv) AB (v) BC
(vi) CA

Itis named as A ABC or ABAC or A CBA and read as triangle ABC or triangle BAC or
triangle CBA.

10.3.1 Types of Triangles

Triangles can be classified into different types in two ways.

(a)  Onthe basis of sides

NN A

(1) (ii1)
Fig. 10.34

(i)  Equilateral triangle : a triangle in which all the three sides are equal is called an
equilateral trangle. [A ABC in Fig. 10.34(1)]

(i) Isosceles triangle : A triangle in which two sides are equal is called an isosceles
triangle. [ADEF in Fig. 10.34(ii)]

(i) Scalene triangle : A triangle in which all sides are of different lengths, is called a
sclene triangle [A LMN in Fig. 10.34(iii)]

(b) On the basis of angles :

Q u \
) (i) (ii1)
Fig. 10.35
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(i)  Obtuse angled triangle : A triangle in which one of the angles is an obtuse angle is
called an obtuse angled triangle or simply obtuse triangle [A PQR is Fig. 10.35(1)]

(i) Rightangled triangle : A triangle in which one of the angles is a right angle is called
aright angled triangle or right triangle. [A UVW in Fig. 10.35(ii)]

(i) Acute angled triangle : A triangle in which all the three angles are acute is called an
acute angled triangle or acute triangle [A XYZ in Fig. 10.35(iii)

Now we shall study some important properties of angles of a triangle.

10.3.2 Angle Sum Property of a Triangle

We draw two triangles and measure their angles.

B c Q R
Fig. 10.36

In Fig. 10.36 (a), LA =80°, /B =40°and £C =60°

ZA + £ZB + ZC = 80° + 40° + 60° = 180°
In Fig. 10.36(b), £P =30°, £Q =40°, ZR = 110°

P+ Z£Q+ ZR =30°+40°+ 110° = 180°
What do you observe? Sum of the angles of triangle in each case in 180°.
We will prove this result in a logical way naming it as a theorem.

Theorem : The sum of the three angles of triangle is 180°.

D A E

.

oy
¢ e

Fig. 10.37
Given : Atriangle ABC
To Prove : ZA+ /B + £ZC =180°
Construction : Through A, draw a line DE parallel to BC.

Proof : Since DE is parallel to BC and AB is a transversal.
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/B=/DAB (Pair of alternate angles)
Similarly ZC= ZEAC (Pair of alternate angles)
. ZB+ £ZC=ZDAB + ZEAC (1)
Notes

Now adding ZA to both sides of (1)
LA+ /B + £C=ZA + ZDAB + ZEAC
= 180° (Angles making a straight angle)

10.3.3 Exterior Angles of a Triangle

Let us produce the side BC of AABC to a point D.

A

C
Fig. 10.38

In Fig. 10.39, observe that there are six exterior angles of the AABC, namely £1, /2,
Z3, /4, /5 and £6.

Fig. 10.39
In Fig. 10.38, ZACD so obtained is called an exterior angle of the AABC. Thus,

The angle formed by a side of the triangle produced and another side of the
triangle is called an exterior angle of the triangle.

Corresponding to an exterior angle of a triangle, there are two interior opposite angles.

Interior opposite angles are the angles of the triangle not forming a linear
pair with the given exterior angle.

For example in Fig. 10.38, ZA and £B are the two interior opposite angles correspond-
ing to the exterior angle ACD of AABC. We measure these angles.

ZA =60°
ZB =50°
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and ZACD =110°
We observe that ZACD = ZA + ZB.
This observation is true in general.
Thus, we may conclude :

An exterior angle of a triangle is equal to the sum of the two interior
opposite angles.

Examples 10.3 : Choose the correct answer out of the given alternatives in the fol-
lowing multiple choice questions:

(1) Which of the following can be the angles of a triangle?

(A) 65°, 45° and 80° (B) 90°, 30° and 61°
(C) 60°, 60°and 59° (D) 60°, 60° and 60°. Ans (D)
A
105° ’50-
B C D
Fig. 10.40
(i) InFig. 10.40 ZA is equal to
(A) 30° (B) 35°
(C) 45° (D) 75° Ans (C)
(iii) In a triangle, one angle is twice the other and the third angle is 60°. Then the
largest angle is
(A) 60° (B) 80°
(C) 100° (D) 120° Ans (B)
Example 10.4:
P
GAH

Fig. 10.41
In Fig. 10.41, bisctors of ZPQR and ZPRQ intersect each other at O. Prove that

1
ZQOR =90° + 5 ZP.
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1
Solution : ZQOR = 180°— 5 [£ZPQR + ZPRQ)]

1

= 180°~  (£PQR + ZPRQ) Notes
1

= 180"~ 5 (180° - £P)

1 1
=180°-90° + ELP:90°+ ELP

CHECK YOUR PROGRESS 10.2

1.

2.
3.

Choose the correct answer out of given alternatives in the following multiple choice
questions:

(i) A triangle can have
(A) Tworight angles (B) Two obtuse angles
(C) At the most two acute angles (D) All three acute angles

(i) In a right triangle, one exterior angles is 120°, The smallest angle of the triangles is

(A)20° (B) 30°
(C) 40° (D) 60°
(iii) D A
65°
- 659
E C B
Fig. 10.42
InFig. 10.42, CD is parallel to BA. ZACB is equal to
(A) 55° (B) 60°
(C) 65° (D) 70°

The angles of a triangle are in the ratio 2 : 3 : 5, find the three angles.

Prove that the sum of the four angles of a quadrilateral is 360°.
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4. In Fig. 10.43, ABCD is a trapezium such that ABIIDC. Find ZD and ZC and
verify that sum of the four angles is 360°.

D 9

40° 70°

Fig. 10.43

5. Prove that if one angle of a triangle is equal to the sum of the other two angles,
then it is a right triangle.

6. InFig. 10.44, ABC is triangle such that ZABC = ZACB. Find the angles of the
triangle.
A

1350

o)
(9]
Q

Fig. 10.44

10.4 LOCUS

During the game of cricket, when a player hits the ball, it describes a path, before being
caught or touching the ground.

-----------

e -
-
.

Fig. 10.44
The path described is called Locus.

A figure in geometry is a result of the path traced by a point (or a very small particle)
moving under certain conditions.

For example:

(1) Giventwo parallel lines / and m, also a point P between them equidistant from both
the lines.
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- » 1
p
([
< > m
Fig. 10.45 Notes

If the particle moves so that it is equidistant from both the lines, what will be its path?

A

Fig. 10.46

The path traced by P will be a line parallel to both the lines and exactly in the middle of
them as in Fig. 10.46.

(2) Given afixed point O and a point P at a fixed distance d.

v
O.
Fig. 10.47

If the point P moves in a plane so that it is always at a constant distance d from the
fixed point O, what will be its path?

The path of the moving point P will be a circle as shown in Fig. 10.48.

(3) Place a small piece of chalk stick or a pebble on top of a table. Strike it hard with a

pencil or a stick so that it leaves the table with a certain speed and observe its path
after it leaves the table.
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Fig. 10.49

The path traced by the pebble will be a curve (part of what is known as a parabola) as
shown in Fig. 10.49.

Thus, locus of a point moving under certain conditions is the path or the geometrical figure,
every point of which satisfies the given conditon(s).

10.4.1 Locus of a point equidistant from two given points

Let A and B be the two given points.

A B
Fig. 10.50

We have to find the locus of a point P such that PA = PB.

Joint AB. Mark the mind point of AB as M. Clearly, M is a point which is equidistant from
Aand B. Mark another point P using compasses such that PA=PB. Join PM and extend
iton both sides. Using a pair of divider or a scale, it can easily be verified that every point
on PM is equidistant from the points A and B. Also, if we take any other point Q not lying
on line PM, then QA # QB.

Also ZAMP = ~/ZBMP =90°
That is, PM is the perpendicular bisector of AB.
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Thus, we may conclude the following:
The locus of a point equidistant from two given poitns is the perpendicular
bisector of the line segment joining the two points.
Activity foryou : Notes

Mark two points A and B on a sheet of paper and join them. Fold the paper along mid-
point of AB so that A coincides with B. Make a crease along the line of fold. This crease
is a straight line. This is the locus of the point equidistant from the given points A and B. It
can be easily checked that very point on it is equidistant from A and B.

10.4.2 Locus of a point equidistant from two lines intersecting at O

Let AB and CD be two given lines intersecting at O.

Fig. 10.52
We have to find the locus of a point P which is equidistant from both AB and CD.
Draw bisectors of ZBOD and ZBOC.

Fig. 10.53

If we take any point P on any bisector / or m, we will find perpendicular distances PL and
PM of P from the lines AB and CD are equal.

that is, PL =PM

If we take any other point, say Q, not lying on any bisector / or m, then QL will not be
equal to QM.

Thus, we may conclude :

The locus of a point equidistant from two intersecting lines is the pair of
lines, bisecting the angles formed by the given lines.
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Activity for you :

Draw two lines AB and CD intersecting at O, on a sheet of paper. Fold the paper through
O so that AO falls on CO and OD falls on OB and mark the crease along the fold. Take

Notes | apiontP on this crease which is the bisector of ZBOD and check using a set square that

PL=PM

Fig. 10.54

In a similar way find the other bisector by folding again and getting crease 2. Any point on
this crease 2 is also equidistant from both the lines.

Example 10.5 : Find the locus of the centre of a circle passing through two given points.

Solution : Let the two given points be A and B. We have to find the position or positions
of centre O of a circle passing through A and B.

0]

>
W

Fig. 10.55

Point O must be equidistant from both the points A and B. As we have already learnt, the
locus of the point O will be the perpendicular bisector of AB.

Fig. 10.56
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CHECK YOU PROGRESS 10.3

1. Find the locus of the centre of a circle passing through three given points A, B

and C which are non-collinear. Notes

N

There are two villages certain distance apart. A well is to be dug so that it is equidis-
tant from the two villages such that its distance from each village is not more than
the distance between the two villages. Representing the villages by points A and B
and the well by point P. show in a diagram the locus of the point P.

b

Two straight roads AB and CD are intersecting at a point O. An observation post
is to be constructred at a distance of 1 km from O and equidistant from the roads
AB and CD. Show in a diagram the possible locations of the post.

R

Find the locus of a point which is always at a distance 5 cm from a given line AB.

@Em

e A line extends to inifinity on both sides and a line segment is only a part of it
between two points.

e Two distinct lines in a plane may either be intersecting or parallel.
e [fthree or more lines intersect in one point only then they are called cocurrent lines.
e  Two rays starting from a common point form an angle.
e A pair of angles, whose sum is 90° is called a pair of complementary angles.
e A pair of angles whose sum is 180° is called a pair of supplementary angles.
e Ifaray stands on a line then the sum of the two adjacent angles, so formed is 180°
e [ftwo lines intersect each other the pairs of vertically opposite angles are equal
e  When a transversal intersects two parallel lines, then
(i) corresponding angles in a pair are equal.
(ii) alternate angles are equal.
(iii) interior angles on the same side of the transversal are supplementary.
e  The sum of the angles of a triangle is 180°
e  Anexterior angle of a triangle to equal to the sum of the two interior opposite angles

e Locus of a point equidistant from two given points is the perpendicular bisector
of the line segment joing the points.
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e  Thelocus of a point equidistant from the intersecting lines is the pair of lines, bisecting
the angle formed by the given lines.

Notes
H TERMINAL EXERCISE

1. InFig.10.57,if x =42, then determine (a) y (b) LAOD

C

in y
O »
\t;<
v

Fig. 10.58

In the above figure p, q and r are parallel lines intersected by a transversal / at A, B
and C respectively. Find Z1 and £2.

3. The sum of two angles of a triangle is equal to its third angle. Find the third angle.
What type of triangle is it?

Fig. 10.59

In Fig. 10.59, sides of A ABC have been produced as shown. Find the angles of the
triangle.
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5. F
A
Notes
c -E

] /é/
Fig. 10.60

In Fig. 10.60, sides AB, BC and CA of the triangle ABC have been produced as
shown. Show that the sum of the exterior angles so formed is 360°.

6. A
B C
Fig. 10.61
In Fig. 10.61 ABC s a triangle in which bisectors of ZB and ZC meet at O. Show
that ZBOC = 125°.
A
’ A
E F
B \v/>< c
D

Fig. 10.62
In Fig. 10.62 above, find the sum of the angles, ZA , ZF, ZC, /D, /B and ZE.

| m
60° 360
B ° C
D E

Fig. 10.63
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In Fig. 10.63 in A ABC, AD is perpendicular to BC and AE is bisector of ZBAC.
Find ZDAE,
9. P
Notes /\
Q - = 5

Fig. 10.64

In Fig. 10.64 above, in A PQR, PT is bisector of ZP and QR is produced to S.
Show that /PQR + ZPRS =2 /PTR.

10. Prove that the sum of the (interior) angles of a pentagon is 540°.

11. Find the locus of a point equidistant from two parallel lines / and m at a distance of 5
cm from each other.

12. Find the locus of a point equidistant from points A and B and also equidistant from
rays AB and AC of Fig. 10.65.

/
A L 4
C

Fig. 10.65

8-

ANSWERS TO CHECK YOUR PROGRESS

10.1
L-®H®B)  G)(A) (iii) (B) (iv) (©)
2. x=17"

3. L1=43=/LA=26=110°

and £2=/5=27="10.

10.2
L-®H®M)  G)(B) (iii) (B)
2. 36° 54°and 90° 4. £D = 140° and £C = 110°

6. LZABC =45°, ZACB =45° and ZA =90°
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10.3

1. Only a point, which is the point of intersection of perpendicular bisectors of AB
and BC.

2. Letthe villages be A and B, then locus will be the line segment PQ, perpendicular
bisector of AB such that

AP=BP=QA=QB=AB

Q

Fig. 10.65

3. Possible locations will be four points two points P and Q on the bisector of ZAOC
and two points R and S on the bisector of ZBOC.

7k R
c B
%o < 5%
D
A S
N4
Fig. 10.66

4. Two on either side of AB and lines parallel to AB at a distance of 5 cm from AB.

[
ﬂ ANSWERS TO TERMINAL EXERCISE

1. (a)y=27(b)=126° 2. /1 =48 and £2 = 132°
3. Third angle = 90°, Right triangle 4. ZA = 35°, /B = 75° /C = 70°
7. 360° 8. 120

11. A line parallel to locus / and m at a distance of 2.5 cm from each.

12. Point of intersection of the perpendicular bisector of AB and bisector of ZBAC.
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CONGRUENCE OF TRIANGLES

You might have observed that leaves of different trees have different shapes, but leaves of
the same tree have almost the same shape. Although they may differ in size. The geometrical
figures which have same shape and same size are called congruent figures and the property
is called congruency.

In this lesson you will study congruence of two triangles, some relations between their
sides and angles in details.

(Y Ossinves |

After studying this lesson, you will be able to
e verify and explain whether two given figures are congruent or not.

e state the criteria for congruency of two triangles and apply them in solving
problems.

e prove that angles opposite to equal sides of a triangle are equal.
e prove that sides opposite to equal angles of a triangle are equal.

e prove that if two sides of triangle are unequal, then the longer side has the
greater angle opposite to it.

e state and verify inequalities in a triangle involving sides and angles.

e solve problems based on the above results.

EXPECTED BACKGROUND KNOWLEDGE

e Recognition of plane geometrical figures
e Equality of lines and angles

e Types of angles

e Angle sum property of a triangle

e Paper cutting and folding.
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11.1 CONCEPT OF CONGRUENCE
In our daily life you observe various figures and objects. These figures or objects can be
categorised in terms of their shapes and sizes in the following manner.
Notes

(i) Figures, which have different shapes and sizes as shown in Fig. 11.1

AN

(i) Objcts, which have same shpaes but different sizes as shown in Fig. 11.2

Fig. 11.1

Fig. 11.2

(iii) Two one-rupee coins.

Fig. 11.3

@iv) Two postage stamps on post cards

Fig. 11.4
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(v) Two photo prints of same size from the same negative.

Notes

Fig. 11.5

We will deal with the figures which have same shapes and same sizes.

Two figures, which have the same shape and same size are called congruent
figures and this property is called congruence.

11.1.1. Activity

Take a sheet of paper, fold it in the middle and keep a carbon (paper) between the two
folds. Now draw a figure of a leaf or a flower or any object which you like, on the upper
part of the sheet. You will get a carbon copy of it on the sheet below.

The figure you drew and its carbon copy are of the same shape and same size. Thus, these
are congruent figures. Observe a butterfly folding its two wings. These appear to be one.

11.1.2 Criteria for Congruence of Some Figures

Congruent figures, when palced one over another, exactly coincide with one another or
cover each other. In other words, two figures will be congruent, if parts of one figure are
equal to the corresponding parts of the other. For example :

(1) Two line - segments are congruent, when they are of equal length.

A B C D
Fig. 11.6

(2) Two squares are congruent if their sides are equal.

Fig. 11.7
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(3) Twocircles are congruent, if their radii are equal, implying their circumferences are
also equal.

Notes

Fig. 11.8

11.2 CONGRUENCE OF TRIANGLES

Triangle is a basic rectilinear figure in geometry, having minimum number of sides. As such
congruence of triangles plays a very important role in proving many useful results. Hence
this needs a detailed study.

Two triangles are congruent, if all the sides and all the angles of one are
equal to the corresponding sides and angles of other.

For example, in triangles PQR and XYZ in Fig. 11.9

Q R Y 4

Fig. 11.9
PQ=XY,PR=XZ,QR=YZ
LP=1X,ZQ=4LY and LR =17
Thus we can say
APQR is congruent to A XYZ and we write
APQR =AXYZ

Relation of congruence between two triangles is always written with corresponding or
matching parts in proper order.

Here APQR =AXYZ

also means P corresponds to X, Q corresponds to Y and R corresponds to Z.
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This congruence may also be written as A QRP =A YZX whichmeans, Q corresponds to
Y, R corresponds to Z and P corresponds to X. It also means corresponding parts, (ele-
ments) are equal, namely
Notes QR=YZ,RP=7ZX,QP=YX, £Q= LY, LR =/1Z

and /ZP=2sX

This congruence may also be written as
ARPQ =AZXY

butNOTas APQR=AYZX.

OrNOTas APQR=AZXY.

11. 3 CRITERIA FOR CONGRUENCE OF TRIANGLES

In order to prove, whether two triangles are congruent or not, we need to know that all the
six parts of one triangle are equal to the corresponding parts of the other triangle. We shall
now learn that it is possible to prove the congruence of two triangles, even if we are able
to know the equality of three of their corresponding parts.

Consider the triangle ABC in Fig. 11.10

A
B ' c

Fig. 11.10
Construct another triangle PQR such that QR = BC, ZQ = ZB and PQ = AB.

(See Fig. 11.11)
P
Q * R

Fig. 11.11

If we trace or cut out triangle ABC and place it over triangle PQR. we will observe that
one covers the other exactly. Thus, we may say that they are congruent.

Alternatively we can also measure the remaining parts, and observe that
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AC=PR, ZA=/Pand LC= /R
showing that A PQR = A ABC.

It should be noted here that in constructing A PQR congruent to A ABC we used only two
parts of sides PQ = AB, QR = BC and the included angle between them £Q = ZB.

This means that equality of these three corresponding parts results in congruent triangles.

Thus we have

Criterion 1 : If any two sides and the included angle of one triangle are
equal to the corresponding sides and the included angle of the other triangle,
the two triangles are congruent.

This criterion is referred to as SAS (Side Angle Side).

Again, consider A ABCinFig. 11.12
A

Fig. 11.12
Construct another A PQR such that, QR =BC, ZQ= 4B and LR =ZC. (See Fig. 11.13)

A P

B c Q R

Fig. 11.13

By superimposition or by measuring the remaining corresponding parts, we observe that
/ZP=/A,PQ=AB and PR = AC establishing that A PQR = A ABC, which again means
that equality of the three corresponding parts (two angles and the inluded side) of two
triangles results in congruent triangles.

We also know that the sum of the three angles of a triangle is 180°, as such if two angles of
one triangle are equal to the corresponding angles of another triangle, then the third angles
will also be equal. Thus instead of included side we may have any pair of corresponding
sides equal. Thus we have
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Criterion 2 : If any two angles and one side of a triangle are equal to
corresponding angles and the side of another triangle, then the two triangles
are congruent.

Notes || This criterion is referred to as ASA or AAS (Angle Side Angle or Angle Angle Side)

11.3.1 Activity

In order to explore another criterion we again take a triangle ABC (See Fig. 11.14)

A

Fig. 11.14

Now take three thin sticks equal in lengths to sides AB, BC and CA of A ABC. Place them
in any order to form A PQR or AP’Q’R’ near the A ABC (Fig. 11.15)

A Q Q
P
B 7
B p

Fig. 11.15 R

By measuring the corresponding angles. we find that, /P = /P’ = LA, ZQ=£Q' = 4B
and ZR = ZR’ = ZC, establishing that

APQR = AP'QR’ = A ABC

which means that equality of the three corresponding sides of two triangles results in con-
gruent triangles. Thus we have

Criterion 3 : If the three sides of one trianle are equal to the corresponding
sides of another triangle, then the two triangles are congruent.

This is referred to as SSS (Side, Side, Side), criterion.

Similarly, we can establish one more criterion which will be applicable for two right trangles
only.

Criterion 4 : If the hypotenuse and a side of one right triangle are respec-
tively equal to the hypotenuse and a side of another right triangle, then the
two triangles are congruent.
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This criterion is referred to as RHS (Right Angle Hypotenuse Side).

Using these criteria we can easily prove, knowing three corresponding parts only, whether
two triangles are congruent and establish the equality of remaining corresponding parts.

Example 11.1 : In which of the following criteria, two given triangles are NOT congruent. Notes

(a) Allcorresponding sides are equal

(b) All corresponding angles are equal

(c) Allcorresponding sides and their included angles are equal

(d) All corresponding angles and any pair of corresponding sides are equal.
Ans. (b)

Example 11.2 : Two rectilinear figures are congruent if they have

(a) All corresponding sides equal

(b) All corresponding angles equal

(c) The same area

(d) All corresponding angles and all corresponding sides equal.
Ans. (d)

Example 11.3 : In Fig. 11.16, PX and QY are perpendicular to PQ and PX = QY. Show
that AX =AY.

X
P A
Q
Fig. 11.16 Y
Solution :
In APAX and A QAY,
ZXPA=/ZYQA (Eachis 90°)
/ZPAX = ZQAY (Vertically opposite angles)
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and PX=QY
- APAX = A QAY (AAS)
- AX =AY.

Example 11.4 : In Fig. 11.17, A ABC is right triangle in which £ZB =90° and D is the mid
point of AC.

1
Prove that BD = 5 AC.

Fig. 11.17
Solution : Produce BD to E such that BD = DE. Join CE

N

Fig.. 11.18
In A ADB and A CDE,
AD=CD (D being and point of AC)
DB =DE (By construction)
and ZADB=ZCDE (Vertically opposite angles)
A ADB = A CDE @)
AB =EC
Also £ZDAB=ZDCE
But they make a pair of alternate angles
. ABisparallel to EC
ZABC + ZECB = 180° (Pair of interior angles)
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. £90° + ZECB = 180°
ZECB = 180° - 90° = 90°
Now in A ABC and A ECB,

AB =EC (From (1) above)
BC =BC (Common)

and ZABC = ZECB (Each 90°)
A ABC =AECB
AC=EB

1
But BD= 5 EB

1
BD = 2AC

CHECK YOUR PROGRESS 11.1

1. InAABC (Fig. 11.19) if ZB = ZCand AD | BC, then A ABD =A ACD by the

criterion.
A
B D C
Fig. 11.19
(a) RHS (b) ASA
(c) SAS (d) SSS

2. InFig.11.20, A ABC = A PQR. This congruence may also be written as

A P

B c a R
Fig. 11.20
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(a) ABAC=ARPQ (b) ABAC=A QPR
(c) ABAC = ARQP (d) ABAC = A PRQ.

3. Inorder that two given triangles are congruent, along with equality of two corre-
sponding angles we must know the equality of :

(a) No corresponding side
(b) Minimum one corresponding side
(c) Minimum two corresponding sides
(d) All the three corresponding sides
4. Two triangles are congruent if ....
(a) Allthree corresponding angles are equal
(b) Two angles and a side of one are equal to two angles and a side of the other.

(c) Two angles and a side of one are equal to two angles and the corresponding
side of the other.

(d) One angle and two sides of one are equal to one angle and two sides of the
other.

5. InFig. 11.21, ZB=ZC and AB =AC. Prove that A ABE = A ACD. Hence show

that CD =BE. 5

Fig. 11.21

6. InFig.11.22, ABis parallel to CD. If O is the mid-point of BC, show thatitis also
the mid-point of AD.

Fig. 11.22
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7. In A ABC (Fig. 11.23), AD is L BC, BE is L AC and AD = BE. Prove that
AE=BD.
A
3 Notes
B D o]
Fig. 11.23
8. From Fig. 11.24, show that the triangles are congruent and make pairs of equal
angles.
R
c Scm
\ch
> 5cm
P
a
A 10cm B
Q
Fig. 11.24

11.4 ANGLES OPPOSITE TO EQUAL SIDES OF A

TRIANGLE AND VICE VERSA

Using the criteria for congruence of triangles, we shall now prove some important theo-
rems.

Theorem : The angles opposite to equal sides of a triangle are equal.
Given : Atriangle ABC in which AB =AC.

To prove : /B = ZC. A
Construction : Draw bisector of ZB AC meeting BC at D.
Proof : In A ABD and A ACD,

AB=AC (Given) e
ZBAD = ZCAD (By construction) B D C
and AD =AD (Common) Fig. 11.25
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A ABD =A ACD (SAS)
Hence £B=/C (Corresponding parts of congruent triangles)

The converse of the above theorem is also true. We prove it as a theorem.

11.4.1 The sides opposite to equal angles of a triangle are equal

Given : Atriangle ABC in which Z/B = ZC
To prove : AB=AC A
Construction : Draw bisector of ZBAC meeting BC at D.
Proof : In A ABD and A ACD,
£ZB=/ZC (Given)
Z/BAD =ZCAD (By construction)

and AD=AD (Common) ’ Fig. f1.26 ’
A ABD =A ACD (SAS)
Hence AB=AC (c.p.c.t)
Hence the theorem. A
Example 11.5 : Prove that the three angles of
an equilateral triangle are equal.
Solution :
Given : Anequilateral A ABC
To prove : ZA =/B=/C B { ¢
Proof : AB=AC  (Given) He- 1127
ZC=/B (Angles opposite equal sides) (1)
Also AC=BC (Given)
ZB= /A ..(11)
From (i) and (ii),
LA =/B=/C
Hence the result.

Example 11.6 : ABCis anisosceles triangle in which AB = AC
(Fig. 11.28),If BD | ACand CE | AB, proe that BD = CE.
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Solution : In ABDC and ACEB A
/BDC = ZCEB (Measure of each is 90°)
ZDCB = ZEBC (Angles opposite equal sides of a triangle) E D
Notes

and BC=CB (Common)
ABDC =ACEB (AAS)

Hence BD=CE (c.p.c.t) Fig. 11.28
This result can be stated in the following manner:

Perpendiculars (altitudes) drawn to equal sides, from opposite vertices of
an isosceles triangle are equal.

The result can be extended to an equilateral triangle after which we can say that all the
three altitudes of an equilateral triangle are equal.

Example : 11.7 : In A ABC (Fig. 11.29), D and E are mid-points of AC and AB
respectively.

A
If AB = AC, then prove that BD = CE.
1
Solution : BE = 5 AB E D
1
and CDh= - AC
2 B
_ Fig. 11.29
-. BE=CD (1)
In ABEC and A CDB,
BE=CD [By ()]
BC=CB (Common)
and /EBC = /DCB (-~ AB=AC)
D
. ABEC =ACDB (SAS)
Hence, CE =BD (c.p.c.t) A/\124°
Example 11.8 : In A ABC (Fig. 11.30) AB =AC and
ZDAC = 124°; find the angles of the triangle.
Solution ZBAC = 180° — 124° = 56°
£ZB=/C
(Angles opposite to equal sides of a triangle) B Fig. 1130 c
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Also B+ ZC =124°
124°
/B=/C= = 62"
Notes
Hence ZA =56° £ZB =62° and ZLC =62°

. CHECK YOUR PROGRESS 11.2

1. InFig. 11.31, PQ =PR and SQ = SR. Prove that ZPQS = ZPRS.

p

Q
Fig. 11.31

2. Prove that AABC is an isosceles triangle, if the altitude AD bisects the base BC

Fig. 11.32).
(Fig. 11.32) A

h

B D C
Fig. 11.32

3. Iftheline/in Fig. 11.33 is parallel to the base BC of the isosceles AABC, find the
angles of the triangle.

Fig. 11.33

4. AABCisanisosceles triangle such that AB = AC. Side BA is produced to a point D
such that AB = AD. Prove that ZBCD is aright angle.
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A

Notes

B C

Fig. 11.34

5. InFig. 11.35. D is the mid point of BC and perpendiculars DF and DE to sides AB
and AC respectively are equal in length. Prove that AABC is an isosceles triangle.

A

Fig. 11.35

6. In Fig. 11.36, PQ = PR, QS and RT are the angle bisectors of ZQ and ZR
respectively. Prove that QS =RT.

Fig. 11.36

7.  APQR and ASQR are isosceles triangles on the same base QR (Fig. 11.37). Prove

that ZPQS = ZPRS.
P

Q\I\/R
s

Fig. 11.37

8. InAABC,AB=AC (Fig. 11.38). Pis a point in the interior of the triangle such that
ZABP=ZACP. Prove that AP bisects ZBAC.
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Y N\
B C

Fig. 11.38

11.5 INEQUALITIES IN A TRIANGLE

We have learnt the relationship between sides and angles of a triangle when they are
equal. We shall now study some relations among sides and angles of a triangle, when

they are unequal.
A
/\"c:'
B Cc

Fig. 11.39

In Fig. 11.39, triangle ABC has side AB longer than the side AC. Measure £B and
ZC. You will find that these angles are not equal and ZC is greater than ZB. If you
repeat this experiment, you will always find that this observation is true. This can be
proved easily, as follows.

11.5.1 Theorem

If two sides of a triangle are unequal, then the longer side has the greater angle oppo-
site to it.

Given. A triangle ABC in which AB > AC.
To prove. ZACB > ZABC

A

Construction. Make a point D on the side AB such that
AD = AC and join DC.
Proof: In AACD,
AD = AC
ZACD = ZADC (Angles opposite equal sides)

(9]

Fig. 11.40
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But ZADC > ZABC

(Exterior angle of a triangle is greater than opposite

interior angle)

Again ZACB > ZACD (Point D lies in the interior of the ZACB).
ZACB > ZABC

What can we say about the converse of this theorem. Let us examine. A

In AABC, (Fig. 11.41) compare ZC and ZB. Itis clear
that ZC is greater than ZB. Now compare sides AB and
AC opposite to these angles by measuring them. We
observe that AB is longer than AC.

Again compare ZC and ZA and measure sides AB and
BC opposite to these angles. We observe that ZC > ZA
and AB > BC; i.e. side opposite to greater angle is longer.

Fig. 11.41

Comparing ZA and £B, we observe a similar result. ZA> 2B and BC>AC; i.e. side
opposite to greater angle is longer.

You can also verify this property by drawing any type of triangle, a right triangle or an
obtuse triangle.

Measure any pair of angles in a triangle. Compare them and then compare the sides
opposite to them by measurement. You will find the above result always true, which we
state as a property.

In a triangle, the greater angle has longer side opposite to it.
Observe that in a triangle if one angle is right or an obtuse then the side opposite to that
angle is the longest.

You have already learnt the relationship among the three angles of a triangle i.e., the sum of
the three angles of a triangle is 180°. We shall now study whether the three sides of a
triangle are related in some way.

Draw a triangle ABC.

Fig. 11.42
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Measure its three sides AB, BC and CA.

Now find the sum of different pairs AB+BC, BC+CA, and CA+AB separately and
compare each sum of a pair with the third side, we observe that

(i) AB + BC>CA
(ii) BC + CA > AB and
(iii) CA + AB > BC

Thus we conclude that

Sum of any two sides of a triangle is greater than the third side.

ACTIVITY

Fix three nails P, Q and R on a wooden board or any surface.

Q R

P

Fig. 11.43

Take a piece of thread equal in length to QR and another piece of thread equal in
length (QP + PR). Compare the two lengths, you will find that the length correspond-
ing to (QP + PR) > the length corresponding to QR confirming the above property.

Example 11.9 : In which of the following four cases, is construction of a triangle
possible from the given measurements

(a)5cm, 8 cmand 3 cm

(b) 14 cm, 6 cm and 7 cm

(¢)3.5cm,2.5cmand 5.2 cm

(d) 20 cm, 25 cm and 48 cm.

Solution. In(@a)5+3 # 8, in(b)6+7 » 14
in(c)3.5+25>5.2,35+52>25and2.5+5.2>3.5and
in (d) 20 + 25 » 48.

Ans. (¢)

Mathematics Secondary Course




Congruence of Triangles MODULE - 3

Geometry
Example 11.10 : In Fig. 11.44, AD is a median of AABC. Prove that AB + AC >2AD.
A
A
Notes
D
B C
B D c
E
Fig. 11.44 Fig. 11.45

Solution: Produce AD to E such that AD = DE and join C to E.
Consider AABD and AECD
Here, BD =CD

ZADB = ZEDC
and AD =ED

AABC = AECD

AB =EC
Now in AACE,
EC + AC > AE
or AB + AC > 2AD (.. AD =ED = AE = 2AD)

CHECK YOUR PROGRESS 11.3

1. PQRS is a quadrilateral in which diagonals PR and QS intersect at O. Prove that
PQ+ QR + RS + SP > PR + QS.

2. Intriangle ABC,AB =5.7 cm, BC=6.2 cm and CA =4.8 cm. Name the greatest

and the smallest angle.
3. InFig. 11.46,if ZCBD > ZBCE then prove that AB > AC.
A
C
B
D 13
Fig. 11.46
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4. InFig. 11.47, D is any point on the base BC of a AABC. If AB > AC then prove
that AB > AD. A
Notes %\
B D c

Fig. 11.47

5. Prove that the sum of the three sides of triangle is greater than the sum of its three
medians.

(Use Example 11.10)
6. In Fig. 11.48, if AB = AD then prove that BC > CD.
[Hint : ZADB = ZABD].

A
D
B
C

Fig. 11.48
7. InFig. 11.49, AB is parallel to CD. If ZA> ZB then prove that BC > AD.

C
A
D
B
Fig. 11.49

e Figures which have the same shape and same size are called congruent figures.

e Two congruent figures, when placed one over the other completely cover each
other. All parts of one figure are equal to the corresponding parts of the other figure.
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e To prove that two triangles are congruent we need to know the equality of only three
corresponding parts. These corresponding parts must satisfy one of the four criteria.
(i) SAS (i1)) ASA or AAS
(iii) SSS (iv)RHS

e Angles opposite to equal sides of a triangle are equal.

e Sides opposite to equal angles of a triangle are equal.

e Iftwo sides of a triangle are unequal, then the longer side has the greater angle opposite
toit.

e Inatriangle, the greater angle has the longer side opposite to it.
e Sum of any two sides of a triangle is greater than the third side.

H TERMINAL EXERCISE

1. Twolines AB and CD bisect each other at O. Prove that CA=BD (Fig. 11.50)
A

C

B
Fig. 11.50

2. InaAABC, if the median AD is perpendicular to the base BC then prove that the
triangle is an isosceles triangle.
3. InFig. 11.51, AABC and ACDE are such that BC = CE and AB =DE. If ZB =60°,
ZACE =30°and £D =90°, then prove that the two triangles are congruent.
B Cc

i
T

60° 30°

90°

E H D
Fig. 11.51
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4. InFig. 11.52 two sides AB and BC and the altitude AD of AABC are respectively
equal to the sides PQ and QR and the altitude PS, Prove that AABC = APQR.
A P
Notes

:“: =

] 1

B D c Q s R
Fig. 11.52

5. Inaright triangle, one of the acute angles is 30°. Prove that the hypotenuse is twice
the side opposite to the angle of 30°.

6. Line segments AB and CD intersect each other at O such that O is the midpoint of
AB. If AC is parallel to DB then prove that O is also the mid piont of CD.

7. InFig. 11.53, AB is the longest side and DC is the shortest side of a quadrilateral
ABCD. Prove that ZC> ZA and £ZD> /B. [Hint : Join AC and BD].

C

Fig. 11.53

8. ABCisanisosceles triangle in which AB = AC and AD is the altitude from A to the
base BC. Prove that BD = DC.

al
B D c

Fig. 11.54
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9. Prove that the medians bisecting the equal sides of an isosceles triangle are also
equal. [Hint : Show that ADBC = AECB]
A

Notes

Fig. 11.55

A
u ANSWERS TO CHECK YOUR PROGRESS
11.1
1. (a) 2.(b)
3. (b) 4. (c)
8. /P=/C £/Q= /A and /R = /B.
11.2
3. ZB=/C =65 LA =50°
11.3

2. Greatest angle is A and smallest angle is B.
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CONCURRENT LINES

You have already learnt about concurrent lines, in the lesson on lines and angles. You have
also studied about triangles and some special lines, i.e., medians, right bisectors of sides,
angle bisectors and altitudes, which can be drawn in a triangle. In this lesson, we shall
study the concurrency property of these lines, which are quite useful.

After studying this lesson, you will be able to

e define the terms concurrent lines, median, altitude, angle bisector and
perpendicular bisector of a side of a triangle.

e Verify the concurrnence of medians, altitudes, perpendicular bisectors of sides
and angle bisectors of a triangle.

EXPECTED BACKGROUND KNOWLEDGE

Properties of intersecting lines, such as:

e Two lines in a plane can either be parallel [See Fig 12.1 (a)] or intersecting
(See Fig. 12.1 (b) and (¢)].

< »
< Ll

(@) (b) (c)
Fig. 12.1
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e Threelines in a plane may
(i) be paralled to each other, i.e., intersect in no point [See Fig. 12.2 (a)] or
(i) intersect each other in exactly one point [Fig. 12.2(b)], or
Notes

(iii) intersect each other in two points [Fig. 12.2(¢c)], or

(iv) intersect each other at the most in three points [Fig. 12.2(d)]

/

/

/

(@) (b) (©) (d)
Fig. 12.2

12.1 CONCURRENT LINES

Three lines in a plane which intersect each other in exactly one point or which pass through
the same point are called concurrent lines and the common point is called the point of
concurrency (See Fig. 12.3).

(a) (b) (©)

Fig. 12.3

A A

\ A /

A A A
YVY

12.1.1 Angle Bisectors of a Triangle

In triangle ABC, the line AD bisects ZA of the triangle. (See Fig. 12.4)
C

Fig. 12.4
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A line which bisects an angle of a triangle is called an angle bisector of the triangle.

How many angle bisectors can a triangle have? Since a triangle has three angles, we can
draw three angle bisectors in it. AD is one of the three angle bisectors of AABC. Let us
draw second angle bisector BE of ZB (See Fig. 12.5)

C

Fig. 12.5 Fig. 12.6

The two angle bisectors of the AABC intersect each other at I. Let us draw the third angle
bisector CF of ZC (See Fig. 12.6). We observe that this angle bisector of the triangle also
passes through I. In other words they are concurrent and the point of concurrency is 1.

We may take any type of triangle—acute, right or obtuse triangle, and draw its angle
bisectors, we will always find that the three angle bisectors of a triangle are concurrent
(See Fig. 12.7)

AF

Fig. 12.7
Thus we conclude the following:

Angle bisectors of a triangle pass through the same point, that is they are
concurrent

The point of concurrency I is called the ‘Incentre’ of the triangle.
Can you reason out, why the name incentre for this point?

Recall that the locus of a point equidistant from two intersecting lines is the pair of angle
bisectors of the angles formed by the lines. Since I is a point on the bisector of ZBAC, it
must be equidistant from AB and AC. Also I is a point on angle bisector of ZABC, (See
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Fig. 12.8), it must also be equidistant from AB and BC. Thus point of concurrency 1 is at
the same distance from all the three sides of the triangle.

Notes

Fig. 12.8

Thus, we have IL =IM = 1IN (Fig. 12.8). Taking I as the centre and IL as the radius, we
can draw a circle touching all the three sides of the triangle called ‘Incircle’ of the triangle.
I being the centre of the incircle is called the Incentre and IL, the radius of the incircle is
called the inradius of the triangle.

Note: The incentre always lies in the interior of the triangle.
12.1.2: Perpendicular Bisectors of the Sides of a Triangle

ABC s atriangle, line DP bisects side BC at right angle. A line which bisects a side of a
triangle atright angle is called the perpendicular bisector of the side. Since a triangle has
three sides, so we can draw three perpendicular bisectors in a triangle. DP is one of the
three perpendicular bisectors of AABC (Fig. 12.9). We draw the second perpendicular
bisector EQ, intersecting DP at O (Fig. 12.10). Now if we also draw the third perpendicular
bisector FR, then we observe that it also passes through the point O (Fig. 12.11). In other
words, we can say that the three perpendicular bisectors of the sides are concurrent at O.

A
P
O
B C
Fig. 12.9 Fig. 12.10
P
F E
B C
A
Fig. 12.11
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We may repeat this experiment with any type of triangle, but we will always find that the
three perpendicular bisectors of the sides of a triangle pass through the same point.

A

Notes 1 A
< F 0 > ©
F
: 7
B D C B D C
/ v (b) l
@ Fig. 12.12

Thus we conclude that:

The three perpendicular bisectors of the sides of a triangle pass through
the same point, that is, they are concurrent.

The point of concurrency O is called the ‘circumcentre’ of the triangle
Can you reason out: why the name circumcentre for this point?
Recall that the locus of a point equidistant from two given points is the perpendicular

bisector of the line joining the two points. Since O lies on the perpendicular bisector of
BC, so it must be equidistant from both the point B and Ci.e., BO=CO (Fig. 12.13).

A
7
B = C
D
Y
Fig. 12.13

The point O also lies on the perpendicular bisector of AC, so it must be equidistant from
both A and C, that is, AO = CO. Thus, we have AO =BO = CO.
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If we take O as the centre and AO as the radius, we can draw a circle passing through the
three vertices, A, B and C of the triangle, called ‘Circumcircle’ of the triangle. O being
the centre of this circle is called the circumcentre and AO the radius of the circumcircle is
called circumradius of the triangle.
Notes

Note that the circumcentre will be

1. inthe interior of the triangle for an acute triangle (Fig. 12.11)
2. onthe hypotenuse for aright triangle [Fig. 12.12(a)]
3. inthe exterior of the triangle for an obtuse triangle [Fig. 12.12(b)].

12.1.3 Altitudes of a Triangle

In AABC, the line AL is the perpendicular drawn from vertex A to the opposite side BC.
(Fig. 12.14).

=

Fig. 12.14

Perpendicular drawn from a vertex of a triangle to the oposite side is called its altitude.
How many altitudes can be drawn in a triangle? There are three vertices in a triangle, so
we can draw three of its altitudes. AL is one of these altitudes. Now we draw the second
altitude BM, which intersects the first altitude at a point H (see Fig. 12.15). We also draw
the third altitude CN and observe that it also passes through the point H (Fig. 12.16). This
shows that the three altitudes of the triangle pass through the same point.

A

A
M N M
H
-
-
B L C B L C
Fig. 12.15 Fig. 12.16
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We may take any type of triangle and draw its three altitudes. We always find that the three
altitudes of a triangle are concurrent.

Fig. 12.17 Fig. 12.18

Thus we conclude that:

In a triangle, the three altitudes pass through the same point, that is, they
are concurrent.

The point of concurrency is called the ‘Orthocentre’of the triangle.
Again observe that the orthocentre will be

1. inthe interior of the triangle for an acute triangle (Fig. 12.16)

2. inthe exterior of the triangle for an obtuse triangle (Fig. 12.17)

3. atthe vertex containing the right angle for aright triangle (Fig. 12.18)
12.1.4 Medians of a Triangle

In AABC, AD joins the vertex A to the mid point D of the opposite side BC (Fig. 12.19)

A A

(a) (b)
Fig. 12.19
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A line joining a vertex to the mid point of the opposite side of a triangle is called its median.
Clearly, three medians can be drawn in a triangle. AD is one of the medians. If we draw all
the three medians in any triangle, we always find that the three medians pass through the
same point [Fig. 12.20 (a), (b), (c)]

Notes
A

A
A
F E
- E - N
G

B D C B D c B

(a) (b) (c)
Fig. 12.20

Here in each of the triangles ABC given above (Fig. 12.20) the three medians AD, BE and
CF are concurrent at G.. In each triangle we measure the parts into which G divides each
median. On measurement, we observe that

AG=2GD,BG=2GE
and CG=2GF

that is, the point of concurrency G divides each of the medians in the ratio 2 : 1.
Thus we conclude that:

Medians of a triangle pass through the same point, which divides each of
the medians in the ratio 2 : 1.

The point of concurrency G is called the ‘centroid’of the triangle.
ACTIVITY FORYOU

Cut out a triangle from a piece of cardboard. Draw its three medians and mark the centroid
G of the triangle. Try to balance the triangle by placing the tip of a pointed stick or a needle
of compasses below the point G or at G. If the position of G is correctly marked then the
weight of the triangle will balance at G (Fig. 12.21).

Fig. 12.21
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Can you reason out, why the point of concurrency of the medians of a triangle is called its
centroid. Itis the point where the weight of the triangle is centered or it is the point through
which the weight of the triangle acts.

We consider some examples using these concepts.

Example 12.1: In an isosceles triangle, show that the bisector of the angle formed by the
equal sides is also a perpendicular bisector, an altitude and a median of the triangle.

Solution: In AABD and AACD,

AB=AC (Given)
/BAD=/CAD [-- AD is bisector of ZA]
and AD=AD A
AABD = AACD
BD=CD
= AD is also a median
= Also ZADB = ZADC =90°
= AD s an altitude B D C
Since, BD =DC, Fig. 12.22

AD is perpendicular bisector of side BC.

Example 12.2: In an equilateral triangle, show that the three angle bisectors are also the
three perpendicular bisectors of sides, three altitudes and the three medians of the triangle.

Solution: Since AB=AC A

Therefore, AD, the bisector of ZA is also a
perpendicular bisector of BC, an altitude and a
median of the AABD. F E

(Refer Example 12.1 above)
Similarly, since AB =BC and BC =AC G

.. BE and CF, angle bisectors of ZB and ZC
respectively, are also perpendicular bisectors, B D C
altitudes and medians of the AABC. Fig. 12.23

Example 12.3: Find the circumradius of circumcircle and inradius of incircle of an equilateral
triangle of side a.

Solution: We draw perpendicular from the vertex A to the side BC.

AD is also the angle bisector of ZA, perpendicular bisector of side BC and a median
joining vertex to the midpoint of BC.
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Fig. 12.24

AD=ga, asBC=a

2 43 3
= AG = circumradius in this case = g X % a= T a
and GD =inradius in this case = %X% a= ?3 a.

CHECK YOUR PROGRESS 12.1

1. Inthe given figure BF =FC, ZBAE = ZCAE and ZADE = ZGFC =90°, then name
amedian, an angle bisector, an altitude and a perpendicular bisector of the triangle.

A
G
_
E F C
B D v
Fig. 12.25

2. Inanequilateral triangle show that the incentre, the circumcentre, the orthocentre and
the centroid are the same point.

3. Inanequilateral AABC (Fig. 12.26). G is the centroid of the triangle. IfAG is 4.8 cm,
find AD and BE.
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A

B D C
Fig. 12.26

If H is the orthocentre of AABC, then show that A is the orthocentre of the AHBC.

5. Choose the correct answers out of the given alternatives in the following questions:

(1) Inaplane, the point equidistant from vertices of a triangle is called its
(a) centroid (b) incentre
(c) circumcentre (d) orthocentre

(i) Inthe plane of a triangle, the point equidistant from the sides of the triangle is
calledits

(a) centroid (b) incentre

(c) circumcentre (d) orthocentre

(R L us sovior

Three or more lines in a plane which intersect each other in exactly one point are called
concurrent lines.

A line which bisects an angle of a triangle is called an angle bisector of the triangle.

A line which bisects a side of a triangle at right angle is called the perpendicular bisector
of the side of the triangle.

A line drawn perpendicular from a vertex of a triangle to its opposite side is called an
altitude of the triangle.

A line which joins a vertex of a triangle to the mid-point of the opposite side is called
amedian of the triangle.

In a triangle

(i) angle bisectors are concurrent and the point of concurrency is called incentre.
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(i)) perpendicular bisectors of the sides are concurrent and the point of concurrency is
called circumcentre.
(i) altitudes are concurrent and the point of concurrency is called orthocentre.
(iv) medians are concurrent and the point of concurrency is called centroid, which Notes

divides each of the medians in the ratio 2 : 1.

TERMINAL EXERCISE

. Inthe given Fig. 12.27, D, E and F are the mid points of the sides of AABC. Show

that BE4+CF>— 3 BC

N

Fig. 12.27

2. ABCisanisoceles triangle such that AB = AC and D is the midpoint of BC. Show that
the centroid, the incentre, the circumcentre and the orthocentre, all lie on AD.

A\
D C

Fig. 12.28

3. ABCisanisoceles triangle such that AB=AC =17 cmandbase BC=16cm. If G
is the centroid of AABC, find AG.

4. ABCis an equilateral triangle of side 12 cm. If G be its centroid, find AG.
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ACTIVITIESFORYOU

—

. Draw a triangle ABC and find its circumcentre. Also draw the circumcircle of the
triangle.

2. Draw an equilateral triangle. Find its incentre and circumcentre. Draw its incircle and
circumcircle.

3. Draw the circumcircle and the incircle for an equilateral triangle of side 5 cm.

t :
{ ANSWERS TO CHECK YOUR PROGRESS

12.1

1. Median - AF, Angle bisector AE

Altitude - AD and perpendicular bisector - GF
AD=72cm,BE=7.2cm

@ () (ii) (b)

oW

[ ]
= ANSWERS TO TERMINAL EXERCISE

3. AG=10cm

4. AG= 443 cm
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QUADRILATERALS

If you look around, you will find many objects bounded by four line-segments. Any surface
of a book, window door, some parts of window-grill, slice of bread, the floor of your
room are all examples of a closed figure bounded by four line-segments. Such a figure is
called a quadrilateral.

The word quadrilateral has its origin from the two words “quadric” meaining four and
“lateral” meaning sides. Thus, a quadrilateral is that geometrical figure which has four
sides, enclosing a part of the plane.

In this lesson, we shall study about terms and concepts related to quadrilateral with their
properties.

After studying this lesson, you will be able to

e describe various types of quadrilaterals viz. trapeziums, parallelograms,
rectangles, rhombuses and squares;

e verify properties of different types of quadrilaterals;

e verify that in a triangle the line segment joining the mid-points of any two sides
is parallel to the third side and is half of it;

e verify that the line drawn through the mid-point of a side of a triangle parallel to
another side bisects the third side;

e verify that if there are three or more parallel lines and the intercepts made by
them on a transversal are equal, the corresponding intercepts on any other
transversal are also equal;

e verify that a diagonal of a parallelogram divides it into two triangles of equal
area;

e solve problem based on starred results and direct numerical problems based on
unstarred results given in the curriculum;
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prove that parallelograms on the same or equal bases and between the same
parallels are equal in area;

verify that triangles on the same or equal bases and between the same parallels
are equal in area and its converse.

EXPECTED BACKGROUND KNOWLEDGE

e Drawing line-segments and angles of given measure.
e Drawing circles/arcs of given radius.
e Drawing parallel and perpendicular lines.

e Four fundamental operations on numbers.

13.1 QUADRILATERAL

Recall that if A, B, C and D are four points in a plane such that no three of them are
collinear and the line segments AB, BC, CD and DA do not intersect except at their end
points, then the closed figure made up of these four line segments is called a quadrilateral
with vertices A, B, C and D. A quadrilateral with vertices A, B, C and D is generally
denoted by quad. ABCD. In Fig. 13.1 (i) and (ii), both the quadrilaterals can be named as
quad. ABCD or simply ABCD.

In quadrilateral ABCD,
.C

(@) (i)
Fig. 13.1
(1 AB and DC ; BC and AD are two pairs of opposite sides.
(i) ZA and ZC ; £ZB and ZD are two pairs of opposite angles.

@i1) AB and BC ; BC and CD are two pairs of consecutive or adjacent sides. Can you
name the other pairs of consecutive sides?

(iv) ZA and ZB ; ZB and ZC are two pairs of consecutive or adjacent angles. Can you
name the other pairs of consecutive angles?
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(v) AC and BD are the two diagonals.
In Fig. 13.2, angles denoted by 1, 2, 3 and 4 are the interior angles or the angles of the
quad. ABCD. Angles denoted by 35, 6, 7 and 8 are the exterior angles of the quad. ABCD.
Measure /1, /2, /3 and /4. Notes
“
.0 Ale
g 3
™ gen |
A % 5 >
v (11)

Fig. 13.2
What is the sum of these angles You will find that Z1 + £2 + £3 + £4 =360°.
i.e. sum of interior angles of a quadrilateral equals 360°.
Also what is the sum of exterior angles of the quadrilateral ABCD?
You will again find that Z5 + £6 + £7 + £8 =360°

i.e., sum of exterior angles of a quadrilateral is also 360°.

13.2 TYPES OF QUADRILATERALS

You are familiar with quadrilaterals and their different shapes. You also know how to name
them. However, we will now study different types of quadrilaterals in a systematic way. A
family tree of quadrilaterals is given in Fig. 13.3 below:

Quadrilateral

Y

Parallelogram Kite Trapezium

Rectakgle Rhomtus

Square

Fig.13.3
Let us describe them one by one.

1. Trapezium

A quadrilateral which has only one pair of opposite sides parallel is called a trapezium. In
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Fig. 13.4 [(i) and (i1))] ABCD and PQRS are trapeziums with AB Il DC and PQ Il SR
respectively. Q
D
R
Notes
A B s
.. 2
¥ (i)
Fig. 13.4

2. Kite

A quadrilateral, which has two pairs of equal sides next to each other, is called a kite.
Fig. 13.5 [(1) and (i1)] ABCD and PQRS are kites with adjacent sides AB and AD, BC
and CD in (i) PQ and PS, QR and RS in (ii) being equal.

A P

c Fig. 13.5
3. Parallelogram
A quadrilateral which has both pairs of opposite sides parallel, is called a parallelogram. In

Fig. 13.6 [(i) and (ii)] ABCD and PQRS are parallelograms with ABIIDC, ADIIBC and
PQIISR, SPIIRQ. These are denoted by ll#” ABCD (Parallelogram ABCD) and ll#" PQRS

(Parallelogram PQRS). .
S /
D c
/ Q
A o B P (in)

Fig. 13.6
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4. Rhombus D c
A rhombus is a parallelogram in which any pair of
adjacent sides is equal.
Notes

InFig. 13.7 ABCD is arhombus.

You may note that ABCD is a parallelogram with

AB =BC =CD =DA i.e., each pair of adjacent sides

being equal. A B
Fig. 13.7

5. Rectangle

A parallelogram one of whose angles is a right angle is
called arectangle.

In Fig. 13.8, ABCD is arectangle in which ABIIDC, ADIIBC
and ZA=/B=/C=/D=90°.

[ 1 ] —
A B B A

Fig. 13.8

6. Square
A square is arectangle, with a pair of adjacent sides equal.

In other words, a parallelogram having all sides equal and each angle a right angle is called
asquare.

D c
| L

Fig. 13.9
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InFig. 13.9, ABCD is a square in which ABIIDC, ADIIBC, and AB =BC=CD =DA and
LA =/B=/C=/2D=90°.
Let us take some examples to illustrate different types of quadrilaterals.
Notes

Example 13.1: In Fig 13.10, PQR is a triangle.
S and T are two points on the sides PQ and PR
respectively such that STIIQR. Name the type of
quadrilateral STRQ so formed.

P

Solution: Quadrilateral STRQ is a trapezium,

because STIQR. S Y
Example 13.2: The three angles of a quadrilateral / \
are 100°, 50° and 70°. Find the measure of the @ ) R
fourth angle. Fig. 13.10

Solution: We know that the sum of the angles of a quadrilateral is 360°.
Then 100° + 50° + 70° + x° = 360°
220° + x° = 360°
x =140

Hence, the measure of fourth angle is 140°.

CHECK YOUR PROGRESS 13.1

1. Name each of the following quadrilaterals.

) (ii) (iif)
(v) : (v) (vi)
Fig. 13.10
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2. State which of the following statements are correct ?

(1) Sum of interior angles of a quadrilateral is 360°.

(i) Allrectangles are squares,

(iii) A rectangleis a parallelogram.

(@iv) A square is arhombus.

(v) Arhombus is a parallelogram.

(vi) A square is a parallelogram.

(vii) A parallelogram is arhombus.

(viii) A trapezium is a parallelogram.

(ix) A trapezium is arectangle.

(x) A parallelogram is a trapezium.
3. Inaquadrilateral, all its angles are equal. Find the measure of each angle.
4. The angles of a quadrilateral are in the ratio 5:7:7: 11. Find the measure of each angle.

5. Ifapair of opposite angles of a quadrilateral are supplementary, what can you say

about the other pair of angles?

13.3 PROPERTIES OF DIFFERENT TYPES OF
QUADRILATERALS

1. Properties of a Parallelogram

We have learnt that a parallelogram is a quadrilateral with both pairs of opposite sides
parallel. Now let us establish some relationship between sides, angles and diagonals of a
parallelogram.

Draw a pair of parallel lines / and m as shown in Fig. 13.12. Draw another pair of parallel

lines p and q such that they intersect / and m. You observe that a parallelogram ABCD is
formed. Join AC and BD. They intersect each other at O.
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p
q

A

7 B
Fig.13.12
Now measure the sides AB, BC, CD and DA. What do you find?
You will find that AB = DC and BC=AD.
Also measure ZABC, ZBCD, ZCDA and ZDAB.
What do you find?
You will find that ZDAB = ZBCD and ZABC = ZCDA
Again, Measure OA, OC, OB and OD.
What do you find?

You will find that OA =0C and OB =0OD

Draw another parallelogram and repeat the activity. You will find that

The opposite sides of a parallelogram are equal.
The opposite angles of a parallelogram are equal.

The diagonals of a parallelogram bisect each other.

The above mentioned properties of a parallelogram can also be verified by Cardboard
model which is as follows:

Let us take a cardboard. Draw any parallelogram ABCD on it. Draw its diagonal AC as
shown in Fig 13.13 Cut the parallelogram ABCD from the cardboard. Now cut this
parallelogram along the diagonal AC. Thus, the parallelogram has been divided into two
parts and each part is a triangle.

In other words, you get two triangles, AABC and AADC. Now place AADC on
AABC in such a way that the vertex D falls on the vertex B and the side CD falls along the
side AB.
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A(C)

Fig. 13.13
Where does the point C fall?
Where does the point A fall?

You will observe that AADC will coincide with AABC. In other words AABC = AADC.
Also AB =CD and BC = AD and ZB = ZD.

You may repeat this activity by taking some other parallelograms, you will always get the
same results as verified earlier, thus, proving the above two properties of the parallelogram.

Now you can prove the third property of the parallelogram, i.e., the diagonals of a
parallelogram bisect each other.

Again take a thin cardboard. Draw any parallelogram PQRS on it. Draw its diagonals

PR and QS which intersect each other at O as shown in Fig. 13.14. Now cut the
parallelogram PQRS.

S R
(0]
O /\
P Q

P(R) Q(s)

Fig. 13.14
Also cut APOQ and AROS.

Now place AROS and APOQ in such a way that the vertex R coincides with the vertex P
and RO coincides with the side PO.

Where does the point S fall?
Where does the side OS fall?
Is AROS = APOQ? Yes, it is.

Mathematics Secondary Course 335




MODULE - 3

Geometry

336

Notes

Quadrilaterals

So, what do you observe?
We find that RO = PO and OS = OQ

You may also verify this property by taking another pair of triangles i.e. APOS and AROQ
You will again arrive at the same result.

You may also verify the following properties which are the converse of the properties of a
parallelogram verified earlier.

A quadrilateral is a parallelogram if its opposite sides are equal.
A quadrilateral is a parallelogram if its opposite angles are equal.

A quadrilateral is a parallelogram if its diagonals bisect each other.

2. Properties of a Rhombus

In the previous section we have defined a rhombus. We know that a rhombus is a
parallelogram in which a pair of adjacent sides is equal. In Fig. 13.15, ABCD is a
rhombus.

D C

Fig. 13.15

Thus, ABCD is a parallelogram with AB = BC. Since every rhombus is a parallelogram,
therefore all the properties of a parallelogram are also true for rhombus, i.e.

(i) Opposite sides are equal,

1.e., AB=DC and AD =BC
(ii) Opposite angles are equal,

e, ZA=ZCand LB=42D
(i) Diagonals bisect each other

1.e., AO =0C and DO = OB

Since adjacent sides of arhombus are equal and by the property of a parallelogram opposite
sides are equal. Therefore,

AB=BC=CD=DA
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Thus, all the sides of a rhombus are equal. Measure ZAOD and ZBOC.
What is the measures of these angles?
You will find that each of them equals 90°
Also ZAOB=2ZCOD (Each pair is a vertically opposite angles)
and ZBOC = Z DOA

ZAOB =ZCOD=2ZBOC=ZDOA=90°

Thus, the diagonals of a thombus bisect each other at right angles.

You may repeat this experiment by taking different rhombuses, you will find in each case,

the diagonals of a rhombus bisect each other.
Thus, we have the following properties of a rhombus.
All sides of a rhombus are equal

Opposite angles of a rhombus are equal

The diagonals of a rhombus bisect each other at right angles.

3. Properties of a Rectangle

We know that a rectangle is a parallelogram one of whose angles is a right angle. Can you
say whether a rectangle possesses all the properties of a parallelogram or not?

Yes it possesses. Let us study some more properties of a rectangle.
Draw a parallelogram ABCD in which £ B =90°.
Join AC and BD as shown in the Fig. 13.16

Fig. 13.16
Measure ZBAD, ZBCD and ZADC, what do you find?
What are the measures of these angles?

The measure of each angle is 90°. Thus, we can conclude that
LZA=/B=/ZC=/4D=90°
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1.e., each angle of a rectangle measures 90°. Now measure the diagonals AC and BD. Do
you find that AC = BD.

Now, measure AO, OC, BO and OD.
You will find that AO = OC and BO =OD.

Draw some more rectangles of different dimensions. Label them again by ABCD. Join AC
and BD in each case. Let them intersect each other at O. Also measure AO, OC and BO,
OD for each rectangle. In each case you will find that

The diagonals of a rectangle are equal and they bisect each other. Thus, we have the
following properties of a rectangle;

The opposite sides of a rectangle are equal
Each angle of a rectangle is a right-angle.
The diagonals of a rectangle are equal.

The diagonals of a rectangle bisect each other.

4. Properties of a Square

You know that a square is a rectangle, with a pair of adjacent sides equal. Now, can you
conclude from definition of a square that a square is a rectangle and possesses all the
properties of arectangle? Yes it is. Let us now study some more properties of a square.

Draw a square ABCD as shown in Fig. 13.17.

Fig 13.17

Since ABCD is arectangle, therefore we have
@ AB=DC,AD=BC

(i) LA=24B=24ZC=4ZD=90°

@) AC =BD and AO =0C, BO=0D

Mathematics Secondary Course




MODULE -

Geometry
Butin a square we have AB =AD
*. By property (i) we have
AB=AD=CD=BC. Notes

Since a square is also a rhombus. Therefore, we conclude that the diagonals AC and BD
of a square bisect each other at right angles.

Thus, we have the following properties of a square.

All the sides of a square are equal

Each of the angles measures 90°.

The diagonals of a square are equal.

The diagonals of a square bisect each other at right angles.
Let us study some examples to illtustrate the above properties:

Example 13.3: In Fig. 13.17, ABCD is a parallelogram. If ZA =80, find the measures
of the remaining angles

Solution: As ABCD is a parallelogram.
ZA=2/Cand ZB = 4D

D C
Itis given that
ZA =80°
ZC =80°
ABIIDC al
A B
ZA + ZD =180° Fig 13.18
ZD = (180 — 80)° = 100°
4B = /D =100°

Hence ZC =80° B = 100° and ZD 100°

Example 13.4: Two adjacent angles of arhombus are in the ratio 4 : 5. Find the measure
of all its angles.

Solution: Since opposite sides of a rhombus are parallel, the sum of two adjacent angles
of arhombus is 180°.

Let the measures of two angles be 4x° and 5x°,
Therefore, 4x +5x =180
ie. 9x =180
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x =20

Hence, the measures of angles of the
rhombus are 80°, 100°, 80° and 100°. Fig 13.19

D c
.. The two measures of angles are 80° and 100°.
Notes ie. ZA =80°and ZB = 100°
Since ZA =/ZC = ZC=100°
Also, /B = /D = /D =100° . Bxe
A B

Example 13.5: One of the diagonals of arhombus is equal to one of its sides. Find the

angles of the rhombus. D
2 7y
AB=AD=BD / \
.. AABD is an equilateral triangle. A o c
(1)

Solution: Let in rhombus, ABCD,

/DAB = /1 = /2 =60°
Similarly ZBCD = £3 = Z4 = 60°
Also from (1) and (2) B
Fig 13.20
ZABC=/B=/1+ £3 =60°+ 60° = 120°
ZADC = /D = /2 + Z£4 = 60° + 60° = 120°
Hence, ZA =60°, £ZB =120°, ZC =60° and £D = 120°

Example 13.6: The diagonals of arhombus ABCD intersect at O. If ZADC =120° and
OD =6 cm, find D
(a) ZOAD /\
(b) side AB A B c
(c) perimeter of the thombus ABCD o
Solution: (a) Given that
ZADC = 120°

Le. ZADO + ZODC = 120° Fig i3.21
But ZADO = Z0DC (AAOD = ACOD)
2ZADO = 120°
ie. ZADO = 60° (1)
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Also, we know that the diagonals of a rhombus bisect each that at 90°.
ZDOA =90°  ..(i)

Now, in ADOA
ZADO + ZDOA + ZOAD = 180°

Notes

From (i) and (i1), we have
60° + 90° + ZOAD = 180°
= Z0OAD = 30°
(b) Now, ZDAB =60° [since ZOAD =30°, similarly ZOAB =30°]
~.ADAB is an equilateral triangle.
OD=6cm [given]
= OD + OB =BD
6 cm+ 6 cm=BD

= BD=12cm
SO, AB=BD=AD=12cm
AB=12cm

(¢c) NowPerimeter =4 x side
=4 x12)cm
=48 cm

Hence, the perimeter of the rhombus =48 cm.

CHECK YOUR PROGRESS 13.2

1. Inaparallelogram ABCD, ZA = 62°. Fing the measures of the other angles.

2. The sum of the two opposite angles of a parallelogram is 150°. Find all the angles of
the parallelogram.

3. Inaparallelogram ABCD, ZA=(2x + 10)° and ZC = (3x — 20)°. Find the value of x.

4. ABCDisaparallelogram in which ZDAB =70° and ZCBD =55°. Find ZCDB and
ZADB.

5. ABCD is arhombus in which ZABC = 58°. Find the measure of ZACD.

Mathematics Secondary Course 341




MODULE - 3

Geometry

342

Notes

Quadrilaterals

6. InFig. 13.22, the diagonals of a rectangle PQRS intersect each other at O. If ZROQ
=40°, find the measure of ZOPS.

S R

40°

Fig 13.22

7. AC s one diagonal of a square ABCD. Find the measure of ZCAB.

13.4 MID POINT THEOREM

Draw any triangle ABC. Find the mid points of side AB and AC. Mark them as D and E
respectively. Join DE, as shown in Fig. 13.23.

Measure BC and DE.

What relation do you find between the
length of BC and DE?

D E
.. 1
Of course, itis DE = 5 BC / \
B C

Again, measure ZADE and ZABC.

Fig 13.23
Are these angles equal?

Yes, they are equal. You know that these angles make a pair of corresponding angles. You
know that when a pair of corresponding angles are equal, the lines are parallel

DE I BC

You may repeat this expreiment with another two or three triangles and naming each of
them as triangle ABC and the mid point as D and E of sides AB and AC respectively.

1
You will always find that DE = 5 BCand DE I BC.

Thus, we conclude that
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In a triangle the line-segment joining the mid points of any two sides is
parallel to the third side and is half of it.

We can also verify the converse of the

above stated result. p Notes

Draw any APQR. Find the mid point of
side RQ, and mark it as L. From L, draw NS
aline LX || PQ, which intersects, PR at M
M.

Measure PM and MR. Are they equal?
Yes, they are equal.

You may repeat with different triangles - 0 a
and by naming each of them as PQR and v
taking each time L as the mid-point of Fig 13.24
RQ and drawing a line LM Il PQ, you

will find in each case that RM = MP.

Thus, we conclude that

“The line drawn through the mid point of one side of a triangle parallel to
the another side bisects the third side.”

Example 13.7: In Fig. 13.25, D is the mid-point of the side AB of AABC and DE || BC.
IfAC =8 cm, find AE.

Solution: In AABC, DE | BC and D is the mid point of AB

A
.. Eis also the mid point of AC
i.e.AE ] AC
ie. =5 o €
1
- (EXSJ cm [ AC=8cm] / \
B C
—4cm Fig 13.25

Hence, AE =4cm
Example 13.8: In Fig. 13.26, ABCD is a

trapezium in which AD and BC are its non- parallel
sides and E is the mid-point of AD. EF || AB

Show that F is the mid-point of BC. /

Solution: Since EG Il AB and E is the mid-point
of AD (considering AABD) A B

. Gis the mid point of DB Fig 13.26
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In ADBC, GF I DC and G is the mid-point of DB,
.. Fis the mid-point of BC.

Example 13.9: ABCis a triangle, in which P, Q and R are mid-points of the sides AB, BC
and CA respectively. If AB =8 cm, BC =7 cm and CA = 6 cm, find the sides of the
triangle PQR.

Solution: P is the mid-point of AB and R the mid-point of AC.

1

PRIIBCand PR = B BC

I
I
X
-
(@]
=

[-- BC= c

I
(9]
W
o
=

Similarly, PQ

Fig 13.27

Hence, the sides of APQR are PQ =3 cm, QR =4 cm and PR = 3.5 cm.

CHECK YOUR PROGRESS 13.3

1. InFig. 13.28, ABCis an equilateral triangle. D, E and F are the mid-points of the sides
AB, BC and CA respectively. Prove that DEF is also an equilateral triangle.

A

B E C
Fig. 13.28
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2. InFig.13.29, D and E are the mid-points of the sides AB and AC respectively of a
AABC. If BC=10cm; find DE.

A
Notes
D E
8 C

Fig. 13.29

3. InFig. 13.30, AD is a median of the AABC and E is the mid-point of AD, BE is
produced to meet AC at F. DG Il EF, meets AC at G. If AC =9 cm, find AF.

[Hint: First consider AADG and next consider ACBF]

A

B D c
Fig. 13.30

4. InFig.13.31, Aand C divide the side PQ of APQR into three equal parts, ABIICDIIQR.
Prove that B and D also divide PR into three equal parts.

A
4 AN

Q R
Fig. 13.31
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5. InFig.13.32, ABCis anisosceles triangle in which AB = AC. M is the mid-point of
AB and MNIIBC. Show that AAMN is also an isosceles triangle.

A

Notes

/” "\
B (o]
Fig. 13.32

13.5 EQUAL INTERCEPT THEORM

Recall that a line which intersects two or more lines is called a transversal. The line-segment
cut off from the transversal by a pair of lines is called an intercept. Thus, in Fig. 13.33, XY
is an intercept made by line / and m on transversal n.

Fig. 13.33

The intercepts made by parallel lines on a transversal have some special properties which
we shall study here.

Let / and m be two parallel lines and XY be an intercept made on the transversal “n”. If
there are three parallel lines and they are intersected by a transversal, there will be two
intercepts AB and BC as shown in Fig. 13.34 (ii).

x
-]
y
r 3
\
©
i
Ty

4
y A

7 Y

N
R

v

3

\<
L
3
3
~~
=
E
y
S

Fig. 13.34
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Now let us learn an important property of intercepts made on the transversals by the
parallel lines.

On a page of your note-book, draw any two transversals / and m intersecting the equidistant
parallel lines p, g, r and s as shown in Fig. 13.35. These transversals make different
intercepts. Measure the intercept AB, BC and CD. Are they equal? Yes, they are equal.

Fig. 13.35
Also, measure LM, MN and NX. Do you find that they are also equal? Yes, they are.

Repeat this experiment by taking another set of two or more equidistant parallel lines and
measure their intercepts as done earlier. You will find in each case that the intercepts made
are equal.

Thus, we conclude the following:

If there are three or more parallel lines and the intercepts made by them on
a transversal are equal, the corresponding intercepts made on any other
transversal are also equal.

Letus illustrate it by some examples: This resultis
known as Equal Intercept Theorm.

Example 13.10: In Fig. 13.36, p Il q lIr. The
transversal /, m and n cutthematL, M, N; A, B,

Cand X, Y, Z respectively such that XY = YZ. / .
Show that AB = BC and LM = MN. aM s Y .
Solution: Given that XY =YZ N / c \ z

AB =BC (Equal Intercept theorem)
and LM=MN

Thus, the other pairs of equal intercepts are Fig. 13.36

AB =BC and LM = MN.
Example 13.11: In Fig. 13.37, /llm lln and PQ = QR. If XZ =20 cm, find YZ.

Mathematics Secondary Course

MODULE - 3

Geometry

Notes

347




MODULE -

Geometry
Solution: We have PQ = QR P q
.. By intercept theorem, \ y [)
Notes XY=YZ ‘ \ / o
Also XZ=XY+YZ - Y I
=YZ+YZ - / R

\z
*n
20 =2YZ = YZ=10cm \ /

Hence,YZ=10cm

CHECK YOUR PROGRESS 134

1. InFig. 13.38, [, m and n are three equidistant parallel lines. AD, PQ and GH are three
transversal, If BC =2 cm and LM = 2.5 cm and AD Il PQ, find MS and MN.

Y
A

.

Fig. 13.37

./ AN
N <« E >
s \N
D Q H
Fig. 13.38
2. FromFig. 13.39, when can you say that AB=BC and XY =YZ?
q

A

he]
| —>
\

[
'\
(wo]
<
"
/ A
3

A
-
O
N
]
A
n}

Fig. 13.39
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3. InFig. 13.40,LM =MZ =3 cm, find XY, XP and BZ. Given that/llm |l n and PQ =
32cm,AB=35cmand YZ=3.4cm.

P q { s

/ Notes
X L A

Fig. 13.40

13.6 THE DIAGONAL OF A PARALLELOGRAM AND

RELATION TO THE AREA

Draw a parallelogram ABCD. Join its diagonal AC. DP L DC and QC L DC.

Consider the two triangles ADC and ACB in which the parallelogram ABCD has been
divided by the diagonal AC. Because AB || DC, therefore PD = QC.

P A Q B

Fig. 13.41
1 .
Now, Areaof AADC = 5 DC x PD ()
1 N
Area of AACB = ) AB x QC ...(ii)

As AB =DC and PD = QC
Area (AADC) = Area (AACB)

Thus, we conclude the following:
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A diagonal of a parallelogram divides it into two triangles of equal area.

13.7 PARALLELOGRAMS AND TRIANGLES BETWEEN

THE SAME PARALLELS

Two parallelograms or triangles, having same or equal bases and having their other vertices
on a line parallel to their bases, are said to be on the same or equal bases and between the
same parallels.

We will prove an important theorem on parallelogram and their area.

Theorm: Parallelogrm on the same base (or equal bases) and between the
same parallels are equal in area.

Letus prove it logically.

Given: Parallelograms ABCD and PBCQ stand
on the same base BC and between the same
parallels BC and AQ.

To prove: Area (ABCD) = Area (BCQP)

Fig. 13.42
we have AB =DC (Opposite sides of a parallelogram)
and BP =CQ (Opposite sides of a parallelogram)
Ll =22
AABP = ADCQ
.. Area (AABP) = Area (ADCQ) (1)

Now, Area (" ABCD) = Area (AABP) + Area Trapezium, BCDP) ...(ii)
Area (lle™ BCQP) = Area (ADCQ) + Area Trapezium, BCDP) ...(iii)
From (1), (i1) and (ii1), we get
Area (/1" ABCD) = Area (IE™ BCQP)
Parallelogram on the same base (or equal bases) and between the same
parallels are equal in area.
Note: |1 stands for parallelogram.
Result: Triangles, on the same base and between the same parallels, are equal in area.

Consider Fig. 13.42. Join the diagonals BQ and AC of the two parallelograms BCQP and
ABCD respectively. We know that a diagonals of a ll#™ divides it in two triangles of equal
area.

Mathematics Secondary Course




Quadrilaterals

Area (ABCQ) = Area (APBQ) [Each half of g™ BCQP]
and  Area (AABC)=Area (ACAD) [Each half of ™ ABCD]

Area (AABC) = Area (ABCQ) [Since area of [#™ ABCD = Area of [1E" BCQP]
Thus we conclude the following:

Triangles on the same base (or equal bases) and between the same parallels
are equal in area.

13.8 TRIANGLES ON THE SAME OR EQUAL BASES
HAVING EQUAL AREAS HAVE THEIR

CORRESPONDING ALTITUDES EQUAL

1
Recall that the area of triangle = 5 (Base) x Altitude
< A .D -» |
B E c Q ) R M
Fig. 13.43
Here BC=QR
and Area (AABC) = Area (ADBC) = Area (APQR) [Given] ..(»i)

Draw perpendiculars DE and PS from D and P to the line m meeting it in E and S
respectively.

1
Now Area (AABC) = 5 BC x DE

1
Area (ADBC) = ) BC x DE (1)

1
and Area (APQR) = ) QR x PS

Also, BC=QR (given) ...(ii1)

From (i), (i) and (ii1), we get
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1 1
—BCXDE=EQR><PS

2
lBC DE lBC PS
or > X =3 X
DE =PS

i.e., Altitudes of AABC, ADBC and APQR are equal in length.

Thus, we conclude the following:
Triangles on the same or equal bases, having equal areas have their
corresponding altitudes equal.

Let us consider some examples:

Example 13.12: In Fig. 13.44, the area of parallelogram ABCD is 40 sq cm. If
BC =8 cm, find the altitude of parallelogram BCEF.

Solution: Area of [IE" BCEF = Area of lIE™ ABCD =40 sq cm

we know that Area (/E" BCEF) = EF x Altitude < > |
or 40=BC x Altitude of |l*" BCEF
or 40=BC x Altitude of ll*" BCEF

< >

8 c

) 40
.. Altitude of [#" BCEF = g cmor Scm. Fig. 13.44

Example 13.13: In Fig. 13.45, the area of AABC is given to be 18 cm?. If the altitude DL
equals 4.5 cm, find the base of the ABCD.

Solution: Area (ABCD) = Area (AABC) = 18 cm?

Let the base of ABCD be x cm

» [
1
AreaofABCD—ExxDL
1
—xx4.5
3045 e
*>m
9
or 18 = Z Fig. 13.45

(18X jcm 8 cm.
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Example 13.14: In Fig. 13.46, ABCD and ACED are two parallelograms. If area of
AABC equals 12 cm?, and the length of CE and BC are equal, find the area of the trapezium

ABED.
A D
/\/\ Notes
B : c 5 E

Fig. 13.46
Solution: Area (IE" ABCD) = Area (I1#" ACED)

The diagonal AC divides the [IE" ABCD into two triangles of equal area.

1
Area (ABCD) = 3 Area (ll=™ ABCD)

Area (|[#" ABCD) = Area (Il ACED) =2 x 12 cm?
=24 cm?
.. Area of Trapezium ABED
=Area (AABC) + Area (lle” ACED)
= (12 +24) cm?

=36 cm?

CHECK YOUR PROGRESS 13.5

1. When do two parallelograms on the same base (or equal bases) have equal areas?

2. The area of the triangle ABC formed by joining the diagonal AC of a llE" ABCD is 16
cm?. Find the area of the llE™ ABCD.

3. Theareaof AACD inFig. 13.47is 8 cm?. If EF =4 cm, find the altitude of Il BCFE.

A E D F

B c
Fig. 13.47
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Notes A quadrilateral is a four sided closed figure, enclosing some region of the plane.
e The sum of the interior or exterior angles of a quadrilateral is equal to 360° each.
e A quadrilateral is a trapezium if its only one pair of opposite sides is parallel.

e A quadrilateral is a parallelogrm if both pairs of sides are parallel.
e Inaparallelogram:
(1) opposite sides and angles are equal.
(i) diagonals bisect each other.
e A parallelogram is arhombus if its adjacent sides are equal.
e The diagonals of arhombus bisect each other at right angle.
e A parallelogram is arectangle if its one angle is 90°.
e The diagonals of arectangle are equal.
e Arectangle is a square if its adjacent sides are equal.
e The diagonals of a square intersect at right angles.
e The diagonal of a parallelogram divides it into two triangles of equal area.

e Parallelogram on the same base (or equal bases) and between the same parallels are
equal in area.

e The triangles on the same base (or equal bases) and between the same parallels are
equal in area.

e Triangles on same base (or equal bases) having equal areas have their corrsponding
altitudes equal.

E[\ TERMINAL EXERCISE

1. Which of the following are trapeziums?

B
A B D C
A
‘ D
D (o] A B c
Fig. 13.48
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2. InFig. 13.49,PQIIFGIIDE Il BC. Name all the trapeziums in the figure.

Notes

C

Fig. 13.49

3. InFig. 13.50, ABCD is a parallelogram with an area of 48 cm?. Find the area of (i)
shaded region (ii) unshaded region.

A 0

Fig. 13.49
4. Fillin the blanks in each of the following to make them true statements:
(i) A quadrilateral is a trapeziumiif ....
(i) A quadrilateral is a parallelogramif ....
(iii) A rectangleisasquareif ...

(iv) the diagonals of a quadrilateral bisect each other at right angle. If none of the
angles of the quadrilateral is aright angle, itis a...

(v) The sum of the exterior angles of a quadrilateral is ...

5. Ifthe angles of a quadrilateral are (x —20)°, (x + 20)°, (x — 15)°and (x + 15)°, find x
and the angles of the quadrilateral.

6. The sum of the opposite angles of a parallelograms is 180°. What type of a parallelogram
isit?
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7. The areaof a AABD inFig. 13.51is 24 cm?. If DE =6 cm, and AB Il CD, BD | CE,

AE I BC, find
A D E
B C -

Fig. 13.51
(1) Altitude of the parallelogram BCED.
(ii) Area of the parallelogram BCED.
8. In Fig. 13.52, the area of parallelogram ABCD is 40 cm?. If EF = 8 cm, find the

altitude of ADCE.
- A D F E
N B C

Fig. 13.52

4

3

v

4

A
‘ I ANSWERS TO CHECK YOUR PROGRESS

13.1

1. (i)Rectangle (i1) Trapezium  (iii) Rectangle (iv) Parallelogram
(v) Rhombus (vi) Square

2. (1) True (i) False (ii1) True (iv) True
(v) True (vi) True (vii) False (viii) False
(ix) False (x) False

3. 90°

4. 60°, 84°, 84° and 132°

5. Other pair of opposite angles will also be supplementary.
13.2

1. ZB=118° ZC=62°and £ZD =118°

2. LA =105° £B =75° ZC =105°and £D =75°
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ZCDB =55°and ZADB = 55°
ZACD =61°

o v W

. ZOPS=70° 7.  ZCAB=45° Notes
13.3

2. 5cm

3. 3cm

134

I. MS=2cmand MN=2.5cm

2. 1, mand n are three equidistant parallel lines

3. XY=34cm, XP=32cmandBZ=3.5cm

13.5

1. When they are lying between the same parallel lines
2. 32cm?

3. 4cm

A
-‘ ANSWERS TO TERMINAL EXERCISE

(1) and (i)
PFGQ, FDEG, DBCE, PDEQ, FBCG and PBCQ
(1) 24 cm? (ii) 24 cm?

(i) any one pair of opposite sides are parallel.

Sl

(i) both pairs of opposite sids are parallel
(iii) pair of adjacent sides are equal

(iv) rhombus

(v) 360°
5. x=90°, angles are 70°, 110°, 75° and 105° respectively.
6. Rectangle.
7. (1)8cm (ii) 48 cm?
8. 5cm
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none can teach you,

none can make you spiritual.
there is no other teacher

but your own soul"
-SWAMI VIVEKANANDA
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